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1. IIpeobpazoBanne Pypbe aiag 3amaqd Y MO

1.1. OcHoBHBIE cBefeHUs o peobpazoBanuu Pypbe

31eCh MbI Oyj1eM 10J1630BaThCs1 hopMasibHbIM TTpeobpasoBanneM Pypobe (I1D),
OIpEJIEJIEHHBIM JIJIsT KyCOUHO-IIakuX Gyuknuii f @ (—oo, +00) — R (wm C),
400

J1st KoTopbix cxoputest unrerpast [ |f(x)| dz. Beogy Gyuem nosarars, 4To
—0

BBITIOJTHEHBI N3BECTHBIE TEOPEMbI MATEMATIIECKOTO aHAJIN3a, JIeIA0IIe HAIIN

olepaIyy 3aKOHHBIMI.

Nurerpanbibiv mpeobpazosanueM Pypoe dyukiun f(x) HasbBaeTcs

\/%/ e %" f(x) ¢ eR. (1.1)

[Tpu sTom dyskuio f(x) MOXKHO BOCCTAHOBUTH 110 Cjiefytolieii dhopmyiie:

f(z) = F(€) = \/LQ_W / ¢S F(6)de, 1z eR. (1.2)

Nnrerpan B dpopmyste (1.2) Hamo moHnMarh, BoobIe roBOps, B CMBIC/IE TJIaB-
HOT'O 3HAYCHNSI.

Ecmu f(z) — yerHass pyHKIwms, TO

Fi&) =2 [ costea) f(ayie (13)

0
f) =5 [ costenP(e)de (14)

0

Ecmu f(x) — HedyeTrHasi pyHKIUS, TO
Fi&) == [ sin(ea)f(a)da, (15

f(z) = \/% [ sineopc (1.6)

0



YrBepxkenue 1.1 (cpoiictBa mpeobpasosanust Oypbe).

I[Iyemv F(§) — obpaz Qypve dynryuu f(x) npu 11O (1.1)).
Tozda eepHvl hopMy.AbL:

10 f@) =i€FE),  f0) = (i€)" F(©);
2 o= FQIGE), we frg= | [(tgla—t)dt = | fle—t)glt)it -
ceepmra pynruud f(x) u g(x).

Kpowme srux obmmmx Gpopmy/1 ToTpedyeTcs CJie Iy ol BasKHbIil HHTErpaJl:

YT1BepxKaeHue 1.2.

400

/ e "¢ cos(q€)d¢ = g e W,  p>0,geR (1.7)
p

0

Joxaszamensvecmeo. Obo3zHATUM , = @ 1 IIPOU3BEJIEM B HCKOMOM HHTErpaJie 3a-
MeHy IepeMeHHbIX:

+00

+00
O/ o V7€ cos(q€)dé = [gg i Z;; d§ = %x ] = ]% 0/ o cos(az)dx.

Paccmorpum nocsieiamit maTerpas Kak (pyHKINIO OT a:

“+00

I(a) = / e cos(az)dz.

Paccvmorpim 1 /(a):

+00
2 1 2 /
I/(CL) = - / xe " Sin(ax)dq: = |:HO qacTaM: — re ¥ = 5 (6—1‘ > ] _
0

+00

—a /e_m2 cos(ax)dx

I
|
I
~
S
Q
N—

(
\
e}

Takum obpaszom, jiist I(a) mojiydaeM ypaBHeHUE C pasJie/IsoNiMUCs epe-
MEHHBIMT:

I'(a) + g[(a):O

-6-



Ero obiiee perienne nmeeT B

a2

I(a) =ce™ 7.
Yrobsl HaiiTu kKoadduiment ¢, nookum a = 0 u Berancaum uarerpas 1(0):

“+00

[Tocaeauuit naTErpas — uHTErpas Jiyiepa — IlyaccoHa, paBHBIi \/77?, OTKY/Ia
2
a_

c= \/7% ul(a) = \/77? e 7. Benomnnas sameny nepemennpix I = a, noyuaem

ICKOMBIIl MHTerpaJl
+00
/ e ¢ cos(q)de = E I(a) =—e€ %%,
) p
[]

[Ipexkae deMm 1epeiiTu K pacCMOTPEHUIO IIPUMEPOB, CHOPMYIUPYEM

ITPABIJIO:

Ecnn 3aa1a paccMaTpuBaeTcs 1pn

o r € (—oo, +00), TO HasO ncnonnzosarh 11D mo dopmyram ((1.1))-(1.2);
e r € (0, +00) ¢ KpaeBbIM ycjaoBUEeM [-T0 pojia,  TO HaJO UCHOJIL30BATH
sin-TI0 10 choparyaan (L3)-(L0):

ez € (0, +00) ¢ KpaeBbiM ycsioBueM II-ro poja,  TO HaJO UCIOJIB30BATH
cos-11® 1o dopmymnam (1.3)-(1.4).

1.2. IIpumepsbl penieHust 3a1a9

Ne 815/
Hoavaysaco unmezpasvhoim npeobpasosanuem Pypve, pewums 3a0a4y:

Uy — AUy = 0, r € (—oo, +00), t >0, (1.8)
u(z, 0) = p(x), x € (—00, +00), (1.9)
u(z, 0) = ¥(x), x € (—00, +00). (1.10)

IIIar 1. ITpumenenne 1P

[TockoJibKy 3ajiada paccMaTpuBaeTcss Ha Beeil mpsamoit © € (—oo, 400), B
COOTBETCTBUI C MpaBuioM, ipumensieM moJiaoe [1® (1.1) mo mpocTpancTBeHHOI
nepeMenHoit x K paBeHcTBy (|1.8]).

IHymepanust 3a5a49 BeJeTCsl B COOTBETCTBUH C 33, JaUHHKOM .



[TycTn

U, 1) = ulz, 1) = m/@ {)d,

Torna pesynbratom jeticteus 11D na . Oy/1eT PaBeHCTBO:
Un(&: 1) +a’€°U(&; 1) = 0, ¢ € (o0, +00), t>0. (1.11)

IMTar 2. Pemenune O/LY (|1.11)
Ob1riee pererne o JHOPOIHOTO JnHeiiHOTO ypaHenus (|1.11]) nmeer BuI:

UE 1) = c1(€) 6 + oy(€)e ™™, € € (—o0, +o0). (112
IIIar 3. O6parHoe nmpeobpa3oBanue Pypbe
[Tpumennm k ((1.12)) obparHoe mpeodbpasosanue Dypoe ((1.2)). Tomyaum

1 €x . —
u(x, t):\/—2_7r /e5 U(&; t)dE =

25 (z+at) NS (f) eif(xat)> df — A(l‘ _ at) + B(ZU + at))

~ 5 | (o

e A u B — HeKoTopble, I0Ka HeN3BEeCTHBIE (DYHKITNHI, KOTOPbIE Mbl HafijieM nu3
TpeboBaHUil HAYATbHBIX YCIOBUII.
IIIar 4. Ncnionb30BaHne HAYAJIBHBIX yCJIOBUIA

B cuny navanbabix yeaosuit ((1.9) — ((1.10]), moxydaem:

u(z, 0) = A(w) + B(x) = ¢(a),
L 0o (B o v, =
Ala) + B(x) = ¢(x),
= Bl)- A(w)=§<of¢(s)ds+c), =

u(z, t) = A(z — at) + B(z + at) =
r+at

:go(a:—at)—;go(aﬂrat) B / ds+—/¢

0
r+at
o(x —at) +o(x+at) 1
5 + % / Y(s)ds

Orser: u(x,t) =



Ne 819.
THoavayaco unmezpasvroim npeobpadosanuem Dypve, pewums 3a0a4y:

w — a*ugy = 0, >0, t>0, (1.13)
u(z, 0) =0, x>0, (1.14)
w(0, t) = (), t>0. (1.15)

IMIar 1. ITpumenenwne sin —11P

[TockosbKy 3aj1ada paccMaTpuBaeTcs Ha noJypsivoit € (0, +00), a 3a1aH-
HOE KpaeBoe yCJIOBHe — I-ro poJia, TO B COOTBETCTBUU C IIPABUJIOM IPUMEHSIEM
1D

sin —11® 110 TTPOCTPAHCTBEHHOM MepeMenHoil © K pasenctsy ((1.13)).
[Tyctn
+00
2
U(E, 1) = \ﬁ / sin(éx)u(z, t)da.
T
0
Torna
+00
2

— /sin(fx)um(x, t)dxr =

_ \/g sin(§x)uy(z, t)

\

r=

+00 i
O /—50/008(51‘)%(:5, t)dx | =

r=

+o0o

:—g-\/g cos(ex)ulz, )| +¢ / sin(éx)u(, tdz|

= |ul0, 1) = p(t)] = ¢- @ () — €U 1) (1.16)
u 3aa4a (1.13) — ((1.15]) mpeodbpasyercst B 3aga1y Kormm myst OZLY:
{ Ui, 1)+ @EUE 1) = -2 € ), (117

U(E, 0) = 0.

IHIar 2. Penienne 3agauan Kormm ([1.17))
OO61iee  perieHre  OJHOPOJHOIO JIMHEHHOI'O ypaBHEHUSA, COOTBETCTBYIO-

mero ([L.17), umeer sl

=00
€r=

0

UOO = C(€)€_a2§2t.
[To METOJLY BAPUAIINN ITOCTOSAHHOIA, obiiiee pelrienite HEOIHOPOIHO-
ro JIMHEHHOro ypaBHEeHUs UIETCs B BUJIE
UOHO = C(g, t)e_“252t. (118)

I Bynem obosnauars oblree peIleHie OJHOPOIHOIO ypaBHeHus depes Upg, a obIee pelleHne COOTBETCTBYIOMIETO HEOIHO-
poxHoro jguHeiiHOro ypasHeHust — depe3 UgHO-




[Toncrasmss ((1.18)) 8 OAY zagaqu (1.17)), mosyanm

G =a - — . € . Iu(t) . ea2€2t7 _—

(6 t)=a? ] / u(r) - e ETdr + e (€).
0

Uono = 01(§)€_a2§2 \/7 ¢ / e =T gqr

Ocrajoch [IPUMEHUTH Ha4daJIbHOE YCJIOBHE!:

U, 0)=ci(§) +0=0, = al)=0, =

IITIar 3. O6paTHoe Hpe06pa303aﬂme Dypbe
[Tpumennm x ([1.19)) o6parHoe cunyc-tipeobpazosanne Dypoe ((1.6]). [Toryaum

+00
2

w= /= [ sin(€x)U(&; t)dé = a? ¢sin(éx)d (T)e €T dr =
3 By -
2a2§e—a2£2(t—7) _

1
= 5 o _ — —/ /J/(T) . Sin(gx)e_a2£2(t_7-)
2 e (er) )t
0

-~

Nrak,

§=+o00

t—1

_ —a?&*(t—7) _ q=2, _
T / cos(éx)e d§ | dr = [HO dopumyse (1.7), npu p= a\/ﬁ] =

t
— E / M(T) . i T . 6_ 4&2?15—7') dT — L / 'LL(T) . 6_ 4a2?t—7) dT
) t—7 |20\ t—T 20/ ) (t—T)
0 0

2

OTrser: u(x,t) = zaff G )% e W dr

[\CJ[eV]

-10-



Ne 821.
THoavayaco unmezpasvroim npeobpadosanuem Dypve, pewums 3a0a4y:

U — @ gy = f(, 1), x>0, t>0, (1.20)
u(z, 0) =0, x>0, (1.21)
(0, t) =0, t>0. (1.22)

IHIar 1. IIpumenenune sin —I1P

[TockoibKy 3aj1a4a paccMaTpuBaeTcs Ha noJypsivoit € (0, +00), a 3a/1aH-
HOEe Kpae ciaoBue — [-ro pojia, TO B COOTBETCTBUN C MPABUJIOM ITPUMEHSIEM

BOE
sin —I1® (1.5 o mpocTpancTBenHoii epemennoit © K pasencrsy ((1.20)).
[Tyctn

—+00 —+00

U, t) = \/g / sin(éx)u(e, Hde, P, 1) = \/g / sin(éx) f(z, B)da.

0 0
Torna, mo dhopmyite (1.16]) mpu p(t) =0

+00
% /Sin(gx)umx(xa t)dx = _€2U(€’ t)
0

u 3azada ((1.20)) — (1.22)) mpeobpasyercs B 3amady Komm ais OY:
242 _ :

U(, 0

IHIar 2. Penienne 3agaun Kommm (([1.23))

Ob11iee periieHre 0HOPOIHOTO JIMHEHHOTO ypaBHeH i, CooTBeTcTBYoIIero ((1.23)),
VIMEET BHJI:

UOO = c(ﬁ)e_a%%.
[To METOJIY BAPUAIINN ITOCTOSAHHOI, obiiee pelenie HEOIHOPOIHO-

ro JIMHEHHOTr0 ypaBHEHUsI UIIETCA B BUJE
UOHO = C(f, t)e—a2§2t' (124)
[Mogcrasss ((1.24) 8 O zamaqau ((1.23)), moaydaum

c=FE 1) =

Nrak,



Ocrajoch [NPpUMEHUTDL Ha9aJIbHOE YCJIOBUE!

U(f, O) - Cl(g) +0= 07 = 01(5) - 07 —
t
Uomo = / F, 1) e “Etgr, (1.25)
0

IIIar 3. O6parHoe npeodpaszoBanne Pypbe
[Tpumennm k ([1.25]) obpartHoe cunyc-mipeotpazosatme Oypoe ([1.6]). [Tomyaum

+00

ula, t) = @ / sin(éx) U(€; t)de =

0
+oo

=§ / sin{¢) / / sin(¢s) f (s, T)ds - e drdg =

0 0

\ 7

=F(&,7)
— [snacsing = & (cos(a— )~ cos(a+ 3)) | =

t 400 [ +o0

o [ s ) e
Wo/d O/f(s )ds /cos({(a: s)) e ge

0

T x s,

+00
— / cos (£(5C + s)) efazgz(H)df = [B cuity (L.7), upn ]qu aE— T ] =
0

+00

t

NZS dr - 1752 _ _(at9)?

= f(s, T)e ?t=nds — [ f(s, T)e s
2ra | At —T /

0 0

+00 (a:+s)2

_ a9 _ @]
[f f(s, T)e W) s — [ f(s, T)e @t=nds|.

0

OTBeT: U =

sie o

Ne 817.
IToavsyacy unmezpanvrvim npeobpasosanuem Dypve, pewums 3a0a4y:
U — a2ugy = 0, r € (—o00, +00), t >0, (1.26)
u(z, 0) = o(z), r € (—00, +00), (1.27)

IIar 1. ITpumenenne 11D

[TockoJibKy 3ajiada paccMaTpuBaeTcs Ha Beeil mpsaMmoit @ € (—oo, +00), B
COOTBETCTBUU C MpaBujioM, mpumensiem mosiHoe [T (|1.1] - 110 IPOCTPaHCTBEHHOI

[IEPEMEHHON & K paBEHCTBY -

-12-



[TycTn

2m
R
_ VRN _ L —i€x
B(€) = pl1) = = / ()
Tora pesynbrarom jgeiictsust [1O na ((1.26]) — (1.27) 6yner zamaua:
Ui(&; ) + a2 U (€ 1) = 0, £ € (—o0, +00), t>0. (1.28)
U(&; 0) = ©(8), § € (—o0, +00). (1.29)

ITar 2. Pemrenne 3amaun Ko ((1.28) — ([1.29)
Oob11iee pereHne oJHOPOIHOTO JuHeiHOTO ypapHeHus (|1.28[) mmeer By
Ug; t) =) e, €€ (—o0, +oo).
A B cuty HauasbHOrO yesoBus (|1.29)) nmeem:
_a2e?
() =3, = UEH=0¢) e !, e (-o0, +o0).  (1.30)

IITar 3. O6parHoe mpeobpa3zoBanne Pypbe
[Tprmennm k ((1.30)) obpatHoe mpeodbpasosanue Dypoe ((1.2)). [Tomyamm

+00
1 1 22
u(x, t) = — ety t)d / Z5“””-67“51% =
(@) = o= [ U i = —= :
1 1 / 1€(z—s) —a%€%t
(s e' e dé| ds =
Var v 27T - qeTHasl
+00 400
2 —a2§2t
=5 ©(s) cos (&(z —s)) e dé | ds =
7T
—00 0
1 +oo
- [ dopsyre (1), mpn 177 ] —~ [t 25; o s,
+00 (2—s)2
OtBer:  u(z,t) = zaf f p(s)e” 4 ds.

Ne 818.
THoavaysaco unmezpasvroim npeobpasosanuem Pypve, pewums 3a0a4y:

Uy — a2y = flx, 1), x € (—o0, +00), t >0, (1.31)
u(z, 0) =0, r € (—00, +00). (1.32)
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IIIar 1. ITpumenenue 1P

[TockobKy 3ajada paccMaTpuBaeTCs Ha Bcell mpsaMoit x € (—oo, —l—oo), B
COOTBETCTBUU C IMTPABUJIOM, TpuMeHsieM 1osHoe [1dP 1) 10 IIPOCTPAHCTBEHHO

nepeMeHHoit © K pasenctsy ((1.31]).

[Iyctn
I 1 .
U, t)=u(r, t) = — /e_l’fmu(a:, t)dx,
2m
R
— 1

F(E, 1)

flz, 1)

— /eigxf(x, t)dx.

21
R

Torma pesynbrarom geiictsust [1® na ((1.31]) — (1.32)) 6yaer zamaua:

Ui(& )+ a®EPUE ) = F(E, 1), ¢ € (—o0, +0), t > 0. (1.33)
U(& 0) =0, £ € (—o0, +00). (1.34)

ITar 2. Pertenne 3amaun Ko ((1.33) — ([1.34))

JlaHHbBI mar nojaHocTbio nopropsier [lar 2. Ne 821.
Ob11iee pererne oJHOPOIHOIO JHHeHOro ypapHenus (|1.33|) nmeer BuI:

U t) =c(&) e ™', €€ (~o0, +00).
[To METOJY BAPUAIINN ITOCTOSAHHOIA, obiiee peliienite HEOIHOPOIHO-

ro JIMHETHOTO YpaBHEHUsI UIETCSA B BUJIE
Uono = c(, t)e "¢, (1.35)
[Togcrasmss ((1.35) B ypasuenue (|1.33)), moryanm
c=F( t)- e et —

t

(€, 1) = / F(E, 7) - eTdr + ¢)(€).
0

Urax,
t

Uono = 1 (f)eia%% + / F(& ) - e g
0
OcraJjioch IPUMEHNUTH HavaJIbHOE YCJIOBUE:

UE,0)=c(&)+0=0, — c1(€) =0, =

Uoto = / F, 1) e “Ctgr, (1.36)
0
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IITar 3. O6parHoe nmpeobpa3oBane Pypbe
[Tpumennm k ([1.36]) obparHoe mpeodbpasosanue Dypoe ((1.2)). [Tosyaum

“+o00

a(e, 1 :# / ¢ U £)dE =

1 1 +oo t 4o
o i€x —i€s —a2§2(t77') .
= — — e e s, T)ds -e drdé =
Rl / O/ / f(s, 7) 3

_‘(27)

1 2¢2
. il(x—s) _—a€*(t—) _
/ dr / f(s, T)ds / e d¢ =

yeTHas 110 &

t
%/dT /fs TdS/COS (€(x — 5)) o€ =) ge —
0 —00

— [no dbopmye . _ \/t— ]

1 /7 _
:;'Qa \/t—T/fST

(1)—3)2
4112(75—7') ds

+00 B (z—s)2

Orser: u(z,t) = 2af f\/i% f f(s, T)e” Wi ds.

Sameuanue 1.1. Obbeaunus pesyiabrarbl Ne 817, 818, Mbl nogyanm hopMmyry
[lyaccona (dopmyny perenus 3agadan Kot Jjis1 ypaBHEHHs TEILIONPOBOHO-
CTH Ha MHPAMON JJId Cydast OJHONU IIPOCTPAHCTBEHHON HepeMeHHOﬁ). Mpbr yaxe
I10JIb30BAJIUCH JTO cbopMyﬂoﬁ B 11. 6.1, 6.2 1mepBoil YacT JAHHOTO HOCO6I/IHE|:

t +oo

(x—&)z
u(z, t) 2a\/— 1a2t d§+//2a o - f(&, T)d&drT.

5], c. 54 — 63.
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Ne 820.
THoavayaco unmezpasvroim npeobpadosanuem Dypve, pewums 3a0a4y:

U — a*uyy = 0, x>0, t>0, (1.37)
u(z, 0) = p(z), x>0, (1.38)
u, (0, 1) = v(t), t>0. (1.39)

IITar 1. ITpumenenune cos —I1P

[TockoJbKy 3aj1a4a paccMaTpruBaeTcs Ha noaynpsiMoil € (0, +00), a 3a/1aH-
HOe KpaeBoe yciioBue — [I-ro pojia, To B COOTBETCTBUU C IIPABUJIOM, IPUMEHSIEM
il.?)

cos —I1D 110 TPOCTPAHCTBEHHOM HepeMeHHoil = K pasencTy ((1.37)).
[TycTn
5 400
U, 1) = \ﬁ [ osteaputz, tyds,
T
0
Torna
+0o0o
2
— /cos(fx)um(x, t)dx =
T
0
2 =400 oo
=/ — | cos({x)uy(z, t) +§/sin(§:z;‘)ux(a:, tydr | = {1.39} =
T =0

0

“+00

:\/g —v(t) + & |sin(&x)u(x, t) . —§/cos(§:z:)u(x, tydx| | =

A 7 0

= —\/g v(t) — EEUE, 1) (1.40)

u 3agaqa ((1.37) — (1.39) mpeobpasyerca B 3agady Kommu mmss OLY:

Ui(&, 1) + a’CUE, 1) = —a® - 2 - w(1); (1.41)
U, 0)=0.
ITar 2. Pemenue 3agaan Kommn (|1.41))

O611iee peleHe oJIHOPOHOTO JIMHEHOTro ypaBHeHust, cooTBercTBytorero ((1.41)),
UMeeT BHJI:

r=-400

Uoo = 0(5)37&5%-
[To METOZY BAPUALINU ITOCTOAHHOIL, obiiee perienne HEOAHOPOIHO-

'O JIMHEITHOTO YpaBHEHHUA UIIETCA B BUAE
UOHO = C(f, t)e_a2£2t. (142)
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[Moncrasnsas ((1.42) 8 OY zagaqu ((1.41)), moyanm

- u(t) - et —

Urak,

t

2¢2 2 2¢2
Uono = c1(§)e ¢! —a? - \/j /V(T) Lo,
7

0
Ocrasoch [IPUMEHUTH Ha4daJIbHOE YCJIOBHE!:

U 0)=al@)+0=0, = «al)=0,

UOHO = \/7 / 252 b= T)dT. (143)

IIIar 3. O6paTHoe Hpe06pa303aﬂme Dypbe

[Tpumennm k ([1.43]) obparHoe Kocutyc-ipeobpasoanne Pypoe ((1.4). TTosy-
quM

+00 +00

u= \/g /cos(ﬁx) U(&; t)dé = —a’ % /cos Ex dﬁ/ _a2§2(t_7)d7' =

0 0
t +00

== V(T)df/cos(ﬁx) e [- = \/—T] B

o
e}

3

t
Orper:  u(z,t) = — % [ 4D
0

Ne 816.
Ioavayace unmezparvivim npeobpasosanuem Dypve, pewums 3adany:
Uy — @ Uyy = f(z, 1), xr € (—o00, +00), t >0, (1.44)
u(z, 0) =0, x € (—o0, +00), (1.45)
ut(x, 0) =0,

r € (—00, +00). (1.46)
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IHIar 1. ITpumenenne 11D

[TockoJibKy 3ajiada paccMaTpuBaeTcss Ha Beeil mpsMmoit @ € (—oo, +00), B
COOTBETCTBUN C IIPABUJIOM IpuMensieM 1oJiHoe 11D - 110 ITPOCTPAHCTBEHHO

HepeMeHHOI/I I K PaBEHCTBY -

[Iyctn - -
Ug t) =ulz, t), F(&t)=flz, 1)
Tora pesynbrarom gefictsus [1® na ((1.44]) — (1.46) 6ymer 3amaua:
Un(& 1) +a’CU(E 1) = F(E, 1), €€ (—00, +00), t>0.  (1.47)
U(&;0) =0, £ € (—o0, +0), (1.48)
Ui(&;0) =0, £ € (—o0, +00). (1.49)

IMTar 2. Pemenne 3agauun Kommu ((1.47) — (1.49)

Oobrriee perrenye 0 JHOPOIHOTO JTMHEIHOTO yPABHEHMU ST, COOTBETCTBYIOIIETO YPaB-
nenuio ((1.47), nmeer BuI:

Uoo(&; t) = c1(&) sin(a&t) + co(€) cos(a&t), € € (—o0, +00).  (1.50)

B coorsercteun ¢ METOJIOM BAPMAINU [TOCTOAHHBIX, 6ynem nckarh
pemtenne (1.47) B Buje

Uono(&; 1) = c1(&, ) sin(a&t) + c2(&, t) cos(alt), £ € (—o0, +0). (1.51)

st naxozkiennst Gynkimii ¢p o(€, t) nmeem cucremy:

sin(a&t) cos(a&t) C1y 0

I

a& cos(aét)  —a&sin(a&t) Cot F(, t)

( ‘ .
c1p = =z - F(&, t) cos(a&t) c1 = é [ F(&, 7)cos(aér)dr + c3(8)
4 = 4 L.
Cot = — a_lg - F (&, t)sin(a&t). cy = — é [ F(&, 7)sin(a&r)dr + c4(§).
\ \ 0

[Toncrasum naitnennsle ¢ 2 B ((1.51)) 1 momyamm:

t
Uono(&; 1) /F )cos(aét)dr - sin(a&t)—
0
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S—_

F(f, T)sin(a&1)dr - cos(alt) | + c3(&) sin(a&t) + c4(§) cos(aét) =

1 / :
— pr: 0/ )sin (a&(t — 7)) dr + ¢3(€) sin(a&t) + c4(€) cos(at). (1.52)

[TogcraBum Haiigerayo dyukmmo U B nepBoe HadaabHoe yesaobue (|1.48]):

U(& 0) = ea(€) = 0,

orryna U(&; t) ig ‘j )sin (a&(t — 7)) dr + ¢3(§) sin(a&t) u
Uy(&; t) = a_g F(&, t)sin (ag(t —t)) +
L
* o / F(€, 7) cos (at(t — 7)) dr +at - c3(€) cos(ac).

0

Torna Bropoe HavasbHoe yciaosue ((1.49) nact nam
Ui(&; 0) = ag - ¢5(§) = 0.

Nrak, c3(€) = c4(§) =0
t

W U ) = ig / F(¢, 7)sin (at(t — 7)) dr. (153)

IITar 3. O6parHoe nmpeobpa3zoBane Pypbe
[Tpumenum k (1.53|) obpaTHOoe npeobpazopanne Pypbe ((1.2)). IToayanm

+00

t
Jiée 1 e’" sin aS t—T _
U = \/%/ U(&; t)d a\/%/()/ F(&, T)drd¢

T+
{6@’ sin (a€) ¢ (7 — ) _ et — gty 1 / eigndn] —

§ 2i¢ 21 2

. +oo t x—%a
Z&?d
2a\/ 21 / / / '

—oo 0 a

Ir—Q

F(, 7)drd§ =
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t xta(t +00 t xta(t

1 1 1
== —— [ ddd——/ / dndr.
2@/ Tﬂ/e (&, 7)d§ dndr 5 f , T)dndt
0 z—a(t-7) _ —00 , 0 z—a(t—7)
=f(n,7)
t x+a(t—7)
OrBer: = % [ | fn, 7)dndr.
0 z—a(t—7)

Sameuanue 1.2. Obbeauaus pesyiabrarhl Ne 815, 816, MbI noayanm hopMyry
Hanambepa (opmysty pemtenust 3agaan Ko jijist ypaBHeHus KojiebaHuil Ha
IpPSAMOIT JJIst CIydasi OJHON MPOCTPAHCTBEHHON mepeMenHoit). Mbl yrke MoJib-
30BaJINCh STOI (POpMYJIOii, peltas 3aja4dn pasjesia 4 1mepBoil yacTh JIaHHOTO

ocobusty

T+at t zta(t—r)

ol —at)+p(x+at) 1 1
u(z, t) = 5 +% / % / / f(s, T)dsdr.

r—at 0 z—a(t—7)

2. MmuoromepHoe npeobopa3zoBanne Pypbe 114 3amad Y MO

[lycte = (21, ®9, ..., T,) — JEMEHT N-MEPHOTO eBKJIHI0BA IPOCTPAHCTBA
R", a dyuxus f(z) = f(x1, x2, ..., x,) omperenena wa R™ u s Hee
CXOJINTCSI MHTErpaJl

—+00

/|f(x)\dx—/ /\f x1, T, ..., Ty)|drides .. . dx, < +00.
RTL

Tornma mst ynknun f(x) cymectByer npeobpasoBanne Oypbe:

F(&) = T(2) = ﬁ / 69 £ (2)de, (2.1)

riae (&, x) = &1 + oo + ...+ &x, — CKASIPHOE TIPOU3BE/ICHIE BEKTOPOB &

ux.
[Tpu sTom dyuKIMIO f(r) MOXKHO BOCCTAHOBUTHL 10 ee obpasy Dypbe Mo

cJIe Ty toreit cbopMyﬂdﬂ

Fl@) =) = = [ €€ OP( 2.2

Rn

L5, c. 28 - 39.

QB,HGCL 1 HU2KE MbI TaKzKe IIpeariojaraéM BBIIIOJTHEHHBIMU YCJIOBUA U3BECTHBIX TEOPEM MaTaHaJanu3a, IIO3BOJJIAIONINX Ha 3a-
KOHHBIX OCHOBAHUAX OCYIIECTBJIATH HAIIN ;LeﬁCTBHH.
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2.1. /IsymepHoe npeobpa3oBanue Pypobe ajsa 3agad Y MO

st BazKHOTO qaCTHoro ciydasl BYMEPHOIO IIPOCTPAHCTBA ¢ KOOPIMHATAMU
(z, y) dopmyast (2.1) — (2.2)) nepenmcniBatores B Buse:

R n)=fm)=% [t sty (23
RQ
_rE oy L i(Eatny)
flaey) = FEm) = 5 [ ¢ mF(E, wdgan (2.4)
R2

Ecmm f(z, y) — 4eTHas mo y, 1o

+00 +00

- % / 0/ e ") cos(ny) f(x, y)dudy, (2:5)

“+00 +00

1

- / /e cos(ny)F (€, n)ddn. (2.6)
0

Ecmu f(z, y) — HeueTHast Mo ¥y, TO

—+00 +00

:% //e—i(gx) sin(ny) f(z, y)dzdy, (2.7)
—o0 0

—+00 +00

i//e sin(ny) F'(§, n)dédn. (2.8)

Kpome sTux obmux hopmy/1 HaM OTPEOYIOTCs TaKKe BazKHbIe (POPMYJIbL:

YrBep:kaeHue 2.1.
IIyemv U(E, n, t) — o6paz Qypve dynryuu u(zx, y, t) npu IO (2.3)),
Uc(&, n, t) — obpas npu cos-T11D (2.5)),
Us(§, m, t) — obpaz npu sin-I1P (2.7)).
Tozda sepHvL hopmy.avi:

+00 400

1 .
— / / g~ imtm) <um(rc, Yy t) + uyy(z, y, t))dydx =
T

—00 —O0

—(&+n)Ute n b (29)
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—+00 +00

! —i€xr :
T //6 “sin(ny)uyy(z, y, t)dyde =
o 0
+00
— Q /e_ifflfU(xa 07 t) da: — 772 US(€7 T], t) (210)
T
1 +00 +00
T / / e cos(ny)uyy(x, y, t)dyde =
—0 0
1 +00
- /e_i&uy(% 0, t)dr —n*U(€, n, t). (2.11)
T

Jloxazameavcmeso. Yrobbl nokazars (2.9)), mokaxkem Gopmyiry

400 +00
1 —i(éx
T / /6 St Wy, (2, y, dyde = > U(E, n, t).
1 +00 +00
— / /ei@”"y)uyy(aj, y, t)dydr = {HO YACTSIM 110 y} =
+0o0 . +00 +00
1 o y=e :
_ - / e e My (z, y, 1) de —in / / e Wy, (x, y, t)dyde | =
S SN = S5 S
-0
] +00 +00
= — / / e—i(f””y)uy(;c, Y, t)dyd:z: = {eme pa3 1o 4acTgM 110 y] =
s
—00 —00
N y=00 e
_ ﬂ /eifxeinyu(x7 Y, t) dr — 277 / /ei(foﬂrny)u(x, Y, t)dydx —
Tl o = o e

=0
= (in)” U(&, 0, t) = —n*U(&, 0, t).
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Dopmyiia

+00 +00
1

T / / e Sy, (z, y, t)dyde = —E2U(E, n, t)

™
—00 —00

JIOKA3bIBAETCsT COBEPIIEHHO aHAJIOrn4IHO. (3aMernm, KCTaTi, 9TO aHAJOr MO-
caejueit popmysibl Oyner u jjst cos-11P u sin-11D, 1mockoJibKy BCIOJly B HUX
110]T THTETPAJIOM OKA3bIBAIOTCS OJINHAKOBBIE BbIPAYKEHUSI, 3aBUCSIIIE OT T U He
3aBUCSIIITIE OT Y. )

Hoxraxkem dopmyiy (2.10)).

+00 +00

/ /e “sin(ny)uyy(x, vy, t)dydx = [HO JacTAM 110 y] =

0
“+00 +00

= / e sin(ny)uy(z, y, t)|  de— / / e cos(ny)uy(z, y, t)dyde =
y=0

—00 (. 4 —oco 0

=0

y=00

= - / / T cos(ny)uy(z, y, t)dydr = {eme pas Mo 4acTsM 110 ¥

+00

Yy=00
= —n /6_25“ cos(ny)u(z, y, t) dx +
— 0 N y:0/
:271&;; 0, t)

+00 +00
B / / e sin(ny)u(z, y, t)dyde | =

—oo 0

+00
=1 /e_’fxu(a:, 0, t)dx —m” U(E, n, t).

[logesnus nosyuennoe papeHcTBO Ha 7, moayanM ([2.10)).
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Hoxkaxkem dopmyay (2.11)).
+00 +00

/ / T cos(ny)uyy(z, y, t)dydr = [no JaCTIM 110 y} =

+00 +00

da:+77/ /e_i& sin(ny)uy(z, y, t)dydr =

Yy=00

:/6_5 cos(ny)uy(x, y, t)

—00 (. -~ yZOJ —00 0
=—uy(z, 0, t)
+00 +00 +00
= — / e "y, (z, 0, t)dx + 7 / /e_ifx sin(ny)uy(x, y, t)dydx =
— 00 —oo 0
400
= [eme pa3 [0 9acTaM II0 y} =— | e u,(x, 0, t)dz+
400 .
+n /e_zfx sin(ny)u(z, y, t) dr—
-0
400 +00
— 1 / / e " cos(ny)u(z, y, t)dyde | =
—oo 0
+00
= [y 0, 0w UCE 0,0

[Tojgems mosrydennoe paBeHcTBO Ha 7, nosyunM ([2.11)), 9To u 3aBepimaer J10-
Ka3aTeJIbCTBO.

[Ipexkyie veM TtepeiiT K pacCMOTPEHUIO TPUMEPOB, CHPOPMYIUPYEM
ITPABNMJIO:
Ecnn 3a1a4a paccMaTpuBaeTcs Ipn

ezr, y € (—oo, +00), TO HayO ucnosab3oBarh 11D mo dopmynam ([2.3)—
(2.4);

ez cR, ye (0, —|—oo) C KpaeBbIM YCJIOBHEM [-TO pojia,  TO HAJI0 MCIOJIb-
30BaTh Sin-11® o dopmynam ([2.7)—(2.8);

ez cR, ye (0, +o0) ¢ kpaeBbiM yeioBueM [I-ro poga,  TO HAO UCHOJb-

3oBaTh cos-I11D 1o dopmyram (2.5)—(2.6)).
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2.2. IIpumepsl pernieHns 3a1a4

Ne 822.
Hoavayaco unmezpasvhoim npeobpadosanuem Dypve, pewums 3a0auy:

up — a® (Ugy + 11yy) = 0, T, y € (=00, +00), t>0, (2.12)
u(,y,0) = p(z,9), 7, y € (=00, +00). (2.13)

IIIar 1. ITpumenenue 1P
[TockoJbKy 3a/iada PACCMATPUBACTCST HA MTOJTHOM TI0CKOCTH & € (—00, +00),
y € (—00, +00), B COOTBETCTBUU C TpaBIIOM, npuMensem mosaoe 1D (2.3

110 MPOCTPAHCTBEHHBIM TepeMeHHbIM (2, y) K paBercTBaM ([2.12)) — (2.13)).
[TycTn

U(fa n, t) - U(xay,t) = 2_ /e_l(§$+ny)U($, Yy, t)d.fb‘d'y,
7r
RQ
2R 1 —t(&x
(&, n) = p(z,y) = o /6 419 o (2, ) dady.
RQ

Tora pesynbratom gefictsus [1O na (2.12)) — (2.13)) 6yaer 3amaua:
U(&mit) +a” (€ +n") U mst) =0, & n€ (—o0, +00), t>0, (2.14)
U(&;n;0) = ®(&,m), § n € (=00, +o0). (2.15)

Tar 2. Pemrenne 3azaun Komnm (2.14) — (2.15) goa OLY
OOb1riee pereHne oJHOPOJIHOTO JMHEiHOTO ypaBHeHus ([2.14]) nmeer By

Uoo(&,m5t) = ¢(&,m) e_a2<52+772)t, £, n € (—o0, +0).

a U3 HAYAJILHOIO YCJIOBHUSI nosiydaeM, 9To Koabduruent ¢(£,n) paseH
d(&,n), orkyna
U(E,nt) = D€, 1) e (7)1, (2.16)
IIIar 3. O6parHoe mpeobpa3zoBanue Pypbe
[Ipumennm k (2.16) obparnoe npeobpazosanue Pypoe (2.4). Tomyanm

1 , 1 .
u=—— [ETWY(E, iy t)dedn = / e E (¢, ) e () tedn =
2T 2T

R2 R2

L e!(&rtmy) S /e‘i(ng’”S)go(z, s)dzds e*“2<52+772)td£d77 =

2 2
R2 R2

 4n? / ©(z, s)dzds / /(=2 Gily=s)n o= e gy —

R2 R2
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+00 +0o0
= % o(z, s)dzds / ei(x_z)ge_“2§2td§- / ei(y_s)”e_azn%dn =
s
R2 —00 —00
= [B CIJIY 9eTHOCTH (DyHKITHI e~y e g epeMeHHbIM & 1 n} =
| +00 +00
— P/gp(z, s)dzds / cos ((x—z)f)ea252td§- / cos ((y—S)n)e"LGztdn —
R2 0 0
= [HO(bOpMyJIe TN c p=avt u g=x—2 ubo q:y—s} =
1 T (-%—2)2 (y—s)
=— [ o(z, §) —- € ¥ e 4 dzds =
2 4a?t
s J a
1 (@=2)?+(y—s)
= 47m2t/g0(z, s)e” Wi dzds.
RQ
(@=2)?+(y=5)*
OrsBer: w(z,t) = = [ o(z, s)e” Wi dzds.
RQ

Ne 823.
THoavaysaco unmezpasvroim npeobpasosanuem Pypve, pewums 3a0a4y:

U — a* (Ugy +uyy) = f(z,95t), 1, y € (—00, +00), t >0, (2.17)
u(z,y,0) =0, x, y € (—o0, +00). (2.18)

Ilar 1. ITpumenenne 11O

[TockoJbKY 3a1a9a PACCMATPUBAETCS HA MOJTHOI T10cKocT & € (—00, +00),
y € (—00, +00), B COOTBETCTBUU C TPABIJIOM, npuMensiem mojaoe 1D (2.3
110 MPOCTPAHCTBEHHBIM TepeMeHHbIM (Z, y) K paBencTBaM ([2.17) — (2.18)).

[Tyctn

U(€7 , t) - U(l’,y;t) - 2_ /e—z(fx—i—ny)u(x’ Y, t)dl'dya
s
R2
. 1 —i(&x+
P& 0 ) = flowit) =5 [ (o, y, tdudy.
R2

Tora pesynbratom jgeiictsust [ na (2.17) — (2.18)) 6yaer zamaua:
U&mit) +a* (€ +n?) U mst) = F(E 0, 1),
&, ne(—oo, +0), t>0,
U(€n:0)=0, & n€(-o0, +00). (2.20)

(2.19)
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IHlar 2. Pemtenne 3agaun Komm (2.19) — (2.20) maa OY
Ob11iee perteHne oHOPOIHOTO JuHeiHOTO ypapHeHus ([2.19)) nmeer By

Uno(€mt) = ef€m) e (€0 ¢ e (=00, +00).
nosromy METOJIOM BAPUALINU «ITOCTOSAHHOW» ¢(€,n) nonyuaem:

Uoso(E,mit) = (& 1) e (EFP) ¢ e (o0, +00).

oTrysa st ¢(&,m; t), mojcTaBuB UCKOMBIN Buj perienust (2.2) B ypaBHeHue
(2.19)), moyaaem yciioBue:

(& mt) = F(€, n, t) e (€)1

3Hast IPOU3BOJIHYIO ¢, HailjieM c:
t
(e t) = [ Bl . 7) e @ ar ).
0
Taxum obpazom, obliee pelieHne HeoJHOPOIHOTO ypaBHEHUS uMeeT BUJI:
t
%m@mﬁri/F@nﬁﬂeﬂ*ﬂﬁwﬂw7+q@mwﬂ“@Wﬁ.@2m
0

Ucnonbsyst nauaibaoe yesosue (2.20), naxogum ¢q (€, 1) = 0, oTKy/1a, HAKOHEI]
nostygaeM perrerne 3agadn Kormn (2.19) — (2.20)):

U, n;t) = /F(ﬁ, n, T) e_“2<€2+n2)(t_7)d7'. (2.22)
0

IIIar 3. O6parHoe mpeobpa3zoBanue Pypbe
[Tpumenum k (|2.22]) obpatnoe npeodpazopanne Pypoe ([2.4)). [Toxyanm

1 .
uu%wz——/%WWW@mw%mz

21
RZ
t
1 . 2 2 2
RQ 0
t
_ Qi/dT/ei(§x+ny)€—a2(£2+n2)(t—T) Qi/e—i(fﬁ'ns)f(z, s, T)dzds|dédn =
T T
0 R2 R?
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t
= 4L / /f(zy S; T)dZdS / ei(xiz)geiazéa (t—T)'e'L‘(y*S)?]e*QQTIQ (tiT)dgd,r] -
0 R2

R2

]. 22
:4—/ / zs,T)dzds/ (ng_agtTdﬁ/ (y=s)n = dn =
0

R2 —00

fant

—a2e2¢
= [B cuty wernocTn GyHKIHit e ¢S L e 10 TIEPEMEHHBIM & 1 n} =

t +00

7r2 dT/f Z, s, T)dZdS/COS ((x—z)f) —E (T e x

0 R2

o

:[HocbopMyﬂec p=aVvt—T n q=x—2z mmbo q=y-—s| =

t
: /d /f( ) e W ¢ i gz
=— [dr Z, 8, T e 2t e wWt-ndzds =
2 T 4a®(t— 1)
0 R

_ (@=2)%+(y—s)?
5 f Z, 8, T) 4a?(t=1)  dzds dr.
47ra

t . _ (@=2)?4(y—s)?
ft— f z, 8, T)e 1a2t-7)  dzds dT.
0 R2

OTBeT:

47ra

Ne 824.
THoavaysaco unmezpasvroim npeobpasosaruem Pypve, pewums 3a0a4y:

Uy — CL2 (uﬂ?ﬁU + uyy) = 07 xr € (_007 +OO)7 Y < (07 +OO)7 t> 07 (223>
U([C, 0; t) - 07 2 (—OO, +OO>7 yE (Oa +OO)7 (224)
u(,y;0) = ¢(z,y), z € (=00, +00), y € (0, +o0).  (2.25)

IHIar 1. IIpumenenue sin-11P

[TockobKy 3ajada paccMaTpuBaeTcd Ha mojyimiockoctn © € R, y > 0,
a KpaeBoe VCJIOBHUE IEePBOT0O poOJia, B COOTBETCTBUM C IPABUJIOM, IMPUMEHIEM
sin-1T1D T%ZD — [0 MPOCTPAHCTBEHHBIM TEPEMEHHBIM (I, YY) K paBEeHCTBAM
(2.23) — ([2.25).

[lycTp

+00 +00

U, n,t)= // “sin(ny)u(z, y, t)dydz,
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“+00 +00

// “sin(ny)e(z, y)dydz.

[Ipu neficrBum sin-11® ma u; moayunm, odeBumno, Uy, a mpu geiicTBuM Ha
Uy, KaK 11pu 00brauoM 11D, moayany —&E2U. YToObI BLIACHATD, B KAKOE paBeH—
CTBO IlepeiijileT ypaBHEeHUe (2 23)), ocTajioch MPUMEHUTH cbopMyﬂy - CTP.
22)) — pesynbrar geiicrust sin-11D Ha w,,, U y9ecTb, 9TO B JAHHOM HPHMEpE
u(x, 0, t) = 0. OkoHYIATEJBHO MOJTYIaeM:

—+00 +00

/ / Tsin(ny)uyy(x, y, t)dyde = —n*U(E, n, t)

Urak, pesynbrarom geiictsus sin-I10 ma (2.23) — (2.25) Gyxer 3ama4a;
U&mt)+a* (E+n*)UEmt) =0, E€R, >0, £>0, (2.26)
U(&,m;0) = ®(&,n), EER, >0 (2.27)

IMTar 2. Pemenne 3amauun Kommu (2.26) — (2.27) mua OAY

Ob11iee pelteHne OJHOPOIHOTO JUHEIHOTO ypaBHeHus ([2.26[) nmeer By
Usol&,mit) = c(€&,m) e (EF7) ¢ e (—o00, +00).

a 13 HavdaJbHOro yeiaosus (2.27) momydaem, aro kosddunnent c¢(€,n) paBen
®(&, ), orkya

U(E ;1) = (&, m) e (7)1, (2.28)
IITar 3. O6parHoe mpeobpa3oBanne Pypbe
[Tpumennm k (2.28)) obpartHoe sin-ipeobpaszosanne Pypobe (2.8)). TToayuanm

+00
wam=2 [ [

+00
]_ - 2 2 2
== / ¢ sin(ny)® (€, 1) e () gy =
0

“sin(ny)U(&,n;t)dEdn =

+00

0

+00
+00 +00

/ "% sin(ny) e~ () £
0

1 +00 +00
//e &) sin(ns)p(z, s)dsdz | dédn =
T
0

Rl

—00
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—+00 +00 —+00 +00

:—2/ /go(z, s)dzds/ /ei(x_z)ge_a%%-sin(ny) sin(ns)e " tdgdn =
T

—o0 0 —oc0 0

— [B cuty sinasin § = %(cos(a — ) — cos(a + ﬁ))] —

—+00 +00 “+00

- _1 ) 2¢2
s

—o0 0 —00
+o00

X / <cos ((y — s)n) — cos ((y + s)n))e—a2n2tdn —

= {B CUJTy YeTHOCTU (DYHKIINIT COS ((y + 3)77) ne o IIepeMeHHOi 7,

242 .
a Takske werHocTn GyHKunit e % ¢ 1o nmepemenmoit ﬁ} =

—+00 +00 —+00

1 2¢2
= — o(z, s)dsdz [ cos((z —z)§)e™” Sldex
+00

X / (cos ((y — 3)77) — cos ((y + s)n))e—a2n2tdn —

0

—[HO(bopMyﬂe1.7c p=aVt u q=zx—z, Jm60q:y:ts}—

—+00 +00

1 T (e=2)? _ (w92 _ (wts)?
== @(27 3) —5 € 4a2t e 42t — e 42t dsdz =
s 4a-t

—o0 0

+00 +00

1 _ @=2)%+(y=9)? _ @2+ (yts)?
e o(z, s) (e W —e 1a%t dsdz.
Ta
—oo 0

400 +00 2 2 2 2
(=2 +(y=s) (2= (y+s)
. f— 1 - a2 — a2
OrBer: U= [ of o(z, s) (e 4%t e 12t )dsdz.
—0Q

Ne 825.
THoavaysaco unmezpasvroim npeobpasosaruem Pypve, pewums 3a0a4y:

up — a? (Ugy + tyy) = 0, xr € (—oo, +00), y>0, t>0, (2.29)
u(z,0;t) = p(x;t), T € (=00, +00), t € (0, +00). (2.30)
u(z,y;0) =0, x € (—00, +00), y € (0, +00). (2.31)
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IlIar 1. ITpumenenue sin-11P

[TockobKy 3ajada paccMaTpuBaeTcs Ha IHojyimiockoctn r € R, y > 0,
a KpaeBoe VCJIOBHE IIePBOI0O POJia, B COOTBETCTBUM C INPABUJIOM, IPUMEHSIEM
sin-[1® (2.7) — o mpocTpaHCTBEHHBIM TI€pEMEHHBIM (I, Y) K paBeHCTBAM

2.29) - (2.31).
YCTh
400 +00

U(fa 777 - / / SlIl 773/ (.CU, y) t)dydﬂf

u jaeiicTBUN H TIOJTY UM, OYEBHIH pu AeiicTBUN H
I1 elic sin-I1® na u; 1o oue o, U, a eiic a
um, Kak 1pu oobranom 1D, moryunm §2U Bocnosnssyemest dopmystoit (2.10))

(cTp. .

+00 +00
1 .
— / /6_2& sin(ny)uyy(z, y, t)dydr =
s
—o0 0
+00
_n —ifx 2
= e “u(x, 0, t)de —n*U(E, n,t). (2.32)
T

C yuerom, uto B ganaoM mnpumepe u(z, 0, t) = p(x;t), OKOHIATEJBHO T10-
JIYUAEM:

—+00 +00

/ / “sin(ny)uyy(x, vy, t)dydx =
+00
Ui —itx 2 _ ]2 2

Urak, pesynbrarom geficrus sin-I1D na (2.29) — (2.31]) 6yner 3amaqa:

Ui(&mst) +a (€8 + ) UE,m;t) = \F"“’ (2.33)

EeR, n>0, t>0,

U(&,n;0) =0, £ER, n>0. (2.34)

IIIar 2. Pemtenne 3agaun Komm (2.33) — (2.34) aias OZLY
Ob1iee perieHre 0JIHOPOJIHONO JIMHEHHOTO ypaBHeHus ([2.33]) mmeeT BUJI:

Uoo(&, 1) = c(&,m) e (7)€ e (=00, +00),
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nosromy METOZOM BAPUAIINUN «IIOCTOAHHOW» c(€, 1) nomyuaem,

Ui (&,m58) = c(&,m; ) e ET) ¢ pe (—o0, 400),  (2.35)

oTKyja s ¢(&,m; t), momctaBuB NCKOMBIH BuJ pernenust (2.35]) B ypaBHeHue
(2.33), mosryaaem ycsiosue:

(& m; t) = \/Enue (&)t

SHasi TPOU3BOJIHYIO ¢, HAlJEM C:

t
c@mwwszgn/ﬁ@m»&%”ﬁ%h+q@m)
0

Takum obpasom, obiIiee perenne HeoJHOPOJIHOTO ypaBHeHust ([2.33) nmveer BUT:

Usio 5 n:t \/7 / £2+17) t—r)dT+

Foen(g,n) e (EH) L (9.36)

Ucnonbsyst nauaibaoe yesosue (2.34)), naxopum ¢q (€, 1) = 0, oTKy/1a, HAKOHEI]
noJrydaeM penterne 3ajaqn Kormn (2.33) — (2.34):

t

W&mﬂ:ng”/ﬁﬁmﬁfﬂ&#wqwﬂ (2.37)

0

[lepenuinem 370 BbIpazKeHue Ipy HOMOIY ONIPEAe/ICHIs i

U m;t) \/7 / (&) 1) g =

//e_igxu(x, 7) e (EP) N drdr. (2.38)

0 —oo

(L2

3|3

IIIar 3. O6parHoe mpeobpa3zoBanue Pypbe
[Tpumennm k (2.38)) obpatHoe sin-ipeobpaszosanne Pypoe (2.8)). [lomyanm

+00 +00

u(z,y;t / / “sin(ny)U (&, n; t)dsdn =

-39-



+00 400 t 400

]_ 2 2 2
= — / /e 57 sin(ny) a2l / /e 162 1y (z; 1) @ (E40°) (-7 g gy dédn =
T T

-0 0 0

t 400 400 400
2

= a_2/ / ,U Z 7_) dZdT / / el(x—z)ge—a2(52—|—772) (t_T) . 7] . Sln(ny)dgdn —

0 —o0 —o0 0

9 t +oo +00 +00

a_2/ / ,LL dZdT / x Z)fe_a2€2 (t_T)dg. / €_a2772 (t_T) nSIH(ny)dn =
T

—00 —00 0

_a2£2t . .
= |B CHJIy YETHOCTU (DYHKIUU € 10 TlepeMeHHol & | =
t +o00

/ / 2z, 7)dzdT / cos ((z—2)€)e @ =g / ~7)p sin(ny)dn =

:[HOCbOpMyJIeC p=aVt—T u qgq=x—=%

1 BO3bMEM II0 H9aCTAM HOCHG,HHI/IIL/’I I/IHTeraﬂ} =

t +oo
2 2 . (rfz)2
- //M(z, T) VT e 4ait-m) ) X
s 2a/t — T
1 o
202 (4_r) . 1=00 —a2n? (t—7
(g | st = [ oz

T 0

:[HocbopMyﬂec p=aVt—7T n q:y]:

9 t +oo s 5
_ Yy (VT / / MET) -G e —
w2 \ 2a (t—71)2
0 —o0
t +oo

_ pla; 1) - e
= a2 // (i 7) e ft-1) dzdrT.
0 —o0

(z=2)2 442

| Z(_ZTQ e 2t dzdrT.

t
OtrBer:  u(x,t) =% [
0
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Ne 826.
THoavayaco unmezpasvroim npeobpadosanuem Dypve, pewums 3a0a4y:

Up — 0 (Ugy +Uyy) =0, 1 € (—00, +00), y € (0, +00), t>0, (2.39)
uy(x,O,t) - 07 T € (_007 +OO)7 yE (07 +OO)7 (24())
u(r,y;0) = p(z,y), r € (—oo, +00), y € (0, +o0). (2.41)

IHIar 1. ITpumenenue cos-I1P

[TockobKy 3ajada paccMaTpuBaeTcd Ha mojyimiockoctn x € R, y > 0,
a KpaeBoe YCJOBUE BTOPOTO poOjia, B COOTBETCTBUM C INPABUJIOM, MPUMEHIEM
cos-I11D (2.7) — mo mpocTpaHCTBEHHBIM TEpeMeHHBIM (X, Y) K paBeHCTBAM
(2.39) — (2.41)).

[lycTp

+00 +00

1
U, n,t) = - //e " cos(ny)u(z, y, t)dyd,

0
+00 +00

1
//e “cos(ny)p(z, y)dydz.
T

[Ipu neiicrBun cos-I11P Ha wu; moyuum, odeBujno, Uy, a mpu jeiicTBUM Ha
Uz, KaK 1Ipu 00bI9HOM 11D, o1y unm —§2U YT00BI BBISICHUTD, B KAKOE paBeH—
cTBO Hepeiier ypasiernne (2.39), 0CTAIOCH IPUMEHHTD hOPMYJTY ([2-11)) (cop.
22)) — pesyabrar geiictsust cos-II® Ha gy, 1 y4ecTb, 4TO B JAHHOM LpUMepe
uy(x, 0, t) = 0. OKOHUATEJILHO HOJIyYaeM:

“+00 400

/ / T cos(ny)uyy(z, y, t)dyde = —n*U(E, n, t).

Urak, pesynbrarom geiicrsust cos-I1D na (2.39) — (2.41)) 6yner 3amaqa:
Ud&mit) +a” (€ +m) UG m:t) =0, R, n>0, £>0, (242)
U(&,m;0) = (&, m), §ER, >0 (243

Tar 2. Pemrenne 3azaun Komn (2.42) — (2.43) masa OLY
Ob1riee pereHne oJHOPOJHOTO JUHETHOTO ypaBHeHus ([2.42)) nmeeT BUI:

Uoo(&,mt) = c(&,m) e (EFP)E ¢ e (—00, +00).

a u3 HadaJbHOrO yesoBus ((2.43) mosydaem, aro koaddunuent c(€,n) paBen
® (&, m), orkyna

U(E,m;t) = B(E, ) e (7)1, (2.44)
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IITar 3. O6parHoe nmpeobpa3oBane Pypbe
[Tpumennm k (2.44]) obparHoe cos-tipeobpazosanue @ypoe (2.8). TTomyaum

—+00 +00

e / / “ cos(my)U (€, 1)dedn =
400 +00
1 itx —a? (§2+772) t
== e cos(ny) (&, m) e d§dn =
—oo 0
' +oot00 . +ootoo
=— //eiﬁx cos(ny) | — //e‘i(fz) cos(ns)p(z, s)dsdz e_“2(§2+”2>tdfdn =
7'(' m
—o00 0 —oo 0
| +00 400 +00 400
== / / ©(z, s)dzds / / T2 L cos(ny) cos(ns)e @ Ldedn =
—oo 0 —oo 0
1
= [B CIJTy COS (v COS 3 = 5(008(0& — ) 4 cos(a + ﬁ))] =
1 +00 +00 +00
=55 / / ©(z, s)dsdz / /(T2 e ¢
—oo 0 —00
+00
X / (COS ((y — s)n) +cos ((y + s)n))e_azn%dn =

— {B cuity deTHocTu PYHKIUNA COS ((y + 3)7]) n e T 110 nepementoit n,

22 .
a Takske deTHOCTH hyHKIHI € % ! 110 mepeMenmoit {} =

—+00 +00

// Z, 8 dsdz/cos ((z —2)¢)e —0E e i

X / (COS ((y — s)n) +cos ((y + s)n))e—a "ty =

0
:[HocbopMyﬂec p=avt u q=1x-—2z, Jm6oq:y:l:3}:

+00 +00

1 T (@=2)? =9 (y+s)2
e ©(z, §) —5— € 12 e 4%t + e 4dZt dsdz =
2 (2, 5) 4a?t
—o0 0
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“+00 +00

1 _ @2’ _ @=2)?+(uts)?
o(z, s) (e W e dat dsdz.
0

T dra?t
—0o0
+00+00 r—2z 2 y—s 2 r—2z 2 y+s 2
OrBer: u(z,t)=—= [ [ ¢ (e_( T e )dsdz_
—o0 0
Ne 827.
Ioavaysco unmezpansohvim npeobpazosanuem Dypve, pewums 3adauy:
U — a* (Ugy + uyy) =0, x € (—oo, +00), y>0, t>0, (2.45)
uy(x,05t) = p(x;t), r € (—o00, +00), t € (0, +00). (2.46)
u(z,y;0) =0, x € (—00, +00), y € (0, +00).  (2.47)

IIIar 1. IIpumenenune cos-11D

[Tockonbky 3ajada paccMaTpuBaeTcs Ha ToJyiiockoctn © € Ry > 0,
a KpaeBoe VCJOBHE BTOPOTO POJia, B COOTBETCTBUH C IIPABUJIOM, ITPUMEHIEM

cos-11D (2.7) — mo mpocTpaHCTBEHHBIM TEPEMEHHBIM (X, Y) K pPABEHCTBAM
(2.45) — (2.47).
[lycTe
+00 +00

U(ga 777 - / / COS 779 (Ia y) t)dyda:

[Ipu neiicrBun cos-I11® wHa wu; nmoyuum, odeBujno, Uy, a mpu jeiicTBUM Ha
um, Kak 1pu oOobraaoM [1D; moryunm —§2U Bocnosnbsyemest dopmystoit (2.11))

(cTp. [22)):

1 +00 400
- / /e_’fx cos(ny)uyy(x, v, t)dydr =
—o0 0
1 +00
—— 2 [ 0 de = Um0, (245)
-
C yuerom, uro B jaHHOM upumepe u,(x, 0, t) = p(x,t), oKOHUATEIBHO
HOJIY YAeM:
1 +00 +00
— / /e—iEI COS(ny)uyy(x; Y, t)dydx =
T
—oo 0
1T >
= - ; / e—igxﬂ($7 t) dr — 772 U(éa 1, t) = - % 2U(§7 n, t)

—0
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Urax, pesyabrarom jeiictust cos-11P na ([2.45)) — (2.47) Oymer 3aaqa:

2
U8 mit) +a® (& +0°) U, mt) =—a2\[; z (2.49)
EeR, >0, t>0,

U(&m;0) =0, £eR, n>0. (2.50)

[Tar 2. Pemenue 3amaun Kommu (2.49) — (2.50) g OLY
Ob11iee pereHne oJHOPOJIHOTO JMHEiHOTO yYpaBHeHus ([2.49)) nmeer By

Uso(€mit) = e(€m) e )1 ¢ e (=00, +o),
nosromy METOZOM BAPUALINUN «ITOCTOSTHHOI» (€, n) nomyuaaem

Uio(E,m31) = (& 1) e (7)1 ¢ e (o0, 400). (2.51)

otkyzaa jjst ¢(&,m; t), nojgcraBuB ucKoMblit Buj perierust (2.51) B ypaBHemue
(2.49)), mosryuaem yciioBue

2 o 2( 2,2
c(§,m; t) = —CLZ)\/j we’ (€ 407) ¢
T

3Hast IPOU3BOJIHYIO ¢, HalJEM C:

t

c(&m; t) = —QQ\E / A, ) e E)Tar 4oy (€ ).

0

Taxum obpazom, obIree perenne HeoTHOPOIHOTO ypasHeHust (2.49) nmeer BuI:

s

t
2 2(¢2 2
Uono(§,mit) = —a®y/ = /ﬁ(éﬁ 7y e (€)= gy
0

Fe(e,n) e (Er) (2.52)

Ucnonbsys nauaibaoe yesosue (2.50), naxopum ¢q (€, 1) = 0, oTKy/1a, HAKOHEI]
noJsiydaeM perrenne 3agadn Kormn (2.49) — (2.50):

t
U m.t) = —a?\ /> / A, ) e () gy (2.53)

™
0
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[lepenuiemM 9T0 BbIpazkeHHe MPH MOMOIIN ONpeIe/IeHIs [i:

U, n;t) \/7/ & a*(&+7) (t=7) g =

a? . 2(¢2 .2
= — / / e_z’fx,u(x, T)e “ (€+n )(t*T)dxdT. (2.54)
T

IIIar 3. O6parHoe mpeobpa3zoBanue Pypbe
[Iprmennm k (2.54)) obpartHoe cos-tipeodbpazosamue Dypoe (2.8). [Tomytamnm

+00 +00

u(®, y;¢ / / " cos(ny)U (&, n; t)d&dn —%

—+00 +00

t +oo
) 2 . 2(¢2 2
X/ e” cos(ny) | — % / / e ) (2 1) e (E) D | dedy =
—oo 0

t 4o +0o0 +00

// 2z T dsz/ /e e P Gl - cos(ny)d&dn =

0
t 400

// 2T dsz/ (x_z)ge_“%z(t_ﬂdﬁ /6_a2"2(t_7)~cos(ny)dn:
—00 0

. 20>
10 TIepeMeHHof §| = — — X
7

922
= [B cily 9eTHoCTH (byHKIUU e &t

t 4o +o0 +oo

: _ —a?¢? (t-7) —ai? (t-7), —
x//,u(z, T) dsz/cos ((z—2)¢)e d¢ O/e cos(ny)dn

0 —o0 0

:[Hod)opMyﬂec p=avVt—7 u qg=x—2z Jubo q:y}:

t +oo
2a? _ =2 i
— %/ / ,U/(ZJ 7—) ie 4a?(t—7) ie 4a2(t T) dsz —
2a/T — T 2a/T — T
0 —o0

| t +oo s o
Z, T _ (z=2)"+y
= — — / / iz 7) e 4t dzdr.
2m t—rT
0 —oo




3. dynnaMeHTaJ bHOE pellieHUe ypaBHeHusd Jlamigaca

3.1. Omneparop Jlanysiaca B KpUBOJIMHEHBIX KOOPAUHATAX

Hawm nonajiobsirest it JajibHeiero paccMOTpeHns: MIIMHIPIIECKIE KOOP-
JIMHATHI:

T =T COS ¥;
T9 = T sin @; (3.1)
T3 = 2,

a TakxKe ceprdyeckKrue KOOpANHAThI, 3a/aBaeMble COOTHOIICHUSIMI

X9 = rsin @ cos ;
T9 = rsinfsin p; (3.2)
x3 = rcosb.

HpI/IBe,D;GM BU ollepaTopa Jlamiaca B 9TUX cucTeMax KOOpAuHaT.

B numHapuiecKuxX KoopinHaTax:
1 8( 8u> 1 0*u O3
r

B chepudeckux KoopauHaTax:
1 0 ou 1 0 ou 1 0%u
Au=— — (1’ =— ——— — [ sinf - — : : 4
YT e <r 87“) i r2sinf 00 (sm 80) * r2sin®f  Jp? (3:4)

Dydamernmarvhom pewenuem ypapHeHnns: Jlariaca HasbIBaeTCs pelieHne,
saBucsitiiee T0JibKO or 1. (Bosiee Tounoe onpesenenne Oyjer nano Huxe.) Ilo-

sroMy OyzieM uckaTh QYHKINIO Buga u = u(r) — pelieHne ypaBHeHust

Au =0, (3.5)

Ho g ciyyas, korjga nckomasi pyHKIHS 3aBUCUT TOJIBKO OT 7, oniepaTop Jla-
njaca IpuHUMAaeT 0oJiee MPOCTON BUJ, BUJI, KOTOPLI MBI MOYKEM JIETKO IOJTY-
YUTH U B N-MEPHOM CJIyUae.

B camom neste, st u = u(r)

o _ou o
or,. Or Ox, "
9%*u 1,

2
81'2 - al'k (ur : Txk) = Upp * T;pk + Uy - Ty
k

A’U,(’)") :ZWZUTT.ZT-zk—l_UT.Zkaxk' (1>
k=1 k=1
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n n
[ocunraem .12 = Vr-Vr u Y rpe = Ar.  Tak kak
r=\1i+...+22+...+22 10
Lk Tk T—.CCk-I?k 1“2—3;%
’]”xk = 5 5 5 = — T[L'kitk = 5 e 3
Vat+.ootai+ .l r r
Orcrona
n n n n
Z 9 2 | rP—z: n r? n-1
T — —_— = ’f‘x T = —_— = = — = .
o Z r2 Z w r3 rooor r
k=1 k=1 k=1 k=1

[TojcraBuM 1oy IeHHbIe BbIpazkeHUsi B (1) U MOJIyYnM MpeJICTABICHHIE Olepa-
topa Jlamiaca B n-MepHOM TpocTpaHcTBe T hyHKINI u(r):
n—1 1

W= (r"_lur)r, n > 2. (3.6)

Au(r) = upyr +

3.2. /IBymepHBbIil ciay4aii

Bajaun Ha, IJIOCKOCTH MOYKHO PAcCMaTpPUBATh KaK JaCTHBIA Caydail 3aad B
TPEXMEPHOM IIPOCTPAHCTBE, KOI/Ia HCKOMOE pellleHre He 3aBUCUT OT 3 = 2. To-
718 OHO SABJISIETCS MUJIMHAPUIECKN CUMMETPUYIHBIM, I 33/1a9y €CTeCTBEHHO
paccMaTpuBaTh B IIJINHPUYECKUX Koop/mHaTaxX. Y paBHenue Jlamraca (3.5) ¢
ydeToMm BuJjia oreparopa Jlaraca Jist pyHKIMN % = u(T) BBIPOXKIAeTCsI
B 9TOM CJIy4ae B CJlejyiollee oObIKHOBeHHOE JuddepeHnnaibHoe ypaBHEeHNE:

1 d du
il K — 0. (3.7)

ZLOMHO}KI/IM €ro Ha T, IIPOUHTETPUPYEM obe yacTu u IMOJIYHINM:

Au =

du du ¢
r.e— = Cl : _ =
dr ’ dr r
Emre pas npounTerpupyeMm u IoJIyduM o0Iee pellleHne ypabHenus .Jlamiaca,
obJ1afatonee IMIINHIPIIECKON CIMMeTpHeii:

u=c Inr+ co. (3.8)

["1aBHOIT YacTbHIO 3/1eCh H€3YCIOBHO SIBJISETCS ITEPBOE caraemoe: ¢1 In r, Tak Kak
KOHCTaHTa, BCEIJIa SBJIsIeTCS pelllenneM ypaBHeHUus Jlamiaca u He HeceT HUKa-
Koii napopmaruu. YToObl He TacKaTh ¢ cOOOi MPOM3BOJIBLHYIO KOHCTAHTY Ci,

Ha 0 Cpa3y JOI'OBOPUTLCA O €€ SHa‘{eHI/Il/IH.

Onp. 3.1. ®yagaMeHTAIbHBIM pelnieHneM ypaBHeHus Jlamaca Ha
IIJIOCKOCTHU Ha3bIBAETCs (DYHKIINA:

1
E(xq, x9) = Dy Inr, r=|z| = /2% + 3. (3.9)

1B pasnbIx KHUrax 3HAYEHHe ¢] BEIGHPACTCH IO-PA3HOMY, HCXOIA U3 yA0OCTBA H3/I0XKEHNS 1 JITIHDBIX IPe/III0OYTe Nl aBTOPOB.
MpeI 6y1eM MOJIB30BATBCST 0003HAYEHUSIMU, IPUHSITHIMU HA JIEKIUSIX.
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3.3. TpexmepHusblii ciy4daii

B cdepuueckux koopamnartax ypasuenue (3.5) ¢ yderom Buja oreparopa
Jlamnaca (3.6) misa dysximn u = u(r) TakxKe BBIPOXKIAETCSI B 0OBIKHOBEHHOE
nuddepeHiaibHOe ypaBHEHNE:

1 d du
Au=—-—(r2-— ) =0. 3.10
r2 dr < dr) (3.10)
JIOMHOKHM €ro Ha 72, IIPOUHTETPUPYEM 00€ YACTH U HOJIYINM:
5 du N du ¢
re .- — = ¢y, — = .
dr ! dr 1?2

Eme pas nmpounTerpupyem u ImojyduM oOlee pelieHune ypaBHeHus Jlaraca,
obJiagatoiee cpepuieckoil cuMMeTpueii:

= — ) 3.11
U . + C2 ( )

['ytaBHOI YacTbio 34eChb TaKxKe 7ABJIACTCA IIepBOE CjlalracMoe: —701 ﬂOFOBOpI/IMCE{

O BHa4YCHHNU KOHCT&HTB]H C1 = %

Onp. 3.2. ®ysgaMeHTAJIBHBIM pelnieHneM ypaBHeHusi Jlamaca B
TPEeXMEPHOM ITPOCTPAHCTBE HA3LIBACTCA (PYHKINS:

1

E(x1, x9, x3) = — . r=lz| = \/x% + a3 + 3. (3.12)

C 9roit dpyHKIMEN CBI3aHO ellle 0JIHO BaXKHOEe IOHSITHE.

Omnp. 3.3. HbIOTOHOBBIM ITOTEHIIMAJIOM Ha3bIBACTCA (DYHKIIUS:

1
En(x1, x9, x3) = —4TE(21, T2, T3) = m (3.13)

Pusnyueckuii cmbica HbeioTonosa ImoreHnuaJia.

[Iycrs B Touke (0, 0, 0) cocpemoroden zapsig p. Torma B Touke (1, To, T'3)
STOT 3apsiJl CO3JaeT I0Je, MOTEHIal KOTOPOro paBeH

u(wy, 2, x3) = uEN(x1, 9, T3). (3.14)

3.4. n-MepHBIA ciy4aii

Ypasuenue (3.5) ¢ yuerom Buya orneparopa Jlammaca (3.6) g dbynkimn
u = u(r) 1 B 9TOM CJIyuae BbIPOXK/aeTcst B 00bIKHOBeHHOE [ depeHinaibHoe

YpaBHEHHE:
1 d(,, du
AU = Tn_l . % <7° . %> = O (315)

LCM. HpegBIayLIyio CHOCKY.
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JlomMHOKIM ero Ha 7"~ mpounTerpupyem obe 9acTi U IOy iM:

du du c
n—1 1
— =2 — — = .
dr ’ dr  rr1

Eme pas nmpouHTerpupyeM u IoJyduM oOlee peleHue ypaBHeHus Jlaraca,
obJtajiaroniee cepuieckoil cuMMeTpueii:

r

(3.16)

= — : 3.17
" (n —2)rn—2 e (3.17)

[1aBHOI 9aCTBIO 3/16Ch TaKyKe SIBJISIETCSI IIepBoe caaraeMoe: ——st—:. Jloroso-
(n—=2)r

pUMCS O 3HAYEHUN KOHCTAHThI C] = win) rje w, — IJIoIa/Jdb eIUHIIHONI chepb
B N-MEPHOM IIPOCTPAHCTBE:

2 (vm)"

—, B YaCTHOCTH, wo = 2m, w3 = 4m. (3.18)
r(3)

wn:

3aech ['(t) — Namma-dynkius Diiiepa u

P(5) = e

Kak u B IByX- 1 TpeXMEepHOM CJIydadX, MPUXOINM K OIpPEIeJICHUIO:

Onp. 3.4. OyngmaMeHTAJILHBIM penieHneM ypaBHeHusi Jlamiaca B n-
MEPHOM IIPOCTPAHCTBE HA3bIBAETCS (PYHKITHS:

5= Inz|, npu n = 2;
E(x)=E(xy, ..., z,) = X (3.19)

— ST npu n = 3.
Heckosibko 06001MM JTaHHOE OlpejieieHne, YINThIBasl, UYTO PajiyCc-BEKTOp T
MOKHO IIPOBOJIUTD B TOUKY & = (X1, ..., &) HE TOJBKO U3 HaYaTa KOOD/MHAT,
a u3 Jyoboit Touku £ = (&, ..., &,). Torga aHAJOIHYIHBIME PACCY K JICHUSMI

MBI IIPHUJIEM K OIIpE€ACJICHUIO:

Omnp. 3.5. ®dyHaMeHTAJIbHBIM (3JIEMEHTAPpHBIM) peIlleHneM ypaBHe-
Hus Jlammaca B n-MepHOM ITPOCTPAHCTBE Ha3bIBACTCA PYHKINS:

1 _ 9.
5= In|§ — x|, upu n = 2;
Bz, €) = 1 (3.20)
— =
D) e mpu 7 2> 3.
I B HEKOTOPBIX KHUTaX IJIOMAIb €IHHITIHON C(hephl B N-MEPHOM IIPOCTPAHCTBE 0603HAYAIOT Wy, 1, IIOCKOJIBKY OHA SBJISCTCH,

C TOIIOJIOTMYECKOM TOUKHU 3pEHUsI, MHOrobpasueM mopsinka n — 1.
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Teopema 3.1.

Qyndamermanvroe pewenue (3.19) ypasnenus Jlanaaca ydosaemeopsem pa-
6EHCMEBY

oF 1
= o n =2 (3.21)
or  wy 1"~
Jloxazameavcmeo. B cuny paBencTsa
du c1
—=—, (13.16)
dr  rn—l
KOTOPOMY JIOJIZKHO YJIOBJIETBOPSATDH (DyHJaMEeHTaJIbHOE peIleHrne ¢ KOHCTaHTOI
L= wi, MBI Cpa3y IOJIydaeM JI0Ka3bIBAEMOe yTBEeP K ICHUE. O
n

3.5. Ilpumepsl pernienus 3aaa4

Ne 184. Ilojsie mumouis.

Omnp. 3.6. JIumosem B TpeXMEPHOM IIPOCTPAHCTBE HA3BIBACTCSI I1apa OJMHAKO-
BBIX 110 MOJIYJIIO U IIPOTUBOIOJIOZKHBIX 110 3HAKY 3aps/I0B =+, PACIIOJIOKEHHbBIX
Ha «MaJjioM» paccroguun Al Apyr oT apyra.

[Tpu sToMm Besmunna Al Ha3bIBaETCsI MOMEHTOM JUIIOJS, & €INHNIHBI BeK-

TOp l, HaHpaBﬂeHHbIﬁ BAOJIb HpHMOfI, COﬂep}KaHLef/’I JAUIIOJIb, OT OTPULATEJILHOI'O
3apdlda K IIOJIO2KUTEJIbHOMY, fABJIA€TCA HaIIPpaBJIAIOIINIM BEKTOPOM OCHA AU-
I10JIA.

Hatimu nomenyuan noas, 06pa3osaniozo dunosem (¢ 4eHmpom 6 mowke
MO(29, 29, a:g), MOMEHMOM WAL U HANPABAAIOUUM BEKMOPOM 0CU QUNONA

l), 6 mouxe M(x1, x2, x3), ydasenrnot om Junoasa.

IHIar 1. ITpumenenune HbioToOHOBa MOTEHIINAJIA
[Iycrs B Touke M ' 3acmosioxken 3apsiji (+p) Harmero aumosis, a B Touke M " —

—

sapsaj (—p). Torma Bekrop | nmeer Bug
M' - M" M'—M"
M —M" T Al

= (3.22)
a Touka MY — ectb cepeauna orpeska [M ', M"].
Haiinem norenruan 3apsga (4u) B Touke M o dopmyie (3.14):

u T

uy (21, T2, 13) = m Y

AnasiorndHo, oteHnuas (—p), COOTBETCTBEHHO, PABEH

L 1

u_(x1, T2, T3) = — =7~

_43-



/r' P ""

LR _ T T
o = K- r

u(xy, o9, T3) = i

IMTar 2. AHaJuTuYeckuii crrocoo
_ I /
YuauteiBas, ato paccrosaun Al = |M " — M'| nperebpexumo Maso mo cpas-
Hennio ¢ paccroguusimu 7 = |[M — MY, r' =|M — M'|ur" = |M" — M|, no
TeopeMe O KOHEYHBIX HMPUPAILIECHIAX MOYKHO CIeJaTh BLIBOJL, YTO

1 1 1
———zi(—)-Al.
dl \7

,r/ ,r//

Benomunast, 1To ‘Cil—J} = (grad f, f), a B cpeprmiIecKnx KOOpnHaTax

_of of e Of e,
gmdf_ar er+89 r +(9g0 rsinf’

r)

W yUMTbIBasl, 4TO B HalleM ciyudae QyHKIUs f uMmeeT Buji f = %, To ecThb

3aBHCUT TOJILKO OT 77, HAXOJMNM:

cHaYa 1 TPAJUCHT

q 1 d 1 1 7

ra == 1-) == -,

& r dr \r " rz r

(rae BekTOp 7 HampapjieH U3 ToUKu M B HEHTD JUIOJsT),

3aTeM [IPOU3BOIHYIO 110 HAIIPABJICHUIO
d e ()
_f—»:<gradfaf):__2( ): 2 )

r r r

", HaKOHEI, ITIoTeHIaJI JUITOJILA
d 1 COS

A N
r! r dl—’

IHIar 2. 'eomerpuveckuii cnocod

Ecain nonarars, uro |M —M°| >> Al,
TO YUCJIUTETb AT BbIDaKeHMUsT

r !

Y

,r/,r//

Bxo/IAIero B hopmyiy (3.23), MokHO
IpUOINKEHHO CYUTAThH PABHBIM BbIpa-

'Nl“/‘ Ar=Alcos® =
= -1 cos (?,_lk

2KEHUTO

Ar = Al cos p = Al cos (—F, lj :
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C apyroit cTopoHbl, 3HaMeHaTesb 7' " ~ 2.

[TosToMmy Bce BbIpazkenue Jjis BBIUNCJICHUS IOTEHINAJA JUIOAA B Touke M
HaXOIUTCs 110 (popMyJIe

r’ ! Ar N COSs (—7“, f)
U= ——— R — = Al ————
riy T2 T2
IHlar 3. Ilepeobo3znadyenue
Bosiee ecrectBenHo paccMarpuBaTh He BekTop 7 = M MY, a maoGopor:
—_—

M° M. Benp y Hac 3ajaH JUIOJIb C KOHKPETHBIM IIOJIOZKEHHEM B IIPO-
CTPaHCTBe, a Touka M TPOM3BOJILHO IEepeMeNIaeTcs 1Mo mpocTpancTBy. [1osaTo-
—

My TiepeobosHadnM BekTop 7 = M? M.
OrTBer:

d /1 coS (r, Zv
u=pAl-—, (=) =pAl - ——~ 3.24
pal-— o) = n ] (3.24)
rie pAl — AUIMOTBHBI MOMEHT, [ HAIIPABJIAIONINIT BEKTOD OCU JIUTIOJA, & BEK-

Top 7= M M — pajuyc-BeKTOp IPOU3BOJIBLHON (I0CTATOYHO y/1aIeHHOl) ToY-
ki M TpoCTpaHCTBa OTHOCHTEIBHO IIeHTPa aumoss MY

Ne 185. llosie cucTeMbl 3apsa0B.

Hatimu nomenyuan noas, 06pa3osarmozo koneunotl cucmemots 3apados [

(k =1, n), pacnoaooicenivir 6 mowxar M*(x% ok 2¥) 6 moure M (x1, o, x3),

omauunoti om MPF.

Haitnem morenimast 3apsija i B Touke M 1o dopmyie (3.14)):

Mk H

uy (1, T2, T3) = m ok

Torna morennmas Beelt CUCTEMBI 3aPAJIOB i PABEH

n
].7 27 3 Mk| /r.k'
k=1

OTBeT:

_ — ik
U= Z Mk:| k:17,k;'

Ne 186. Ilosie 3apsizkeHHOI1 cephbl.

ITnomnocmo sapados, pacnososicennolx na chepe ¢ yermpom 6 mouxe M pa-
Juyca R nocmoanna u pasra C'. Hatimu nomenyuan noast, co30aHH020 IMUMU
aapadamu 6 ueHmpe chepo.
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[To dopmyne ([3.14]), moreHmuas 1moJisd, CO3JaHHOrO ILIONMAAK0N d.S cdepbl B
touke MY pasen dS . [ToaTomy, uTOOBI HaliTH HOTEHIIMA BCeil cepbl, HaJIo
IIPOMHTErPUPOBATH STO BbIpazkeHue 1o cdepe:
cds C C
u(M°) = dS = — - 47R* = 47CR.
(M) "R R R
S S

OrBer: u(M°) = 4nCR.

Ne 187. Ilone 3apsizKeHHOI KpPUBOIi.
Ha npocmpancmeennot xpusoti L, napamempuvecku 3adantoti pasencmeamu

& = &i(t), & = &6(t), & = &(t); t € [to, til,

pacnpedenenvi 3apadv. ¢ HeNPepueHoll Aunetinot naomuocmuvio (&1, o, &3).
Hatimu nomenyuan noas, cozdantozo amumu 3apadamu 6 npoudsosvHoti mou-
ke npocmpancmea M (xy, xa, x3) & L.

[To dopmyste (3.14), morennumasn mosst, co3maHHOro JIyroit dl KpUBOH B TOUKE
5)dl . ; .
M pasen % [TosTomy, 4TOOBI HaiiTH MOTEHIMAJ BCell KPUBOI, HAJIO

IIPOMHTEIPUPOBATEL 9TO BhIparKeHue 1o L:

R T ff)dl - [a=ew)+ (g0) + o) ] -

gt (22 — fg(t))Q + (23— f3(t))2

Otger: _ e W( ) +<252'<t>) Heg0)
to \/ $1 &i(t +($2 52(t)) (3&3 53(t))

Ne 1. ITosie aBoiiHoit cepsi.
Jee xonuenmpuueckue chepor ¢ manol paznocmuio paduycos R — R = Al
BAPANCEHDL BHYMPEHHASL — NONOHCUMENOHBMU 3aAPAAMU, SHEWHAA — OMPU-
yameavhoLmu. IIpu smom obpasyemces «dsotinans cfhepa ¢ naomuocmuvio Ju-
noavhozo momernma v(Ey, &, &3) = u(é, &, &)AL Hatimu nomenyuan noas,
cozdasaemozo amoti dsotinoti chepoti 6 mouke M(x1, T, x3), ydasennol om
ee noseprHOCMU.

/ &), &), &t W (&) + (&) + ()’
%

Bocnosesyemcst pesysibrarom Ne 184, 4To0bI BhIIUCATH MOTeHIIMa I B Touke M,
co3staBaeMblil s7eMenToM Iomagu cdepol d.S. Tak Kak JUIOIbHBI MOMEHT
9TOro0 3jeMenTa paBeH pAldS = v dS, o dopmyie (3.24) mosydaem:

du:u-i<l> dS:V°MdS,

dl \r r2
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e [ eJIMHIYHBII BEKTOD OT 1eHTpa cepbl B TOUKY cepbl (£1, &, &3), a7 —

—

BekTop u3 (&1, &, &3) B Touky M (1, Ta, x3). C yueTom, 910 BeKTOp | COBIIA-
JIAeT ¢ BEKTOPOM €JIMHUYHON HOPMAJIU K IHOBEPXHOCTH, IHOJIyUYeHHas (hOpMyIIa
IIEPEINCHIBACTCA B BUJIC:

du:u-i 1 dS:V-MdS.
dii \'r r2

Ham ocTasioch TOJIBKO ITPOMHTEIPUPOBATH €€ 110 cdepe, U Mbl IOy IUM 3adeHue
«IOTEHIMAJIA JTBOMHOIO CJIOS»

U(M) = /V(fh &2, 53) c;iﬁ (%) ds = /V(&, &, 53) M ds.
S S

r2

Omer:  u(M) = [v(6, & &) g (1) dS = [ V(& &, &) =255 dS,
riae v(&, &, £3) — IWIOTHOCTDb JUIOJIBHOIO MOMEHTA, 7i — BEKTOD €JINHUTHOI

HOpMaJI K TIOBEPXHOCTH cepbl, a 7 — BeKTOp u3 Touku cdepbl (&1, o, &3) B
touky M (x1, 2, T3).

Ne 196", TapMmonndeckue pyHKIE B IIAPOBOM CJIOE.
B waposom caoe 0 < a < r < b natimu eapmonuveckue gynryuu u = u(r),
ydosaemeopAUUE YCAOBUAM

Au(r) =0, u(a) =T, ud)=U:
a) 8 0BYMEPHOM CAYHAE; 0) 6 MPETMEPHOM CAYUAE; 8) 6 N-MePHOM
cayae.
a) /IBymepHbIii ciy4aii
Obee perenne ypashenus Jlamraca Ha miockoetu Buja u(r) gaer dhopmysia
u=cilnr+ c. (3.8)

[TosToMy HaM oOCTa/IOCh TOJBKO I0J00PaTh €1 M Co TaK, YTOOBI BBITOJIHSINCD
KpaeBble yCJIOBUS.

{u(a):T N {Cllna+02:T N

u(b) =U cilnb+c=0U

Ina 1\ (c1\ (T cy 1 1 =1\ /T
— (lnb 1) (02) - (U) — (CQ) - @ (—lnb lna> (U)
Orcrosia nosydaem:

1
u(r) = In 2
b

((T— U)lnr—Tlnb—l—Ulna) =

1
ln%

((T— U)-2nE(xy, z2) —Tlnb+U1na) :
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6) TpexmepHbIii ciryJaii
Obree permenne ypasuennst Jlarmiaca B mpocrpanctse Bujia u(r) gaet hopmyiia

c
u=-"+c. (3-11))
r

[TosToMy HaM OCTaJI0Ch TOJILKO II0I00OPATb ¢ M Co TaK, YTOObI BBIIOJIHSIIACH
KpaeBble yCJIOBUS.

{un=f — {&

_|_
+
e ab 1 -1
= <C2)_b—a 1

Orcrosia mosydaem:

u(r) = — (ab(T_ Y) —aT+bU> _

SHl
—_

J@ -0 =
) = @)=5= 3" 0)

S =

r
1

b—a
B) n-MepHBbIl cay4aii (n > 3)

Obrriee perienne ypaBHenus Jlariaca B n-MepHOM IPOCTPAHCTBE BIIa u(r) aeT
dopmyiia

(—ab(T —U) -4nE(xq, x9, x3) — aT + bU) :

C
U= — Wn, (TL —12> 7"71—2 + Co = CIE(’II) ceey LUn) + C2 = ClE(T) + C2-

[Tobepem ¢ u ¢y Tak, 9TOOBI BBITOJIHSIINCH KPAEBble YCIOBUS.

{ua =l = {afgrezl - (B D@-0)

= (o) = E(a) : EQ) (—El(b) E_<clt)> (5)

OTciofia morydaeM:
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= T_U).
b2 — qn—2 ( U) wp (n—=2)r"=2 " w, (n—2) bn2
U 1 (ab)" 2 ) —2
_ - |(r- —Tq" b
o (1 — 2) a2 pi—2 _ gn—2 (T-U) =2 a’ " +U
OTsert:
1
a) B JIByMepHOM ciiydae u(r) = T ((T —U)lnr —=Tlnb+ Uln a) =
n —
b
1
= ((T —U)-2nE(x1, z3) — Tlnb+ Ulna) ;
n ey
b
1 b(T —-U
6) B TpexMepHOM ciaydae u(r) = ; (a ( ) _ al + bU) =
—a T
1
=- <—ab(T —U) - AnE(x1, w2, 23) — aT + bU) ;
—a
B) B N-MEPHOM cJiydae, n > 3
u(r) = s (1= U) - B(r) = TE(b) + UB(a)) =
E(a) = E(b)
1 (ab)n—Q n—2 n—2
= (1= U)o — T 4 Ub

Ne 197M, TapMmoHmueckne (pyHKIIUH B IIIAPOBOM CJIOE.
B waposom caoe 0 < a < r < b natimu 2apmonuneckue gyrnryuu u = u(r),

YI0BAEMBOPAIOULUE YCAOCUAM

Au(r) =0, u(a) =T, u.(b)=U":

a) 6 deymeprom cayuae; 0) 6 MPETMEPHOM CAYUAE; 8) 6 n-mepHom
cayae.

a) IBymepHblii ciay4aii

Obriee pemnienne ypaaenust Jlarmmaca #a miockoct Bujia u(r) gaet gopmysia

u=clnr -+ c. (13.8))

[TosToMy HaM OCTaJIOCh TOJLKO I10J00PaTh €1 U Co TaK, YTOObI BBIIOJIHSIINCD
KpaeBble yCJIOBUSI.

-49-



Orcroza rosydaem:
w(r) =bUlnr +T — bUlna = bUIn - + T
a

6) TpexmepHbIii ciay4aii
Obrriee perienne ypasaenus Jlamiaca B mpocrpancTse Bujia u(r) gaer popmyiia

(3.11)

C1
U= — 4 Co.
T

[TosToMy HaM OCTaJIOCh TOJILKO IIOJ00PATh €1 U Co TaK, YTOObI BBIIOJIHSIINCD

KPaeBbIe YCJIOBHSI.
u(a) =T Dty = g = —b2U
{Ur(b):U — {—%:U — {CQZT—F%U.
Orcroza mosydaem:
VU v:U 1 1
ur)=——+T+—=T+VU (—— —)
r a a r

B) n-MepHBbIil cay4aii (n > 3)
Obrmiee perrrenne ypaBrennus Jlammaca B n-MepHOM IIPOCTPAHCTBE BH/Ia u(T) 1aeT

dopmyiia

C
L —|—C2201E(561, ceey xn)+62201E(T)+CQ.

u=—
wp (n—2) rn=2
[TonbepeM c1 u ¢y Tak, 4TOOBI BBIIOJIHSIINCH KpaeBble ycioBusd. C ydeTom, 9To
— n—2 .
B cuy (3.21) u (3.19) sbimonnserca pasencrso E,(r) = — “—= E(r), moxyJaem:

—bU
u(a) =T { al(a)+c=T 1= 2B
_ = (n—2)cy _ — bUE(a
{“T(b)—U -5 E)=U =T + g
Orcronia noydaem:
—bU bUFE bU
@) (B(a) = B()+T.

"= oEw P =BG T - 2E)

OtBerT:
a) B AByMepHOM ciydae u(r) = - ((T —U)lnr —=Tlnb+ Uln a) =
b

1
o a ((T—U)-Q?TE(ZCl, :Ug)—Tlnb+U1na>;
n_

b
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6) B TPEXMEPHOM CJIydae

v v 11
u(r) = — —U+T+—UET+52U <—— —> ;
r a a T
B) B M-MEDHOM cJydae, n = 3
bU
= E(a) — F T.
) = =gy (F@—B0)+

4. ®opmyasl I'puna

4.1. TlepBas dopmyna I'puna

[IycTb B n-MepHOM IpOCTpaHcTBe 3ajaHa 001acTh G ¢ KYCOYHO IJIaJIKOM I10-
BepxHOCTHIO OG =

Jtst neripepbiBrO indbepeniupyeMbix GyHKIWT u( Ty, ..., Ty) 10(T1, ..., Ty)
BBeIeM 0003HAUCHIe

ou Ov
VuVov = Z s &ck'

Teopema 4.1.
[Iyemv u € C*(G)NC* (G), ve C (G).

Tozda cnpasedausa nepsas omyaa I'puna:

/UAU dr = gu s — /VUVU dzx. (4.1)
n

G S

Jloxazamenvcmeo. Pacemorpum Beriomorarebayio obnacts G’ € G ¢ Kycodno

riaikoil rpanuteit 0G ' = S’ Orerynus or rpanuibl S, Mbl JI00MIKCH TOIO, YTO
DYHKIA U JBaZKIbI HEIIpePhIBHO A depeHipyeMa yrKe BILIOTh JI0 TPaHUIIbI:
u € C* (@) .

Teniepb MbI nMeeM 1paBo npuMeHnThb hopmyiny [aycca — OcTporpaickoro

(9u

Vs ds = /le v grad u) dx.
S !

Pacrmiem mojibiHTerpaibHy o cbyHKumo paBoil JacTu:

div (v grad u) = Zaim <v : g_xuk) —
k=1

Zzﬁ-%jt V- az;_Vqu—HJAu
1 5$k 8xk 1 8xk
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[TosTomy BepHa nepsas (opmyiia I'puna mist obnactu G

/vAu dr = /v — dS — /VUVU dx. (i)

Ocrajioch 1epeiiTn K upejely 1o Hocjienopareabnoctu obaacreit G/, ncaep-
nbiBaotei oosacts G. [Ipesen mpaBoii wactu (4) CymecTByeT n paBeH Mmpasoil
qactu (4.1)), ciieioBaTeIbHO CYIIECTBYET TaKzKe MPEJIest JIeBO YacTh U ClipaBe]i-

muBo pasenctso (4.1). Ipu srom unrerpas sesoit acru ([4.1)), Boobiue rosopst,
HECOOCTBEHHBIII.

Samevarue 4.1.
Ectb 60s1ee obmumii Buj nmepsoit hopmyiibl ['puna:

0
/v (div (p grad u) + qu) dx = a—l_b, dS — /quVv dx + /quv dx.
G S G G
(4.2)
Dra dopmysa JoKasbiBeTcsi coBeplienHo anajgorndno. Cwm., nanpumep, [4],
c. 244 — 245.

4.2. Bropasa dopmysna I'puna

Teopema 4.2.
[Tyemv u, v e C*(G)NC* (G).

Tozda cnpasedausa emopas pomyaa I'puna:
ou ov
/(UAU — uAv) dx = / (v 57 U %) ds. (4.3)
G s

Jloxasameavcmso. B neppoit dpopmyse I'puna (4.1]) momensiem u 1 v mMectamu.
[Tomyanwm:

/uAU de = [ u ? dsS — /VUVU dx. (ii)
n
G s

Boranrasi reneps u3 (4.1)) pasenctso (ii), cpasy noyaaem (4.3)). ]
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4.3. OcnHoBHas dopmysa I'puaa

Teopema 4.3.
[Iyemv u € C*(G) N C* (G).

Tozda cnpasedausa ocrnosHnas pomyaa I'pura:

m@_zcﬁ%%ﬁm@@%%gd&+Zm@wAmw@.@®

Hoxazameavcmeo. PuUKcupyeM MIPOU3BOJILHYIO TOUKY & € (G U paccMOTPUM
NHTErpaJ:

/(E(x, y) Ayu —ulAyE(z, y)) dy. ()
G

Mpbl He mMeeM MpaBa HpUMEHHTH BTOpyio dopmysy ['puna (4.3) Kk sTOMY HH-
TerpaJty HelmocpeJICTBEHHO, TIOCKOJIbKY (byHIaMeHTabHoe perenne F(x, y) e
VJIOBJIETBOPSIET YCJIOBUIO TEOPEMbI (oHO mMeeT paspeiB B Touke Yy = x). [lo-
9TOMY (aHAJIOrHIHO JoKaszaTebcTBy VuTerpanbhoit @opmysnsr Ko u3 kypea
TOKII) Mbl BbIpEKEM TOUKY Yy = T MIAPUKOM B3, JOCTATOYHO MAJIOTO PAJyca
r, 9T00OBI ero rpannia He nepecekasia 0G. B moctpoennoit obractn

G* =G\ B,
obe (byHKuHM u 1 E yIBOJIETBOPAIOT YCJIOBUIO TEOPEMbI , 1 KpoMe TOro B
Helt
AyE =0.

C ydeToM mocieIHero paBeHcTBa Jjist nHTerpasa (i) mo Bropoii hopmyiie ['puna,
BEPHO COOTHOIIIEHUE!

/E(x, y) Au(y) dy = /(E(:E, y) Ayu —uA E(z, y)) dy =
o o

~ [ (6 0% - u© P2 ases
S

+/ (E(l"v ¢) a;fgg) — u(€) %) dSe. (i)

r

[Tog 77— B mocseiHeM MHTErpaJjie MOHUMAaeTCss HopMaJib K cdepe 0B, sdBJsio-
masics BHeIHel jiurs obact G, HO TIPU 9TOM BHYTPEHH:As JIJist chephl.
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Pacemorpum, gemy paBen mipesest mocneanero narerpada (i) npu r — 40. Tak

KakK 8%‘(5_,5) Ha chepe 0B, paBHa — %, TO
. du(§) OE(z, ¢ _
0B,
= TIEEO u(§) “ore dSe — rlgfrlo / E(z, &) e dSe. (iii)
OB, OB,

BenomuanM, aTo hyHIaMeHTaIbHOE pellleHne

%ln|§—x\, npu n = 2;

E(z, €)= 3.20)

1
Sl ) N npu n > 3.

YAOBJIETBOPAET PaBEHCTBY

) 1

5= ST (tne r = |z — €]) IpU BCex n > 2. (13.21])
[TosTomy
. OE(x, &) .
iy ul(€) COre 18 = [, wy, T / ule) 45 =
0B, 0B,

= [HO TeopeMe o cpeiHeM Hajinercsa £ € B, : } =

~ Jim 4 / dSe = tim ~ME) Ll i () = u(a), (i)

r—+0 w,, 1 r—+0 w,, 71 r—-+0
OB,
, ou(€) ., .1 ou(§) o _
rlgfo / E(x, §) Dre dSe = [HpM n = 2} = rlgﬂo 7 lnr-/ Ire dSe =
OB, OB,

= [HO TeopeMe o cpejreM Haitjaercs £ € 0B, : } =

:i lim lnr-au(g)/ ngzi lim lnr-au(g)-Qﬂr:

27 r—+0 org 21 r—+0 org
0B,
8 *
= lim ue’) crlnr=0. (v)
r=+0  Orf
——

orp. —0
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lim /E(:z:, £) e dSe = [HpI/I n > 2} =

. 1 Ou(§)

r—+0 wy, (n —2) rn—2 Ore
OB,

dS =

= [HO TeopeMe o cpeaHeM Hafierca £ € 0B, : } =

o I ) [ s
N Tlig-lo wy (n—2)r"=2  Org 45 =
0B,
- 1 u(€”) ~1
— ] : e
o0 W, (n—2)r"=2  Org “nt
1 Ou(¢)

Taxum obpasom, B cuity (iv) — (Vi) pu Becex HATYypasIbHBIX 1 > 2 Jiisl Ipejiesa
(ili) mostyaaem:

lim (E(a:, £) 85%(5) — () %) dSe = u(z). (vii)

r—+0
0B,

Teneps nepeiigem B (ii) k npegeny mpu r — +0 U BOCHOJIb3yeMCsT

e TeM, uTo B nipesienie [ E(x, y) Au(y) dy gact HecobCTBEHHBIN WHTErpaJt
G*

CJ;E(% y) Au(y) dy,

® [OJIyUCHHBIM paBeHCTBOM (Vii).

[Tonyugaem:
[ E ) sut) dy = [ (B 9 % e L) ases
G S

4.4. Henbra-dyukius Iupaka

Omnp. 4.1. [denbra-dynknneii JImpaka Ha3blBaeTCs JTUHEHHBINH (DYHKIIO-

HaJI Ha MHOYKeCTBe (DUHUTHBIX (T.€. PABHBIX HYJ/TI0 BHE HEKOTOPOiT OrpaHIaeHHOI
obstactin) beckoHedHoO M depeHnnpyeMbix GyHKINT, JeHCTBY IO 10 3aKOHY

/ 5(2)p(z) dz = (0). (4.5)
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YT1BepxKaeHue 4.1.
Yme. 1) 6(z) =0, x#0.
¥Yme. 2) Cnpasedauso pasencmeo: 6(—x) = d(z).

Yme. 3) Iycmov p(x) € C(R"). Toeda cnpasedrusa domyaa ceepmru:

/ﬁ —aola) do = [ 8oty — o) do=ply).  (L0)

Jloxazameavcmeo. |
1) Ilyers 6(x) > 0 ma muoxectBe D C (R™\ {0}), nmeromem nemysneByio n-

MepHYI0 Mepy (B JIByMEpHOM CJiydae — IIOMIa b, B TPEXMEPHOM — 00beM U T.J1.).
Torna BeibepeM byHKIUIO () Tak, IT00BI OHA ObLTA PaBHA HYJIIO BCIOLY BHE
D u Obl1a HeoTpunaTeIbHa U HE TOXKECTBEeHHBIM HyJsieM BHyTpu D). Torma

/5(x)cp(x) dr = /5(x)g0(x) dx > 0.
R" D
Ho ¢ aipyroit cropomsl, 110 onpeesennto jgensra-pyuxiun, [ §(z)p(z) de = ¢(0),
Rn
a 1o mocrpoernio p(0) = 0. [ToydueHHOE MTPOTHBOPEUIE JJOKA3BIBAET, 4TO (DYHK-
st d(x) = 0 mourn Berogy B R”, u He pasHa Hy/m0 B & = 0.
2) Cpasy ciiejtyer U3 mepBoro mykra.

3) / y—z)p(x) de = [SaMeHa IIePEMEHHOI: T—Yy = z] = /5(—z)¢(y—l—z)dz =
R

= [B CIUJTY TTYHKTa 2)} = /5(z)¢(y +2)dz = p(y + 2)
R

z=0 . []

4.5. ¥Ypasaenue Ilyaccona jjiss dyHIaMEHTAJILHOTO pENIeHUs

Yoedumuvca, wmo Pyrndamenmanrvroe pewenue E(x) aeasemes pewenuem
ypasuerus Ilyaccona

AFE(z) = d(z), n =2, (4.7)

Pagencrso ([4.7) osnauaer, no onpesesennto (L1, uro st soboit dbunnTHOM
OeckonevTHO nnbdepeHnupyemoit GyHKINI () ClpaBeyInBO PABEHCTBO

[ AE@¢(@) do = o(0) (0

Rn

LOTmMeruM, 4TO M OmpesiesieHne, U JIOKA3ATEILCTBA, KOTOPBIE 3/16Ch MPUBOMISATCS, HE SIBJSIOTCS JOCTATOYHO CTPOTUMH, &
HOCAT CKOpPee MJLIIOCTPATUBHBIN XapakTep. JlJIsT MOTHOEHHOrO OMUCaHusl JeabTa-MYHKIUE U €€ CBOMCTB HEOOXOAMMO CHAdAJIa
pasobparhb Teopuio uHTerpasa Jlebera, 3aTeM Teopuio 0600IIEHHBIX GYyHKIMIT (MM pacnpenesienuii), KoTopble TPaJAUIUOHHO HE
BXOIAT B Kypc Maremaruku B MO, 2Kesnaroomue MOryT IO3HAKOMHUTBCS ¢ STHMH Teopusamu 1o kuuraMm [8], [4] u xp.
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Nayaum wnterpas B sieoit qactu (i). Tak xak ¢(x) dbunnTHa, Hafizercs map
Bpr nocratodto 60/1b110r0 pajyca R, BHe KOTOPOro (& B CHIly HEIPEPLIBHOCTH
¢(x), n na rpanuie Koroporo) ¢(z) = 0. [TosTomy paccmaTpuBaeMblii HHTErpaJI
IIpeBpaIacTCs B MHTETpaJ 110 mapy

Br = {z € R": |z| < R}. IlpounTerpupyem ero mo 9acTsM JBazK bl
110 KazKJIOH MepeMeHHOil, 9To0Ob! epeKnHyTh oreparop A #a dyHKmo ¢(r):

/ AB(z)p(x)dr = / AE(z)p(z)dz = / B Ap(x)dr. (i)

[Ipu sTOM MBI y4IH, 9TO HHTErpaJs o IpaHule Br, BOSHUKAIONII TP HHTe-
IPUPOBAHKN [0 YaCTsIM, PaBeH HYJII0, Tak KakK u cama (yHKIws p(x), u Bee
ee JacTHbIEe TPOU3BO/IHbIE (JTF0OOr0 TOPsJIKA) Ha TPAHUIIE [apa PABHBI HYJIIO, a
dbyukimst F(x) Ha Hell orpaHnYeHa.

Terteps npumennM ocHoBHyto dopmysty ['puna (|4.4)

o) = [ (25 = e 0 ) dser [ (e, o) uty) do. @3
S G

D

B3s1B B Heit G = Bp, u(y) = ¢(y) n z = 0:

=FE(0,y)
PN
[ ) actw dy= o0 [ | o022 - 50, 9 %2 | dsi
Bg 0Br \ N~ ~—~—
—0 -0
— 0(0) ~ 0 = £(0)

Takum 06paszoM, ¢ yaeTom paBeHcTBa (ii), mostydaem, 9To st 60t huHITHOI
GeckonedHO JinbepeHImpyemoii (byHKIIN () crpaBeInBo paBeHcTBo (1):

/ AE(2)p(z) = 9(0),
J

9TO U TPeOOBAJIOCH JIOKA3ATh.

Sameuanue 4.2.

Pagencreo AFE(z) = §(x), nokasannoe mig E(r) = FE(0, x), nerko 0606-
nuTh Ha dyHaMenTaibHoe perienne F(r, y) Kak (QyHKIUIO JIBYX HaOOPOB
IIPOCTPaHCTBEHHBIX IIEPEMECHHDBIX:

A E(z, y) = AyE(z, y) = 6(z — y), nz2. (4.8)
B camowm sene, dyHKIUS

& nfe—y. apu =2

E(r, y) = .

— wn (n-2) Ja—y["
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3aBUCHT OT TIEPEMEHHON & TOJBKO Yepe3 Moy b pasuoctu |x — y|. Oboznauns
5TY Pa3HOCTb 32 HOBYIO LlePeMEHHYI0 & = & — ¥y U CUUTad Y IOCTOSHHDIM,
HOJIY YUM:

AyE(z, y) = AcE(E, 0) = AcE(0, €) = {B crty } —5(€) = 6(z — v).

Samevanue 4.3.
Bropas  dopmyma  I'puma  (4.3) Obuta  mamMu  JoKasaHa  TOJIb-

ko ama  ysknmit  n3 knacca  C*(G)(C(G).  Temepb,  ko-
rga  Mbl BBeqin  O-DYHKIMIO U JOKAa3aJd  PABEHCTBO (4.8)
AE(x, y) = AyE(r, y) = 6(x — y), MBI MOJKeM PaCIHPOCTPAHUTDL 3Ty

dbopmyny u wHa dbysximo E(z, y).
B camom neste, eciin popmasibHO 1moacTaBuTh B (4.3))

ou ov
/(vAu—uAv) dy—/ Vgs T Ups ds (4.3)
G S

BMecTO v byHKIuo E(x, y), nogyanm:

0 OFE(x,
/ E(z, y)Au—u AyE(x, y) dy:/ E(x, §)a—g—u(aLﬁ€) dSe
G =i(z—y) S

0 OFE
= /E(m, y)Au(y)dy—u(x):/ E(x, §)a—g—u% dSe, —
G

S

Ocuosnyto dopmysty ['puna (4.4). To ecrb dopmaibHOe TpUMeHeHHE BTOPOIl

dopmysbl I'puna Kk dysHknum E gaer HAM CIIpaBeInBOE paBeHCTBCﬂ. 1 MBI
OyJIeM STUM I10JIb30BaThCs B JlaJIbHEHIIIeM.

5. ®ynknusa I'puna 3agaun Aupuxie njs ypaBHeHus Jlamigaca

PaccmoTpuM B n-MepHoit obnacti D npoctpancrBa R” ¢ riajikoit rpanuiieit
S = 0D zanauay dupuxie mist ypasaenus Jlamiaca:

Hatimu dynruyuro u(z, t) € C*(D)(C (E), YJOBAECMEOPAIOWYIO YCAOCUAM

Au= > % =0, x €D,
j=1" (5.1)
u(z)| =), T €85,
TeSs

1Boobrme, dopmyiabt I'puna cropaBeqiuBbl I HEKOTOPBIX KJIacCCOB 0600meHHbIX dbyHnKnmi. Ho uTo6el crporo 0o60CHOBATH
UX, HaQJIO CHadaja BBECTH KJIacC (PYHKIUN, C KOTOPBIM MBI OyJeM paboTaThb, IIOTOM OIIPEAE/IUTh, KaK IOHUMAETCS IIPOU3BOLHAS
06061ennol dyuximn (u 11060i nuddepeHnnanbHbIil 0nepaTop), JoKa3aTh, 9To 0600eHHbIe (DYHKIUU HALIErO KJIacca UMEIOT
cy»keHue Ha rpaauiyy S obsactu D, KOTOpOe TaK»Ke NMPUHAJJIEXKUT IIPUEMIIEMOMY KJIACCy (XOTsi ObI, 9TOOBI MOXKHO OBLIO MHTE-
IPUPOBATH MO HOBEPXHOCTH). DTO OYeHb GoJibllas paboTa, He BXOISIAst B Halll Kypc. Llesbio IpuBeeHHBIX 31eCh (hOPMaJIbHBIX
peleHuit 3a/1a4 ¢ UCIOIL30BAHUEM anmnapaTa 0000IEeHHbIX (DYHKIMIA ABJISETCA HE CKOJBKO-HUOYb CTPOrOE €ro U3JIOXKEHUE, a
JINIID WJLTIOCTPAIIAS 9TOM BO3MOXKHOCTH KaK TaKOBOI.
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ede p(x) € C(9) - sadannan, nenpepvisnas na S Pynryua.
PaccmoTpuM yHIaMeHTaIbHOE pellieHre ypaBHeHus Jlaraca

L Infé -l upit n =2
E(x, € = B20)

1
— S T npu n = 3.

Onp. 5.1. @yuknueii ['puna G(z, §) 3amaun dupuxie qjisi ypaBHeHUs

Jlamnaca nassisaerca dynkmnusa G(z, ), x # & € D, obnaaatomas coficTsa-
MU

1) Ona umeer Buj
G(z, §) = E(z, §) +g(z, &),
rie E(x, ) — OyHpaMeHTanibHOe pelienne ypasuenus Jlamiaca, a
dbyuxiust g(x, ) rapmorndna B D Kak 1o x, Tak # 110 &:

Apg(z, §) = Agg(z, §) =0,  x,6€D.

2) G(z, §)

YrBepxkenue 5.1 (coiictBa dynknnn ['puna).

Hyemv G(z, &) — pynxyua I'puna 3adavu Jupuzae daz ypasnernus Jlanaaca

6 D.

Tozda 1° G(z, €) <0, x#E&eD;
2 NG, €) = AG(E, 1) =0, 2 £E€D;
3 Gz, §) =G(¢, ), r#6e€D

Teopema 5.1 (npejcrasiienne perienns 3ajaqu Jupuxjie npu momoru (yHK-
mun ['puna).

IIyemv Gz, &) — dynryusa Ipuna 3adavu Jupuzae (5.1)).

Tozda pewenue 3adaywu ((5.1)) mootcno npedecmasums 6 sude:

ute) = [ R eyise (52

S

ede aiﬁ& — NPOU3BOOHAA NO BHEWHET HOPMAAU K NOGePTHOCMU S 6 MmouKe
£eS, adSe — anemenm naowadu noseprrocmu S 6 moure .
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5.1. Ilpumepsl pernienus 3aga4

Ne 227. ®ynknusa I'puaa mapa
IIposepumuv, wmo pynryua

€T
G@wﬁ=ﬂ%w—E<M%EO
npedcmasasem coboli gynxyuro I'puna 3adavu Jupuxae 6 wape |x| < 1.

[Iposepum BoinostHeHne TpeboBauuit orpeesienns 5.1} B Hamem ciydae B posiu
dbyuximn g(z, y) BBICTyIAET

o~ lely
Hh

g@w»:—E(uwﬂa>: L -
wp, (n—2)

1 _ 9.
— 5= In , upu n = 2;

ety

\

TpeboBanue rapMOHUIHOCTH ¢(T, V)

l'apmoHuUYHOCTB TIO ¥

[Ipu n = 2 dynknusa

x 1
m%w:—Eth—>=——4n

]

I
|
l\D|H
=5
W
|
=
+
=5
El

Tak xak In |z — y| — rapmorntveckas 1o y, To u ¢g(x, y) TOKe TapMOHHUIHA IO
Y.
Ilpu n > 3 dynkiuga

T 1 T
— _E _ — — = — —
g(xa y) (|£C|y, |SC|) 5 n—2 [Z |$|2]

W (n—=2) | — lely

B 1 1
wy (n = 2)[x["2 |z —y|"*

‘ 1|n_2 — rapMOHUYecKast 110 Y, To 1 g(x, y) ToXKe TapMOHUYHA IO Y.
z=y

Tak Kak

FapMOHH‘{HOCTb Ino r

JlokarkeM BcIioMOTaTeIbHoe PABEHCTBO:

T Y
— —|zly| = | — |y|z
Ed Y|
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Omno CJIEAYET CPa3y U3 cr1ocoda BLIYUICJIEHU S MOAYJIA Pa3HOCTU BEKTOPOB:

—\(5-7) (7-7) - \/|a|2—2(6, 5) + [l

TaK Kak JJjIs1 000UX BEKTOPOB ‘ — |z|y u £ — |y|x Mmomyn Gyner pasen

—

a—b

T Y
— — |zly| = |7 — |y|z
Y|

= = VPl =20z, o)+ 1

D10 03HAYAET, UTO (PYHKIH g(x y) = g(y, r) — cummerpuana. [losTomy

Asg(x, y) = Aygly, ) = Ayg(x, y) = 0.

PaBeHcTBO HyJTI0 HAa rpaHUIE

Paccmorpum Gz, y) npn |z| = 1
x
G(Z’, y) = E($, y) |x|:1_E (y7 I)

|z]=1
[Ipu |y| = 1 pasencrro myso G(x, y) ciaepyer u3 cumMerpudnocTs kax F(x, ),

tak n g(x, y) u pasencrna (ii)
Takum 00pa3oM, Bce TpeOOBAHUS ONPEICJICHNIS] BBIIIOJIHEHDI.

= [T.K. E(a, b) = E(b, a)| =

|z[=1

Ne 221. CumMmerpudHOCcTh dyHkIiuu ['puHa.
Jokaszamv cummempuirnocms dynkuyuy ['pura, mo ecmv cnpasediusocms pa-

6EHCTNGBA!
Gz, y) = Gly, ©).

Jloxasamensvcmeo. uKcnpyeMm ITPON3BOJIbLHBIM 00pa30M Iapy HeCOBIAIAIOITITX
Touek * € D u y € D n npumennm BTopyio gpopmymny ['pun

<U(Z)AZU(Z) — u(z)sz(z)) dz = v(z) augz) — u(z) 8@&2) ds.
/ / ( on., on.,
i ’ @3

K bynknuam G(z, z) n G(y, 2):

LCM. 3ameuanne c.
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Nurerpas B npaBoil 4actu paBeH HyJIi0, Tak Kak G (y, z) = G(x, 2) = 0:
zeS zeS

0G(y, z) 0G(z, z) B .
/ G(ZE; z) 97 G(y; 2) 7 ds, = 0. (ii)
S = =

Paccmorprm niepBoe cotaraemoe sieBoii gactn ().

/G(a:, 2)AG(y, z) dz = [B CUJTy pe3yJibTaTa II. @]} =
D

- /G(:c, 2) 6(y — z) dz = G(z, y). (iii)

3aMeTHM, ITO MBI HMEEM IIPABO TOJB30BaThCs pesyabraToM 1. 4.5 o Tom, 1To
A.G(y, z) = 6(y — z), nockosbky [ G(z, 2)A,G(y, z) dz MOxHO pasbuTh
D

Ha CyMMY WHTErpaJioB 1O 00JaCTsAM, OJIHA M3 KOTOPBIX COJEPKUT TOUKY T, a
BTOpas — TOUKy . Lorja B mepBoii obaactu (He cojmepxKaiieil z = y

A.G(y, z) =0,

a BO BTODOIl obsiacTu, He cojepxKaiieii z = z, Gyuknusa G(x, z) GeCKOHETHO
anddepeHiupyeMa 1 TaM IPUMEHIMO YTBEP2KIeHNe U3 II.
AHaJIOrNYIHO, PACCMOTPUM BTOPOE CiaraeMoe JjieBoit dactu (1).

- /G(yv 2)AG(x, z) dz = [B CUJIy Pe3yJIbTaTa II. @]} =
D

= —/G(y, 2)0(x —2)dz = —-G(y, z). (iv)
D
Ob6benusts pesyabrate (1) — (iv), mosydaem
G(z, y) — Gy, ©) = 0.
[]

Ne 219. _
s eapmonuneckuz 6 obaacmu D dymryud u(z) wo(z) xaacca C*(G) (N C* (G)

doxazamo C’I"LPGSG&/LUSOCW”() paseHcmea.

/ (v(y)agg:) - U(y)ﬁg%)> dSy = 0.
S

Hoxazameavcmeo. Ilpumenum Bropyto dpopmyiy ['puna,

[ (80 = sts0t)) o= [ (o) %2 — i) G2 as,
’ ’ @3
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1 BOCIIOJIB3YEMCsT TapMOHUIHOCTBIO (byHKINi u(x) u v(x), u3 KoTopoil cpasy
cJIeJIyeT paBeHCTBO HyJII0 uHTerpaJia Jiepoit dactu (4.3)). O

Ne 226. Pemienune 3agaun JIupuxie mmpu mmomomn pysakmun I'pu-
Ha. /Jlokasambv meopemy [5. 1)

Teopema 5.1

[lyers G(z, &) — dyuknus ['puna 3amaan Jupuxie (5.1)).

Torga Perenne 3amaan ((5.1)) MoXKHO TIpeICTaBUTE B BUJIE:

ute) = [ ZHEE wleyase 2

S

Jloxasamensvcmeo. Boinuiem Bropyio dhopmyity ['puna

/(UAu—uAU) dx:/(v%—ug—:;> ds (4.3)
D S

1 IPUMEHNM ee K (DYHKIUSAM U 1 §:
/ g(z, y)Ayu(z) —u(z)Ag(z, y) | do =
— N—

D =0 =0
= [ (st6. %~ uie) ) s
S

Orcrona

0= [ (ste. 05— ui) 202 s, Q)

Oni¢ Oni¢
S
Tenepb BcmoMHIM OCHOBHYIO (hopmy.ty ['puHa:

u(zr) = u 9Bz, &) _ x, uld) x, u :
(x) S/((@ Bz, €) )dsg+G/E< ) Mu(y) dy

Diie Diie

Borarem pasencrso (i) uz (4.4) u yarem, uro G(x, &) = E(x, &) + g(z, &).

o) = [ (e e - e 0 ) ase i)

Diie Diie
S

Ocraoch BCIIOMHUTB, 9TO B CHIy KpaeBoro yeiaosus u(€) = (&) npu € € S,
a B cuiy omnpejenenns dyuknnn ['puna G(z, ) = 0 upu £ € S. B urore
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OJTy YaeM:

0G(x, &
uw) = [ FE pgyase 2
e
S
[l
Ne 228.
Iloavsyaco gynxyued I'puna, sveecmu dopmyay Hyaccona
1 — |z|?
u(z) = — ©(&)dSe,
=5, | o

darowgyro pewenue 3adavu Jupuxae (5.1)) 6 wape D = {|z| < 1}.

Joxazameavcmeo. B Homepe Ne 227 Mbl yOeinnch, 9TO BhIpaykKeHue

(o, & = (e €~ B (Jele, ) Q)

naer gyuknuio ['puna 3amaan ((5.1)) B mape. Yroosl npumernTs hopmyiy ((5.2)),
HAM HaJI0 BCIOMHUTD, 9TO

%ln|§—x\, npu n = 2;
Bx, €) = 1 B20)
G upi n >3,
¥ OCYUTATD aGa(Tfl; S npu |¢] = 1.
0G(z, &) _ _Z §ul(ln — ) 1€k (|x|§ |9:|>
Orle W € — x| ‘mg_ﬁ
[ 1pn |€] = 1 BepHO paBencTBO [ — | = ’|:c|§ — |£—|‘ , TAK KaK |
= | |lele = &| = VEFEE =26 9+ 1= VP =26 9) + 1, | =
| 1€—al = VIEP =2 @) + ]z = /1 -2(¢, @) + ]z |
1 1 .
LY e - o)~ el (Jele - ) | -
" k=1
1 1 ) ) 11—z <.
— . : 1— _ - : —
o o 2 B0l G bn] = 5 s 38
_1_ 1 — LE|2 ‘5‘2 _ _1_ 1 __ LE|2
wy € —x|" wy € — x|
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Ne 232.
Iloxasamwv cnpasedausocmsb mootcdecmsa

ede x = (x1, x2) ecmv mowka kpyea |x| < 1, a & = (cos®, siny) — mouka
oxpyorcrocmu, [€] = 1.

Jloxasameavcmeo. Bocrosbayemcest hopmyaoit [lyaccona (Homep Ne 228) pertre-
Hust 3a0aun Jupuxie B kpyre ¢ dyuknuamu u(z) = 1 u p(§) = 1H.

1 — |x|? :
1= — [ =T 4 s,
27r/|§—33\” ¢ .
€]=1

Tenepsb ocTaioch UCHOB30BaTh MapaMeTpusanuio & = (cos), sin) oKpyxK-
nocru |£| = 1, urobsl naiitu dSe. Juddepennnasn ayru, 3aaHHoil napamerpu-
JeCKUMI PaBEHCTBAMUI

e T )

BBIYUC/ISIETC 110 POpMY.Ie:

dSe = /(W) + (&) dvo = /(—sm ) + (cos 0)° dip = .

Orcrona u noJsydaeM TpedyeMmyo hopMysty

1 _ 2
o / i‘ndw — 1.
Q / € — x| ]
Ne 1. Tenbra-dyHKIUsS 1 OJTHOMEpPHOE ypaBHeHUE KOJIeOaHMiA
Yoedumuvcsa, wmo pynryus

O(at — |z|) _ { 0, at<|zf;

S~—

o) === =1L, at>qf

ABAACNCA PEULEHUEM 00HOMEPHO20 YPABHEHUA KOACOAMUT
En(z, t) — a®Epp(z, t) = 8(z, 1). (5.3)
Pagencrso ((5.3) osmauaer, mo ompesenennio (4.1, aro mist soboit dpunuTHOL
OeckonevHO jnbdepennupyemoit byHknm ¢(z, t) crpaBeinBoO PABEHCTBO
+00 +00

/ / (&t(x, t) — a*Epu(z, t)) o(x, t) de dt = ¢(0, 0). (0)

—00 —O0

LOQueBumno, dbynkus u(z) = 1 sBrercs pemennem 3amaxuu JIupuxie B Kpyre ¢ TDAHUTHBIM yCIOBAEM p) =1.
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Nsyuanm narerpas B jieoit gactn (i). Tak kak p(x, t) purnTHA, HaligeTCST KPYT
Bp noctaTodro 60JIbIIOro pajmyca R, BHE KOTOPOTO (& B CHJIy HEIPEPbIBHOCTH

o(x, t), u wva rpanune koroporo) ¢(x, t) = 0. [Ipounrerpupyem 1o dactsim
JIBazKJIbI 110 KaxKJ0il IepeMeHHOM, YTOObI IIEPEeKNHYTh OllepaTop JeBOil JacTu

Ha yuknuio p(x, t):

7070(5&(% t) = @&, t)) o(z, t) do dt =
— 7070(9%(% t) — a®pu. (2, t)) E(x, t) dx dt. (ii)

[Tpu 3TOM MBI YUJIH, YTO MHTErpaJ 1o rpanuile Bg, BOSHUKAIONIUI IPH HHTe-
IPUPOBAHUN 110 YaCTSM, PABEH HYJIIO, Tak Kak 1 cama yHKius ¢(x, t), u Bee
ee JacTHbIe IPOU3BO/IHbIE (JIFOOOI0 TOPs/IKA) Ha TPAHMUIIE [Iapa PaBHbI HYJIO, a
dbyuknus E(x, t) Ha Hell orpaHIeHA.

Tenepb Bocmosb3yeMest omnpejesenueM dbyukiun E(x, t) — Tem, 910 OHa 00-
paiaercst B HyJIb B YaCTH ILJIOCKOCTH, TJe at < |T| u paccMoTpum OT/IebHO
MHTErpas OT KaxJoro ciaraemoro B (ii):

IlepBoe ciaaraemoe:

+00 +00 ] +00 400
a
—00 =0 —o0 |z|

a

+00

1 t=+o00
= 5 / oi(x, t) o dr = [tpt(x, +00) = 0 B cuty puHETHOCTH gp} =
a p=lzl

1 +00
= — %/got(x, t)‘tzjj' de =
+00 0
—— 5 [t | o o [ae o]
- 2a P\, t:% x %2, @\, - xZ.
0 —00

a

-66-



YdareM CBA3b MEXKTy MePEMEHHBIMU T 1 ¢ B TIOJIYYEHHBIX HHTerpaiax u Mpom3-
BeJleM 3aMeHy x = Zat:

+00 0
1 1
_ — ,t’ d - 7t‘ d =
o [ ete 0| d= 5o [ e ] a
0 —00
400

+00

1 1
= — — t dt — — t dt
2 /@t(l', )xzat 2 /QOt(l', )x:—at
0 0
Uraxk,
“+00 +00
/ /aptt(:ﬁ, t)E(x, t) dr dt =
o +00 +00
s [etn]_de= 5 [ e o] e i)
- 5 - = . (1
2 LS r=at 2 P r=—at
0 0
Bropoe ciaaraemoe:
+00 +00
—a’ / / Cez(x, t)E(x, t) dx dt = [T&K kKak £ =0npu t < O} =
400 at 400 .
—— 5 [ [entw vdra=—5 [ w0 " a-
0 —at —00
+00 +0o0
a a
2 /SO (x )x:at * 2 /SO (:B )x:—at
0 0
Urax,
+00 +00
—a? / /gpm(x, t)E(x, t) do dt =
o +00 +0o0
“/(t) dt+a/(t) dt. (iv)
= 3 z\ &L, = z\Z, .o (v
2 80 v r=at 2 QO . r=—at

0 0
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Boruuciaenne unrerpadsia (ii):

Croxkum pasencrsa (iii) n (iv).

—+00 +00

/ / (Sptt('ra t) - a290xx(x, t)) (C:(LU, t) dx dt -
o +00 400
_ ] / (z, t) dt — > (z, ) dt
B 2 P r=at 2 P r=—at
0 0
+00 400
a a
-5 x ) 14 dt - x ; t dt =
2 / 14 (517 ) r=at + 2 / 14 (lU ) r=—at
0 0
+

_ 1 plat, t)]  + = p(—at, t)] = 2(0. 0) + 20, 0 = (0, 0),
2 t=0 t=0 2 2
OTKyjia JieBast 9acThb (ii) paBHa
+00 400
/ / (&t(x, t) — a’&p (1, t)) o(z, t) de dt = ¢(0, 0),

TO €CTh CIIPABEJJINBO PABEHCTBO (1), 9TO 1 TPeHOBAIOCH JTOKA3ATh.

6. Meto/1 3/IeKTPOCTATUIECKUX N300parKeHumil
(MeTon oTparkeHmii)

6.1. ®usnydeckasi MHTepupeTanus A R3

Kak MbI roBopmyim 1Ipu_o0OCyKJIeHUN (PYHIAMEHTAJbHOTO PEIIeHUSd U
Hetoronosa norennuasa (omp. (3.3), B TPEXMEPHOM MPOCTPAHCTBE (DYHKIINS

EN(xa S) - _47TE(:E7 5) - !

|z — ¢
OIICBIBAET TMOTEHINAT T0JIsT B TOUKe (X1, To, X3), CO3TAHHOTO €JINHIIHBIM TO-
IEUHBIM 3aPsIJIOM, PACIIOJIOKEHHBIM B TouKe (&1, &9, £3) (mm HAOOOPOT, TaK KaK
repeMeHHbe & 1 € B3aNMO3aMEHSIeMbl ).

Torna dyukmus ['puna zagaun upuxiie ajs ypaBHeHus Jlamsaca rocie
yMHOXKeHus1 Ha (—47) nprobperaeT CMBICT MOTEHIMANa B TOYKE T TIOJIsl, CO-
3JIAHHOTO €JIMHUYHBIM TOYEYHBIM 3apsIoM, MOMEIEHHBIM B TOUKY & BHYTpHU
3a3€MJICHHOI IIPOBO/IAIIEl 3aMKHYTO! IIOBEPXHOCTH.

(6.1)
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dukcupyeM j1Be TOUKH: £ 1 & B obstactu D. B TOUKY & MBI IOMECTUM €JINHITY-
HBIIl TIOJIOXKUTEJILHBIIN 3apsijl, 8 B Touke & OyjieM HabJIIoAaTh Pe3yIbTHPY IO
[HOTEHIAJI.

BapsiJ B TOUKe ¥ MHIAYIUPYeT Ha 3a3eMJIeHHOI S HEeKOTOpe pacipejeseHune
3apsI0B.

Torja moreHmall 3JeKTPOCTaTHIECKOro 1oJjst B Touke & € D ecTb cymMMa
IIOTEHIINAJIA, CO3IAHHOIO €JIMHUYIHBIM 3aPsIJIOM, 1 IIOTEHINAJA, CO3IaHHOIO NH-
JIyIUPOBAHHBIMUI Ha, S Sapﬂﬂanﬂ

G(:Ca 5) — ! !

—E'HﬂLg(% §)-

[Tpu sTom dyukimsa g(x, y), COOTBETCTBYOIIAs MOTEHITUAIY, CO3JIAHHOMY HH-
JIyTIAPOBAHHBIMU Ha S 3apsijlaMu, SIBJISETCsI TapMOHNYIECKOI Kak 110 & € D, Tax
nmnoy € D.

[Tpn Taxoii mHTEpHpeTAlnN, CBOWCTBO CHMMETPUIHOCTH (GyHKIHE ['pruHa
G(x, y) = G(y, x) aBsgercss MATEMATHICCKNM BbIparkKeHNeM TIPUHITATIA B3a-
WMHOCTH B (pU3UKE: NCTOUHUK, TOMEINEHHBII B TOYKE X IPOU3BOIUT B TOUKE
Y TaKoe »Ke JeiiCTBIe, KAKOe IIPOM3BOAUT B TOUKE X TAKOil »Ke NCTOYHHK, TIOME-
IIeHHBII B TouKe y. 3aMeruM, 4To PyHKIMIO ['puHa Ha3bIBalOT TakxKe (PyHK-
1€l TOYEeUYHOI0 NCTOYHUKA.

Takum 0O6pazom, ITOOBI HAYIUTHCST perraTh 3a1a41y npuxie, Hajl0 ymMeTsb Ha-
xomuTh pyHkmio G = E+¢, a mockoyibKy F —n3BectHast pyHKIINs (,c. ,
BCsI 3ajlada CBOJUTCA K moctpoennto dyuknun g(z, £). Ilo omnepenerennio
dyuxmnun I'puna, ot g Tpedyercst, 9T0ObI

AIQ(SU, g) = Agg([lf, 5) =0, z,§ € D; (62)

zeS xesS
DT ycyioBusi, (GaKTUIECKH, IPEJACTABIAIOT co00il TakxKe 3ajgady lupuxie,
TOJTBKO Y2Ke Jitd pyukiun g. Oanako sTa 3aj1ada BO MHOIUX CIydasx CyIie-
CTBEHHO IIPOIIE MCXOJIHOM, TaK Kak B Hell rpaHumdHasi (DyHKIUS UMeeT OYeHb
CHeIaIbHBIN BUJ, & B UCXO/IHOI 3a/1a4e OHA COBEPIIECHHO MTPOM3BOJIbHA. Kpome
Toro, Haitag dyakimo ['puna g 3agauan Jupuxie B obsactu D, MBI cpasy
1o gopmyJie noJiyvuaeM pelienus Beex 3aja4 Jlupuxie B 91oit obsracTu.
HauboJiee pacripocrpaneHHbIM clIocOO0M MTocTpoeHus pyHKIN ['puna sBisi-
ecsi METOJT OTpaXKeHuil (JieKTpocTaTuydecknx n3obparkenuii). Ero uest
COCTOUT B TOM, UTO (PYHKINS ¢, TPEJCTABIAIONA cOOO ToJIe NHIyITNPOBAH-
HBbIX Ha S 3apsJI0B, CTPOUTC KaK I0JIe 3aPsJI0B, PACIIOJIOXKEHHBIX BHE 00JIacTh
D, n Takux, 9T00bI
g(z, §)| =—-E(z, §)
zeS xeS
Ee MoxkHO HaliTH, pacmo/iaras 3aps/Ibl MOJIX0/IIIell BeJIMINHBl B TOYKaX, CHM-
METPUIHBIX OTHOCUTEIBHO S TOUYKAM, B KOTOPBIX PACIIOJIOZKEHBI 3aPsi/Ibl BHYTPU

D.

135ech u masee Mbl GyIeM 3aMEHATH TPOMO3IKYIO0 KOHCTPYKIIHIO «IOTEHIHAJ, ACJICHHDIA Ha (—47)» ma «morennmasy. s

. —1
BBIMHUC/IEHUH KO3 PUUNEHT I~ 3HaueHus He uMeeT. Mbl xxe uinem dynkuuio I'puna, a ¢ ee nomoupio crpoum 1o gopmyire (5.2
pemtenne 3amadn Jupuxie. Ho eciim HeOOXOAMMO IOJIy4YnTbh MMEHHO (PUIMYECKUIl MOTEHIMAJ, HAJ0 He 3a0blBaTh yMHOXKATb

nostygaemble hopMyisl Ha (—47).
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6.2. Asropurm

IMTar 1) Crpoum dyHaMeHTaIbHOE pelienne ypaBHenus Jlammaca 1o ¢hop-
myite ((3.20)).

IITar 2) Tlomemaem B Touky & € D eIUHUYHbIH OJOKUTEIBHbIH 3apsi/l.
OboznavaeM depe3 £ TOUKY, CUMMETPUIHYIO TOUYKE £ OTHOCUTE/ILHO TO-

BEPXHOCTH S, U MOMeIaeM B £ oTpunarebHbIi 3apsij (—q(ﬁ))

IMTar 3) MWimewm pemtenne 3agaan (6.2)) — (6.3) B Buje

—%1n<q!§*—x\> n=2,
g=—FE(qx, ¢§") = (6.4)
1 n > 2,

wi (n—2)qn=2|¢*—z|"

1o/ I0Upast MOAXOJANIM 00Pa30M 3apsi/i q.ﬂ Tak omnpenesiennas QyHKITIA
g Oyner rapMOHIYECKoil (TO ecTh yJI0BJIeTBOpsIONIel ypasHeHuo Jlaria-
ca), MOCKOJIbKY F — rapMoHnvecKast. [109TOMy HAXOAUTH ¢ HAJO U3 YCIO-
Bus (6.3). Ilpu sTom yno0HO cauTarh, 9TO TOUKa T € S, — TOrja ¢ HAXO-

JUTCsT 13 KpaeBoro yeiaosus g(x, )

- —FE(z, 5)‘ o (ITockosbKy B
HAS re

dbopmyite (5.2)) maTerpas 6epercst o £ € S, a dyukunun E, g u G obiajia-
I0T CBOMICTBOM CUMMETPUYHOCTH, ToJiyueHHas gpyukius G = FE + g Oyner
VJIOBJIETBOPATH oTpejiesiernio gpyukimn ['prna. )

Ouenb Baxkno, Hails q(x, &, &), BOCIONB30BATHCS T€M, 9TO & € S U BbI-

MOJIHUTH TPe0Opa30BaHmsl TaK, YTOObI OCTAIACH TOJBKO 3aBUCHMOCTE ¢(&).

IITar 4) Crponm dyuknuio ['puna mo dhopmyrie G(x, &) = E(z, £)+g(x, §).
(B orBere Ha10 U30aBUTHCSI, 10 BO3SMOXKHOCTH, OT BbIPazKeHHil, 3aBUCSIINX
oT £*, BBIpa3uB KOOP/IMHATHI £* Yepe3 KOOPANHATHI . DTO Jie/1aeTcsd TOTOMY,
910 B pOpMYIIe (]5__122 eSS, uf =¢ anex €S, kak Ha lllare 3.)

6.3. AJsroputMm aJig ciydasi n = 2

B sToM myHKTE IpoBejieM BCe MOCTPOEHUsI, KOTOPhIE BO3MOYKHO, B COOTBET-
CTBHH C OOIIUM aJrOPUTMOM IyHKTa [6.2] st caydas n = 2. 3j1ech D — npous-
BOJIbHAs 00J1aCTh C rpaHuieii S.

ITar 1) ®yumamenTtaibHOe perierne ypaBHenus Jlammaca ais cioydast n = 2
nMeeT BUJI:
1

E(x, ) = o In|§ —xf.

I Ec/in oBepXHOCTE MMeeT HECKOIBKO yIaCTKOB, KaK HAIPUMep y Kyba HJIH TIOJTyInapa, Haj0 CTPOUTD TOUKH & 1 CAMMeTpUY-
HBIE TOYKEe § OTHOCHTEJILHO KasK/IOTO y9aCTKa PaHMIIbI, 3aTeM TOYKHU &), CHMMETPUIHBIE TOYKaM &) OTHOCHTETBbHO KazKJIOTOo

yJacTKa IpaHMIb (MM €ro NpOjoJIKeHM:), U T.1. 1Ipm ToM B TouKHM &} mOMemaloTcs oTpHuaTenbHbe 3apaasl (—qk(£)), B
TOUKH &} — TOIOKUTEIbHBIE 3aPAIBI ki (§), 1 T.1. (CM. 3324w B L. 7 6.5)).

2E:CJ'II/I IIOBEPXHOCTH UMeeT HECKOJIBKO y9aCTKOB, TO Ha/J0 NCKaThb g B BHJE€ CyYMMBI CJIara€MbIX BUIa "

g= *Ek: E(qz, q€}}) +; E(qz, ¢&57) — ...
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I[ITar 2) Ilomemiaem B TouKy & € D eMHUYHBIN TTOJIOKUTETBHBINA 3apsiI.
Obo3navaeM 4epe3 £ TOUKY, CUMMETPUIHYIO TOUYKE £ OTHOCUTEJILHO II0-

BepxHOCTH S, U HOMeIaeM B £ oTpunaTebHbIN 3apsij (—q(ﬁ))

HTar 3) Uimewm pernenne 3amaqan (6.2)) — (6.3) B Buge

ES 1 ES

QZfHWa%)=—§—m(W€—M), (6.5)
T

1o10UPas MOAXOASIIUM 00Pa30M 3aPsiL q.ﬂ

Haitnem ¢ us yemosust ((6.3)), canrast, 9o Touka © € S:

g(l', 5) TE - _E(x’ 5) x€S
0 i
— 5 In (q|§*—x\) — 55 Injé—z]

Orcrofa, In (q |€* — x\) = In | — x|, mpu x € S, nosTOMY

_Je-a

: 6.6
|§* _ ZE" zes ( )

IITar 4) Crponm dyuknuio ['puna mo cbopMyﬂe G(x, &) = E(z, &) +g(x, &).

Tor U qle—al (6.7

Octasioch 10 BO3MOXKHOCTH N30ABUTHCSI OT BhIPparKeHUil, 3aBUCIINX OT £F,
BbIpa3UB KOOPJAUHATHI £ depe3 KOOPAMHATHI &.

6.4. AnaroputmMm aJsid ciy4dada n = 3

B sToM InyHKTE IpoBejieM Bce MOCTPOEHUsI, KOTOPhIe BO3MOYKHO, B COOTBET-
CTBUU C OOIIUM aJIFOPUTMOM ITyHKTA, It caydas n = 3. 3jech D — npons-
BOJIbHAsi 00JIaCTh ¢ TPaHUIeit S.

IMTar 1) ®yumamenTtasibHoe pelierne ypaBHeHus Jlammaca st ciydast n = 2
nMeeT BU/I:
1

dm € — x|

1Ec/in mIOBEpXHOCTh MMEET HECKOJIBKO YYaCTKOB, TO TOUKI &}, CHMMETPHYHbIE TOUKe § OTHOCHTENHLHO KAXKJOTO yIacTKa
TPaHMIIbI, 3aTeM TOYKHU &}, CHMMETPHYIHBIE TOYKaM £} OTHOCHTEJIBHO KazKJOr0 yJacTKa TDAHUILBI (usm ero npogoIKeHus ), u

E($, é) - =

T.7. [Ipn sToM B TOUKH §] TMOMeNIAIOTCA OTPUTIATENTbHbBIE 3aPsIbT (—qk (f))7 B TOYKH {}) — IOJIOKHUTEJIBHBIC 3apapbl Gk (&), U
T.J.
2Eciu OBEPXHOCTb MMEET HECKOJIBLKO YYaCTKOB, TO HaJI0 UCKATh ¢ B BUJIE CyMMBI ciaraeMbrx suma (6.4):

1 . 1 - _ 1
9==5- zk:ln(%mk*ﬂ)+§;1n(%l\5kz *m|)*~-~—§1n qu |5k qul|£kl -z
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I[ITar 2) Ilomemiaem B TouKy & € D eMHUYHBIN TTOJIOKUTETBHBINA 3apsiI.
Obo3navaeM 4epe3 £ TOUKY, CUMMETPUIHYIO TOUYKE £ OTHOCUTEJILHO II0-

BepxHOCTH S, U HOMeIaeM B £ oTpunaTebHbIN 3apsij (—q(g))

ITar 3) Umewm pemtenne 3amaqu (6.2) — (6.3) B Bue

1

noa6upas HoAXOAAIIM 06pazoM 3aps qF]
Haiinem g u3 yeaosus (6.3), canrasi, 910 ToUKa * € S:

g(z, &) B

A\ 7 \ .
-~ -~

Il
1 1
amq & —a drm [¢—=|

npu x € S, 03TOMY

_ &1

|£* - x‘ xeS .

Orcrona 1 _1
A8y qE—a] T el

q (6.9)

IMTar 4) Crpoum dbyukiuio ['puna o hopmyie Gz, £) = E(x, £)+g(x, £).

1 1 1

o =g \qe—a ~ =

(6.10)

OcTaJioch 110 BO3MOYKHOCTH N30aBUTHCSI OT BbIpayKeHUil, 3aBUCSIINX OT &,
BbIpa3UB KOOPJAMHATHI £ depe3 KOOpauHaTHI &.

6.5. Ilpumeps! penienus 3aga4

Ne 1. @yskiusa I'pmHa B MOJIYILNIOCKOCTH
Memodom ompaosiceriuti natimu gynrxuyuro I'puna 3adavu Tupuxae 6 nosynioc-
kocmu x9 > 0 u npedcmasums pewenue u npu nomowst, gopmyav (5.2)).

— 0%u(xy, o) O?u(zy,x2) .
Du=Pm) UGB 20, mER m>0 o)
u(ry, 0) = @(x1), 11 € R.

IMTar 1. Crpoum dyHIaMeHTaILHOE PelieHne ypapHeHus Jlaraca 1mo gpop-
myite (3.20)).

1 Ec/in mIOBEpXHOCTh MMEET HECKOJIBKO yIaCTKOB, TO TOUKI &};, CHMMETPHYHbIE TOYKe § OTHOCHTENHLHO KAXKIOTO yIacTKa
TDAHUIBI, 3aTEM TOYKHU &}, CHMMETPUYHBIE TOYKAM &} OTHOCHUTEJILHO KAsKJIOTO y4YaCTKa TPAHMIbLI (MJIU ero It JI2KEHUSs] ), U
a 3aTeM TO ¥ c e e ToukaMm &; OTHOCHTE. 0 KaKJOTO Yy4acTKa Ipa ero IpOoIoJIZKe

T.7. [Ipn sToM B TOUKM §] TMOMeNIAIOTCA OTPUIIATETbHbBIE 3aPs/IbI (—qk (f))7 B TOUKH {}) — IOJIOKHUTEJIbHBIC 3apapbl Gk (&), U
T.J.
2Ecau OBEPXHOCTh MMEET HECKOIbLKO YYaCTKOB, TO HaJI0 UCKATh ¢ B BUJE CyMMBI cilaraeMbix suma (6.4):

1 1 1 1

QZ—EZ

7_’_7 -
vk € — AT i an |5 — =]
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st nannoro aByMepHoro ciaydas n = 2, u o dpopmyite ((3.20)) nmeem:
1
E(z, §) = o In|¢ — af, € — | = \/(51 —z)*+ (& —1)" (6.12)

[Tar 2. Ilomemaem B Touky & = (&1, &), & > 0, e MHUYHBIN TTOJIOKN-
Te/IbHBIN 3aps1. ObozHadaeMm depes £ TOUKY, CAMMETPUIHYIO TOUKe & OTHOCH-
TesbHo mpsmMoii S = {& = 0}.

= (&, &) (6.13)

IMTar 3. Umewm pemtenne 3amaqau (6.2) — (6.3) B Buje

—2m-g=2m E(qr, ¢¢") = In (qlé* —xl) =

=In Q+% In ((51 — 1)’ + (& — 932)2> =In Q+% In ((51 —z1) + (L + 51?2)2) -

YT00BI BBITOJIHSIOCH KpaeBoe ycaosue, g(x, &) .= —FE(x, &) . bepeM ¢
re xe
13 opmyast (6.6)):
(- (-
St R 1 R
|£ _$| xreS ‘g —Jf‘ zo=0
Taxum obpaszom,
1 1 «
g=— (& -o)+(@+2)") = - =Infe" —a|.
47 2T

ITar 4. Crpoum dyukiwo ['puna mo dbopmyse (6.7):

S O S (S 1) + (& — 3)°
|f* —xf 4w (g - 36’1)2 + (&2 + 362)2.

IMTar 5. Yro0wbl npejcraButrh u 1o dopmysie ((5.2)), Hago HaWTH ITPOU3-
BogHyio (byuknunu ['prHa 110 HOpMaJ/u K I'paHuile 00JIaCTH, B HaIlleM Cjydae,

(_ 0G(z,€)

Gz, &) =

982

~ 0G(x, &) _

98
1 0

~Ar D€, (ln ((51 — o)+ (G + $2)2> — In ((51 — )"+ (6 - 332)2>> =

:i< €2 + 29 3 §o — 9 )
2 \ (& — $1)2 + (& + $2)2 (& — 331)2 + (& — 5E2)2
CootBercrBenHo, Ha rpanuie & = 0 mosydaem:

_0G(z, ) 1 X9

23 T (& —x1)’ +ad
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Taxum obpaszom,

OTgert: ‘5 — x| i (& —21)" + (& — x0)°
Glo, 8 = |f* —af 4w " (& —21)” + (& + 22)*
+o00
u(x) = %_/ 6 fEi)2 n x%-go(ﬁl) d&, — enle oxna ¢gopmyia Ilyaccona.

Ne ITI. @yukiusa I'puna B mmorynmpocTpaHcTBe
Memodom ompasicenuti natimu gyrxyuo ['puna 3adavu Jupuzae 6 nosynpo-
cmpancmee x3 > 0 u npedcmasumov pewernue u npu nomows gopmyase (5.2)

1

2 2 2
{Au:gﬁ#—g—;ng%:O, x1, 12 €R, w3 > 0;
u(xy, 2, 0) = @(x1, T9), 1, T2 € R.

(6.14)

IMTar 1. Crpoum dyHIaMeHTaIbHOE perenne ypasaenus Jlamiaca mo dop-

ayze (3.20).

st maHHOrO ABYMEpHOTO Caydast n = 3, u 1o ¢opmyite (3.20]) nmeem:

1 1

i e —a| & —z| = \/(51 —21)’ 4 (& — 1) + (& — x3)”.
(6.15)

Ilar 2. Ilomemaem B Touky & = (&1, &, &), &3 > 0, eMHUYIHBIN MO~
JIOXKUTETbHBIN 3aps. ObosHavaem depe3 £ TOUYKY, CUMMETPUIHYIO TOUKE &

OTHOCHTEIBHO 110cKocTH S = {&3 = 0}.

E(CL‘, f) -

&= (&, &2, —&) (6.16)
IMlar 3. Umewm pemtenne 3anaqu (6.2) — (6.3) B Bune g = —E(qx, ¢&*):
1 1 1 1
g = —-— - = — =
4 *— 4
™ Q‘g 5C| v C_I\/(&—:L‘1)2—|—(§2—:E2)2+(—§3—$3)2

1 1
im Q\/(€1 — ) 4 (& —x) + (& + 1‘3)2.

= —FE(z, )| , bepem g

Yr00bI BBITOJIHSIIOCH KpaeBoe yeiosue, g(x, £)
xeS zes

3 (GopMyJIbI :
q(§) =

S
€% — 7

€ — =]

€S a ‘f* o LU‘

Il
=

1‘3:0
Takum odbpasom,
1

4#\/(51 — :131)2 + (&2 — 332)2 + (& + 5'33)2.
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IMlar 4. Crpoum dyukuio ['puna mo dopmyiie (6.10):

6 0= 1 (7= = e=71) -
1 !
I\ e+ @)+ (G )
1
VE =2 + (6 — 22 + (& — )’

IMTar 5. Yrob6bl mpejcraButhb u 10 hopmyiie (5.2)), Hal0 HANTH TPOU3BOIHYIO

dyukmuu ['prna 110 HOpMaJI K rpaHuIile 00J1aCTH, B HAIIEM cJIydae, (— %) .
C9G(z,6) 1D 1
06 4r 0 -
o B JE )+ G- m) (& )

1
V6 =2 + (6 — 22 + (& — )’

1 —x
N O §3 — @3 4

(& —21)° + (& — )" + (& — xs)ﬂ ’

s+ a3
(6 + 1)+ (& — 22" + (& + 23)’]

CootBercTBeHHO, Ha rpanuie &3 = 0 moaydaeM:

0G(z, ¢ 1 T3

_|_

[ ][]

9% o {(51 —21)* + (& —a2)° + x%} ’

Takum odbpasom,
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1 1
AV @ -2 + (@2 + (& + o)’
1
VE =2+ (6 — 22 + (& — )’

“+00 +00

/ / - . 10 (&1, &) d§idEy  —

“o0 —o0 51 — 1)’ 4 (& —22)* + 373}

erie ogHa gopmysta [lyaccona.

Ne III. ®yakmusa I'puna B kpyre. Memodom ompasicenuti nadimu
dpynxyuro I'puna zadanu Jupuzae 6 kpyee |z — 2°] < R.

— 0%u | *u __ .0 .
{ Au= G+ 52 =0, |z x0] < R; (6.17)
u(xy, 1’2) gp(xl, T9), lz — 2" =R

IMTar 1. Crpoum dyHIaMeHTaILHOE pellerne ypapHeHus Jlamiaca 1mo ¢dpop-

myte ((3.20)).

st maHHOrO ABYMEpHOTO Ciaydast n = 2, u 1o ¢opmyite (3.20]) nmeem:

1

B, & =5 Wle—al, l-al=\(E -0 +&-)l (618

_ 02 2
ITar 2. omemaeym B Touky § = (&1, &), (fl—xl)* +(&—29)? < R?, eju-
HIHBL TO/I0AKITEBHDI 3aps/1. OBG03HATACM Hepe3 £ TOUKY, CHMMETPITHYIO
TOUKE & OTHOCUTEJILHO OKPYZKHOCTH

S ={lz— 2" =R},

TO ecTh TOUKY, Jexkanlyio Ha jyue [2°, €) na Takom paccrognnn [ — 20| or
1eHTpa OKpyzkHocTH, uTobb! | — 20| - |€* — 2¥| = R?. iu B BeKTOPHOM BHIE:

€ =2t
OTKY/Ia .
& — g0 —m (ﬁ'—azo). (6.19)

IIIar 3. Mmewm pereHue 3a1a4u . — B BIJIE
1 1
= — — FE(qx, *:__1( e >, 6.20
g 5 Blar, 4€) 5 (el —a (6.20)
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e 3apsji q, 1Mo popmyJie , paBeH

q= i} ©.6)

B |€* _'r’ xGS.

N3baBasieMcsi OT 3aBUCUMOCTU
¢ OT BCexX II€PEMEHHBIX, KPO-
Me &: mooxkuM xr € S, TO ecTb
|z — 2" = R (puc. [1). Torua Tpe-
yrompunkn Ax’éx n Az¥xE* momn06-
HBI, TaK KaK yroJ npu seprmne 2y
HIX OOIINL, a pUJIEraoliye K HeMy
CTOPOHBI IIPOHOPIIOHAILHEL:

€= _ Jo—2")
‘x _ xo‘ - |€>k _ .CC0| Puc.1. Cummerpuynble TOYKH U HOJ0OHBIE

TPEYTrOJIbHUKN

B CIJIy CBOMCTBA CUMMETPUYHBIX TOUYeK & U £*:

=] fe =) = 2

3 ionobusa Tpeyrobunkos Azéx n Axlzé* nomyuaem

_ el _le=2

= 6.21

q

[TogcraBum g B ((6.20))

_ e
g(sv,ﬁ):—%ln’é x\R\g )

IMTar 4. Crpoum dynkiuio 'puna 1o dopmyse G(x, §) = E(x, &)+g(x, &).

— 20 e —
G(a:,»g):i<1n’§ o] 18 x|1nfaj|>:

2T R

__i ln‘f—iol-lf*—a}‘
27 R|E—x|

Y1001 n30aBUTHCS B OTBETE OT £¥, 3aMETHM, 9TO y HaC ecTh cooTHotexHwue ((6.19)),

B KOTOpoM durypupyer pasnocts &* — 2V, B To BpeMs Kak 3j1eCh HyKHa pas-

HOCTb &* — .

N —_— — R2 — —

& —p =26 =% — 2 = {BCI/LHy 1D =m-xof—xox,
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OTKY/1a,

f—x r — a2 — Y
5 " _ R _
R R2 e = a0
OxkoHvaTeIbHO TOTyYaeM
A
. _ 1 " a0 1 (3=

Otreer: G(z, ) =— 5-In = et 5= In 5 f' —

RI§—2O0] | *25 — P

Ne IV. @Oyukmusa I'pmaa B mape.  Memodom ompascenudi nadmu
Ppynxyuro I'puna zadanu Jupuzae 6 wape |x — 2°| < R.

_ 0? H? Pu __ 0 .
{A = Taz Ttz =0 \:U—:IJO\<R, (6.22)
U(SEl, x2, $3) - gp(aj% ’ZE’ -z ’ = R.

IMTar 1. Crpoum dyHIaMeHTAIBLHOE PelleHne ypaBHeHus Jlarraca mo dop-
i)

myse (3.20). g manmoro nBymeproro ciaydas n = 3, u o dgopmyie (|
VIMEEM:

E(z, §) =

1

CAr|E— | § — ] = \/(51—x1)2+(§2—:p2)2+(§3_;p3)2_

Ilar 2. Ilomemaem B Touky & = (&1, &), (& —2))2+(&—29)? < R?, enu-
HUYHBIN [I0JI0YKUTeIbHBIN 3apsij. Obo3HadaeM depe3 £ TOUKY, CUMMETPUIHYIO
TOUYKe & OTHOCUTEIHHO chephl

S={lz—2" =R},

TO ecTb TOUKY, Jexkanlyto Ha jyde [z°, £) na takom paccrosguuu [£F — 20| or
HeHTpa OKpysKHoCTH, 4Tobbl |€ — 20| - |€* — 2% = R?. Unn B BekTOpPHOM BH/IE:

IS
OTKYJIa .
& =a"+ P (€ —2a"). (6.23)
IIar 3. Mmewm pemienue 3aja4u - B BHJIC
1
g=—E(q, ¢¢") = I (6.24)

e 3apsi| ¢, 1o dopmyie (6.9), pasen
s
|€* - x‘ xeS

36aBiisieMcs OT 3aBUCUMOCTHU ¢ OT BCeX IIepEeMEeHHBIX, Kpome &: 0J10-
xuM € S, 1o ectb |x — 2| = R (em. pue. [1]). Torga tpeyroasinku Az'¢x u

q
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Ax"z&* 110106HbI, TAK KaK yroJ1 npu Beprmmne 2V y Hux oOmuil, a Impuerarorie
K HEMY CTOPOHBI ITPOMOPIIMOHATHHE:

€ -2 _ |z -2
o =20 & — 2|
B CIJTy CBOMCTBA CUMMETPUUYHBIX TOUeK & U £*:

€=’ J&r -2’ = B~

13 noyio6us tpeyronsankos Az’éx n AzlxE* momygaem

_ el _ g2

= 6.25
|€* - I” zes R ( )

q

[Togcrasum g B ((6.24))

R
x, £) = .
W0 ) = = e =l
IMTar 4. Crpoum dyuknuio ['puna no dhopmyie G(z, &) = E(x, £)+g(z, £).

R 1
G(% 5):4ﬂ. ‘§—$0|‘€*_5E| B 41 |f_37‘

Y10o0BI 130aBUTLCA B OTBETE OT £F, €Ile pa3 BOCIOJIb3YEeMCsl CUMMETPUIHOCTHIO
Touek & u &*

€= 2] [ —a"| =

1 BEKTOPHBLIM COOTHOLIEHUEM

_ _ — R2 —  —
g*_xzxg*:xog*_$0$:m'$of—xoxa
OTKY/1a
g =l _ lz=a _ g-df
R LR e
OKOanTeJIbHO I[moJryacM:
1 1 1
G($7 S)ZE _ 0 £—20 - ‘€_$|
Rle- o) 5 —

3aMeTnM, 9To JJId Mmapa euHnaHoro pagmyca R = 1 ¢ nearpom B 2’ = 0 sTa
dbopmyiia coBnaaet ¢ hbopmyJioii, mpoBepeHHoit Hamu B Ne 227 (c. . B camom
Jee,

r — 2V £ — 20
Rle=al = ~ w—ap

- &
55

= &

_ __é‘
o ol - 5
20 =0
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orkyna npu R =1u 2° =0,

1 1 1 1
E ‘ 0 z—x° £—af - E ‘ —f =-F <|x|§|’ é_’) -
R|& = a0 |5 — 2l - &

R? €~

x
= [B CHUJTy CUMMETPUYIHOCTH (DYHKITHH FpI/IHa} =—-F ({\x\, m) :
x

u i pyuknun ['puna cripaBeyinBo npejactapienne Ne 227:

Gl ) = Ble. )~ £ (laln, ).

OrBer: Gz, &) =+ - L — |£ix|

__0]. z—a0 o £—x0
R‘g x | R2 |€7{E0|2

Ne V. ®Oynkmnusa I'purna B 4eTBepPTh-IIJIOCKOCTH
Memodom ompastcernuti natimu dynryuro I'puna 3adavwu Jupuxae 6 wemeepmo-
naockocmu D = {x; >0, x9 > 0}.

2 2
Auzg—éurg—é‘:o, x1 >0, 29> 0;
u(xy, x2) = (21, T2), x1=0, 29>0 u x7 >0, 29=0.
(6.26)
IITar 1. Crpoum dyHIaMeHTAILHOE PelleHne ypapHeHus Jlaraca 1mo dpop-
myite ((3.20)).
st maHHOTO ABYMEpPHOTO Ciydast n = 2, u 1o dopmyiie (3.20) nmeem:
2 2
& —af = \/(51 —11)" + (& — 32)".
Ilar 2. [Tomemaem B  TOYKY
¢ = (&, &) € D eaunuuHbIi —
MOJIOKUTETbHBIN 3aps1. Obo3nadaem 3
gepe3 &, & TOUYKH, CHMMETpUY-
Hble TOYKe & OTHOCHTEJbHO IIPSIMBIX g
{& = 0} u {& = 0}, a uepes ™ — LS o
TOYKY, CUMMeTPUUYHYIO ToukaM &, &
OTHOCHTETHHO TpsiMbiXx {& = 0} u
{& = 0} coorBercrBenHo (puc. [2)). <
1
&=~ &), “
& = (&, &), "
= (=&, —&).
IHIar 3. Nmem perenne 3aga4un )
" — ‘) B BIJIC Puc.2. Orpaxkenuss TOYKH £ OT TPAHUL] yIJIA
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g = _E(Q1x, Q1§T) - E(qQCIj? qQé.;)

1 £ —
+ B(gs, 5€™) = (1 R : )
27 4192 &7 — x| |&5 —
Y100bI BBIIOIHSIOCH KPAaeBOe YCJI0BUE
=-FK
g<a% 5) zes (x’ 6) xES7
TO €CTh
1 R 1 1
(1 By, ) —
2 4192 & — 2|16 — 2]/ |,es € —2lles
WJIN, TIPOIIIE,
Q3 o ’51 ‘ ’Ei_x‘ =Inl=0,
©g \ﬁ—fvl & = @] | es

JIOCTATOYHO B3STb ¢ = @2 = g3 = 1.
Taxmm obpaszom,
1 |& — x|

g=—-In— - .
2m &5 — x| - & — 2
ITTar 4. Crpoum dyukiwio ['puna o dopmyse G(x, &) = E(x, &)+g(x, &).

1 £ — x| 1L |g —a] - [€ — =

G(x 5):—'(ln]§—x\—|—ln )— -In :

’ 2 & =l [ —xl ) 2m & — ] & — 7

3J1eCh JIErKO 3aMeTUTh, Y4TO BLIOOD ¢ = @2 = g3 = 1 ObLI yjadeH: B caMoM
JeJie, Torja, Kak u Tpedyer onpejesenne Gyukimn ['puna,

R I
G = -1 = — - In(1-1)=0.
R e HCET .

[IpuBOIUTH TTOTYIEHHYTO (byHKumo ['puna k Buay, rae ver &, &, £, He cra-
HEM (9TO IPOMO3/IKO, HO HECJIOXKHO ).

. _ 1 [N d
OTBeT. G(I', 5) = 55" ln W

Ne VI. ®yaknusa ['puHa B moJIykKpyre
Memodom ompastcenuti natimu pyrryuro I'puna 3adavwu Jupuxae 6 nosykpyee

D={x?+23< R, 23>0}

Au:gii—l—%:O, lz| < R, x9>0;
:Cle[ R, R], z3 =0, (6.28)

u(r1, x2) = p(x1, T2), 2?4+ a3 =R, 19> 0.

IMTar 1. Crpoum dyHnIamMeHTaaIbHOE pelenne ypasaenns Jlamiaca mo dop-
myJte (3.20)).
st nannoro aBymepHoro ciaydas n = 2, u o dpopmyite (3.20)) nmeem:

1

B, &) =5 lg—al, [g—al=y/(6—2)'+(&-m)  (629)
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Ilar 2. [Tomemaem B  TOUKY
£ = (&, &) € D enunnunblil 1o-
JIOKUTEJIbHBIN  3apsi.  Obo3HadaeMm

gepe3 & — TOUYKY, CUMMETPUYHYIO
TOYKe & OTHOCUTETHLHO OKPYKHOCTH, _
gepe3 & — TOUKY, CHMMETPUYHYIO

Touke &, OTHOCHUTEJbHO IPSIMOIi

{& = 0}, a gepes & — r1ouky,
CUMMETPUUHYIO TOUKe &  OTHOCH-

TesbHo npsmoit {€; = 0}, a Touke &
OTHOCHTEILHO OKpYyzKHOCTH (puc. [3)).

}%2
& = @f & = (&, —&),
9 Puc.3. Orpaxkenust Touku & oT rpaHuUIL
f** R IOJTyKpyTa
€ \2

ITar 3. Umiem pemenne 3amaan (6.2)) — (6.3) B Buje

g=—FE(qz, &) — E(@r, ¢:&) + E(gsr, ¢3£7) =

1 ok
= — <ln 43 +1n — € gi' )
2m 7192 & — x| - & — 7

Y10OB! BLITTOTHAIOCH KPAEBOE YCIOBHE

g(z, §)

1’65 .’IIES

BO3bMEM 3apdAJ BHYTPHU [IOJIHOI OKPY2KHOCTHU (o = 1, a CUMMETPUYIHBIE €EMY U

€]

3apsily B TOUKe £ OTHOCHTEILHO OKPYXKHOCTU ¢ = (3 = ¥ (o anajioruun ¢
bopmymnoit (6.21), c. [77). Toraa 3aBe oMo Gy/IeT BBIIOHATHCS PABEHCTBO
—x —x
In — B _ |£1 - |§i | =Inl=0,
Qg |§ — x| & — 2|5

13 KOTOPOT'O CJIe/IyeT BBIIOJIHEHNE KPAeBOTO YCJIOBHA.
Taxum obpaszom,
I

n .
& — ] - 65 — 2
IMIar 4. Crpoum dpyukuuio I'puna no dopmyiie G(:z:, §) = E(x, )+g(x, &).
i et —al g~

(x, &) o (n’f | + n|§i“—:€]|€§k—ﬂf| 27T \gl—x\\@—x\

g:
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[TpusonTs nostyuyennyio dyuxnuio I'puna k Budy, rie ver &, &, £, He cra-
HeM (9TO HECJIOZKHO, HO TPOMO3JIKO).
3aMeTnuM, 9TO, XOTs BUJI OTBETA TOYHO TAKOil »Ke, 4To U B 3ajade V, DyHKISs
(G 371ech mHasd, TOCKOJIbKY COBEPIECHHO MHAaYe BBLIUNCISIOTCS KOOPJIMHATHI TO-
* kK
yek & n .
Orser: Gz, §) = L In & —zhle=al
— (. &) =57 |63 —l-[&5 =
Ne VII. ®ysknusa I'puHa B 4yeTBepTu Kpyra
Memodom ompasicenuti natimu pynxyuro I'puna sadavwu Jupuzae 6 wemeepmu
Kpyea
D= {2?+23 <R, w15 >0}.

_ o oy _ |
U(.Tl, .Z'Q) = 90('@17 $2)7 ($17 272) c€s.

IMTar 1. Crpoum dyHIaMeHTaILHOE PelleHne ypapHeHus Jlamiaca 1mo ¢gpop-
myite ((3.20)).
st maHHOrO ABYMEpHOTO Ciaydas n = 2, u 1o ¢opmye (3.20) nmeem:

B, & =5 mle—a,  lg—al=y6@-n)+&-nf 63

Tar 2. ITomermaem B Touky £ = (&1, &) € D e MHUIHBII TOJIOKUTE/TLHBII
3apsil.

Crponm Touku &, &5, £5 — TOUKH, __ <
CIMMETPUYHBIE TOUKE & OTHOCUTE/Ib- \ M2 e
HO CTOpPOH deTBepTu Kpyra. lajee "

* * * *
crpouMm touku &, &, &, &, cum-
METPUYHBIE MOCTPOCHHBIM TOYKAM
OTHOCUTEJILHO TIPOJIOJIZKEHUIT CTOPOH
geTBepTH Kpyra (TO €CTh OTHOCH-
TEJIbHO  OKPY?KHOCTU HpHMbIX

{6 =0}, {&=0}) (pHC

[Tpu 3TOM, B «IIE€PBBIC OTPAKEHU» o
* * * <
S1 ) 52 ) 53 HIOMEIIAEM - OTpUIATEIb Puc.4. OrpaxeHus Touku £ OT IpaHMI]
HbIE€ 3apsAbl (—C]1), (—CI2>, (_Q3)7 JeTBepTH Kpyra

BO «BTOpBIe OTpazkeHUus» £, &, &§ — MOJIOKUTEIbHBIE 3aPAIb ¢4, (5, (6, & B
«TpeThe OTpaykeHne» & — OTpulaTe bHbIH 3apsii (—gr).

IMTar 3. Umewm pemtenne 3amaqu (6.2) — (6.3) B Bume

g=—E(qz, &) + E(@r, &) — E(g3x, ¢383)+
+ Bz, @&) — Elgsz, ¢:&5) + Elgex, ¢6és) — Elqre, ¢&7) =
WECUC i In &5 — 93*\ &5 — fc*\ &6 — fv*\ |
2T 39597 & — x| - &5 — x| - |&§F — x| - & — 2
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YT00bI BBIIOJIHSIIOCH KPAaeBOe yCJI0BUE

1 1
— In ,

BO3bMEM 3apsi/Ibl BHYTPHU IIOJIHON OKPYXKHOCTH @3 = 5 = (g = 1, a cuMMeTpuy-

€]

HbIE VM U 3apsIy B TOUKe & OTHOCUTEIHLHO OKPYKHOCTH 1 = (o = G4 = (7 = -
(no anasornu ¢ popmysroit (6.21)), c. D Takum obpazom, In “ZEI — ()

0143057
1 1 &5 — x| - [§1 — =] - [§5 — 7]
&5 =zl 16 — 2| & — o] - [§5 — x|
ITar 4. Crpoum dyukiumio ['puna o dopmyre G(z, §) = E(x, &£)+g(z, &).
1 s—x|-|& —x| - | —
G@’@:ﬁ%(mf_x“*“m=gaMQJ%wGLEWM;—M>:
L, el 6ol I ol o
&5 —xl - 1§ — x| & — o] - [§F —a]

3/1eCh JIETKO 3aMeTHUTh, 9TO Bb160p qi, ..., g7 OBLI yJIadeH: B caMOM JieJie, TOI'JIa,
KakK 1 Tpedyer onpejiesienne gpynknuu ['puna,

g_

. * _— . * —_— . [—
ves ‘51 |“§3_$|“§5_5I3|“§7_5L’| zes
IIpuBomuTs nosyuennyto dbynknuio I'puna x Bumy, rae mer &, ..., &7, He
craHeM (9TO He OYeHb CJIOXKHO, HO OY€Hb TPOMO3JIKO).
. (&5 —z]-|& —a|-|& ~a]-|e—a]
Omser: Gz, &) = 5 Injepe e el

7. BBezeHue B Teopuio IOTEHIAAJIA

7.1. O6bemusblii noreniuas. OnpenejieHne U cBoiicTBa

BeromuuM, 9T0 MBI Ha3biBaeM (pyHIaMEHTAJIbHBIM pellleHrneM ypaBHe-
Hug Jlamigaca B n-MepHOM OPOCTpPaHCTBE (DYHKIUIO:

L Infé — al, T

1
— S T npu n = 3.

Tenepb MBI MOXKEM JIaTh OIpeJiesienre 00HLEMHOTO TTOTEHITNATIA.

Omnp. 7.1. O6beMHBIM ITOTEHIMAIOM (IIOTEHIINATIOM OObEMHBIX MAaCC)
¢ TIOTHOCTBIO (4(&) B orparndenHoit obactn D HasbiBaeTCs (yHKIHS:

me/EmmM@&. (7.2)
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Omp. 7.2. HbI0TOHOBBIM 00bEMHBIM MMOTEHIIAAJIOM C IJIOTHOCTHIO (4(€) B
orpaHUYeHHOIT objacTu [ Mbl OyJeM Ha3blBaTh PYHKIIHUIO:

uy(z) = / Ex(z, ©)u(€)de, (7.3)

e
En(z, &) = —w, E(x, §) — (7.4)

06braHBIT HhI0TOHOB moTerIna (M. omp. , C. .

Bameuanue 7.1 (pusnaeckuii CMbICT).
C yuerom dusndeckoro cmbiciaa Hporonosa norenimara (em. c. 41)) Heiotonos
00BEMHBIIT TOTEHITIAT O3HATACT
® B 3-MEPHOM CJiydae — IOTEHIIHAJ SJIEeKTPUUECKOro IMOJIst, CO3/aHHOIO 3a-
PSZKEHHBIM TeJIOM D ¢ IIIOTHOCTBIO 3apsiyioB (4(€), JIMO0 TPaBUTAIIHOHHOTO
I10JIsA, CO3/IAHOr0 TesoM D ¢ mnoTHOCTBIO Mace (4(&);
® B 2-MEpHOM CJIydae — MOTEHIHAJ SJEKTPHIECKOTr0 T10JIs, CO3JAHHOr0 3apsi-
JKEHHBIM OCCKOHETHBIM BJIOJIb OCH &3 IMIMHIPOM C cedeHneM D ¢ I1oT-

HOCTBIO 3apsiyioB [4(€1, &) (He 3aBucsimeil 0T KOOpAUHATHI £3), OO Tpa-
BUTAIMOHHOIO I10JIsI, CO3JaHHOI0 TAKUM IUJIMHJPOM C IIOTHOCTBIO Mace

:u(gla 52)
YrBepxkenue 7.1 (cBoiicTBa 06bEMHOIO MOTEHIINAIA,).
ITyemv D € R"™ — oepanuvennas obaacmsv ¢ Kycouwno-2aadkoti 2paruyer.

Qynryus u(z) sadaemea gomyaot (7.2), 2de p(&) € C1(D)NC (D).

Tozda: 1. 0 n=2, npu p(g): gﬂ(y)dy # 0;
Jim u(z) =< 0, n=2 npu p§): [ply)dy=0;
r|—0o0 D
0, n = 3.

2. Oynryusa u(xr) € CHRY) u pasencmeo (7.2) mooicno duddepernyuposams
no x (1 pas), 6eps npoussodnyto 6 NPasoti Hacmu nod 3HAKOM UHIMEZPAAA.
Bmopuwie npoussoduvie nomenyuana u(x) npu nepexrode uepes 2paruy mep-
nAM Pa3pole

0u 0%u 20

5.2 - a2 = il ) (7.5)

8xk z€D aﬂfk z€R™M\D n

z—zeS z—z0eS

B saorciom wacmmom cayuae, xozda u = u(r), gopmyaa (7.5) npunumaem
6ud

d*u d*u 0

— - — = u(z”). 7.6

dr?| zepD dr? r€R™\ D ,LL( ) ( )

z—20€8 z—x0cS
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3. Oynruyua u(x) assaemea pewenuem ypasuenus Iyaccona

Au(z) = { g‘y(x)’ N ;%ﬁ (7.7)

4. Dynruua

M@:/b@mmwﬁ, (7.8)

(ede G(x, &) — dynryua 'puna 3adawu Jupuxae das ypasnenus Jlansaca
6 D) asasemcsa pewenuem zadavu Jupuxae oan ypasherus [lyaccona

{ Av(z) = p(x), x € D;

U(CIJ)’ =0, reS=0D.
x€dD

(7.9)

5. Ecau naommnocmo o 3as8ucum moavko om r = \/x% + ...+ 22, mo obsem-
noiti nomenyuan u(x) makoce ecmv GYHKUUA MOABKO T

u = u(r).

ﬂonasameﬂbcmeo.

1. Ilpuz € D dbynxmua E(z, &) menpepoisra no & na D. ITo Teopene o
cpejHeM, Haitjgercs £ € D Takas, 9To

mm:/Eummwﬁzmew/m&%z

D D
= W& —a| - [ u(E)de, wpit 0 — 2
— D
— s ME)de, npu n > 3.
D

B custy orpanudennoctu obsacru D, 1ipu |z| — 0o u npousBosibHOi £ € D
BbIpazkenue |r — £*| crpemurcst Kk 00. [losTomy B iByMepHOM cjiydae B Ipejiesie

o npu [ p(y)dy # 0 uz-3a In|&* — x| — 0o moyunm oo,
D

e npu [ pu(y)dy = 0 noyunwm 0,
D

1
wp (n—2) [€*
(Tak Kak WHTErpaJj OT OrPAHIYIEHHOMN [ OTPAHIIEH ).

2. He rasasich B nojpo6uoctu, ckazkeM, uto daxt u(z) € CH(R™) ciaemyer
13 001ieil Teopun HecOOCTBEHHBIX MHTErpaJioB. (MHTepecyomneMycst dIuTaTesito
MOPEKOMEH IyeM TounTarh, Hanpumep, §1.1, myskr 4 xkuuru [4].)

a B Tpex- u 00jiee MEpPHOM ciydae — u3-3a =z 0 mMmeeM HYJIb
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B cBoto ouepesib, pakT cKauka BTOPBIX IPOM3BOIHBIX JOKA3bIBACTCA TaK: Bbl-
YUCIAETC 2-9 MPON3Bo/iHas BHYTpU [ MyTeM BhIpe3aHus MaJeHbKOTO IapuKa
BOKPYT TOUYKU & U yCTPEeMJIEHUS JIMaMeTpa TOro MapuKa K HYJIIO, B pe3yJjbTare
4ero MoJydaeTcs

0%u(x) / 0’E(z, y) () .
=v.p. | ply)——— = dy + —, r € D. (i)
0r3 |,cp ) ox? n

D

3areM BBIUMC/ISIETCST 2-51 IPpOU3BO/HasA BHe D, Tam y E HeT ocobeHHoCTEN, 110-
STOMY JndDepeHITUPOBATL MOYKHO TI0 TTapaMeTpy O] 3HAKOM HHTerpaJia;

Ou(x 0?E(x, oy = ..
() = /u(y)% dy, z € R"\ D. (1)
z€R"M\D k

2
ox;,

Tpebyemast dbopmyna (7.5]) momyudaercst, ecian B JABYX TMOCJAEIHIX PABEHCTBAX
yerpemuth  — 10 € S u Bbruects (i) us (i). (ITogpobHblil BBIBOJL (OPMYJIbI
(i) B ciiyaae n = 3 npusejien, nanpumep, B kaure [9], c. 363 — 366.)

dopmyiia nostyvaerca g u = u(r) u3 paBeHcTBa

Au(r) =u"(r) + - 1u'(7") = Zuzkwk,
k=1

r

OTKY/la BHYTPH TeJja MOJLyYacM

—1
u//(r) + n

a BHE TeJia
n—1

u'(r) + u'(r) = 0.

Yerpemiiss Tenepb T — :130 € S, HOJYyYNM B CHJI 7.9)):
)

—1
u(r) + () -
Z'EDO r zeD
T €S z—zeS
o . n—1 / _ 0
Y (T) r€R™\ D r v (T) r€R"\D —/L(ZU )
rz—zes rz—z'es

Ocraoch BCIOMHUTD, 9TO TIepBast Mpon3BojHast u' (1) HernpepbiBaa B R") 11 MbI
OJTy YaeM

1" o — 0
W0 Ly 0]y =)
r—r’es r—ax'eS
3.  Tpebyemblie pasencrsa cpasy ciegytor u3 dopmya (i) u (i), ecin ux

npocymMMupoBaTh 1o k ot 1 jo n. Ho MbI BeIBejileM nX mHaUe, YTOOBI €Ile pas3
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IPOIJIIIOCTPUPOBATD IIPUMEHEHNEe allapaTa TeOpUr OOOIEHHBIX (DYHKIHI 1
nosib3y gokaszanHoro Hamu B Ne [ Cemunapa K 6 — 3 paBencTBa

AFE(z, &) =6(x — &), n = 2. (7.10)
[Ipumennm k pasencty (|7.2]) omepartop Jlamaca:

Au(z) = A, / E(z, €)p(€)de = / ALE(x, €)p(€)ds =

D D

= [pony @) = [ 60— Ou(e) = uto)

D

(Borpoc o mpasomeprocTn juddepeHinnpoBannst HecoOCTBeHHOTO Tipn - € D
UHTErpaJia 1o rmapamerpy, Kak TpeOyolnuii 00beMHOI0 JOMOJTHITEIbHOTO HC-
CJIeIOBaHUS, MBI pACCMATPUBATDH He cTaneM. I 3aMeTnM, 9T0 MMEHHO B 9TOM Me-
cre HAM TTOTpeboBaiach HelpepbiBHast uddepentupyemocts (). dns dynk-

nuit 4(§) € C (D) pasencrso Au(z) = p(z), x € D MOXKeT GBITH HEBEPHO. )
BameTnm, 9TO MOJTyUeHHAs GOPMyJIa JaeT HAM OTBET cpasy u npu & € D, n
npu x ¢ D, Tak Kak TaM IJIOTHOCTh

p(x) =0, v ¢ D.
4. Bcromonm, 9T0

Oyuknueit ['puna G(z, £) 3amaun dupuxiie qisa ypasuenus Jla-

niaca naseiBaerca bynxiua G(x, £), x # & € D, obnajaromas coii-
CTBaMU:

1) Ona nmeer Buj

G(x, 5) — E(JT, f) —I-g(ZU, 5);

rie E(x, ) — ®ynnamenrtaibHoe perieHne ypasHenus Jlamiaca, a
dbyuxiust g(x, ) rapmonndna B D Kak 1o x, Tak u 110 &:

Apg(r, §) = Agy(x, §) =0,  z,6€D.

2) G(x, &) =0, G(x, &) = 0.

zeS ’ £es -

Anajiornvno myHKTY 2, npumenuM K pasenctsy ([7.8]) omeparop Jlamnaca:

Ao(z) = A, / G, Ou()de = A, / (E(z, €) + g(x €)) pl€)d =

D D
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:/Amu@m®%+/AM%®u®%=

= [B CUJLy } = /5(:U—§)M(§)d§+o = u(x).

[Tosromy dyukus v(x) ectsb perienne Toro ke ypasuenust [lyaccona Av(z) = 0.

A rpanndnoe yciosue v(z) = 0 cpasy ciejyer u3 MyHKTa 2 OlpeeIeHus
x€OD

dynxmun ['puna:

5. Cwm. Nl c.[99 O

Benomunm, aro B custy teopemst [5.1], ¢. 59| pemenue 3ajgatu dnupuxie

Au =0, x €D,
u(w)| = (e, res
xeS
IpeacTaBJIsICTCAd B BUIE:
0G(x,
ulw) = [ oeyas, )
Ve
S

OO6beIMHNB 9TOT PE3YJIBLTAT € TOJIBKO UTO JIOKA3aHHBIMU paBeHcTBamu ((7.9)),
[IOJTy 4aeM:

YrBepxkaenue 7.2 (perrenne [-oit Kpaesoit 3aa4an 1711 ypasHenus Jlamiaca).

ITyemv D € R™ — oepanuvennan 06aacmo ¢ KYcouwHo-2400K00 2paru-
yet. Qynruua G(z, §) — dynrwyua Ipuna 3adavu Jupuzae daa ypas-
nernua Jlanaaca 6 D.

Tozda pynryus

o) = [ 6t e+ [ Spease

D S

asaaemcea pewenuem I-ot kpaesoti 3adavu daa ypasnenus [lyaccona

Au(z) = f(z), veD:
{ u(z) = (), zeS=0aD. (7.12)

redD
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7.2. Ilpumepsl perienus 3aaa4

Ne 260M,
HO’ECL()’CL’I?’L?) cnpased/meocmb pasencmes
OE(z,y) , [ 1, y € D;
/—aﬁx dsy =1 ¢ 4 e R\ D, (7.13)

S

2de D — mobas oepanuvennan ooaacmo R™ ¢ 2nadkoti epanuuet S.

1. Paccmorpum y € D. Ilo ocroBroli dpopmyiie I'puna
oF 0
o) = [ (05 e, 9 %) st [ B, ) dutr)
s D
(7.14)
B3s1B u(x) = 1, HEMEJJIEHHO TIOJIyIaeM:

= 289 g,

Diie
S

B cuny cummerpuanoctu pynknun ['puna, n nepenMmenoBas x B ¥y, a £ B T,
MOJIYINM TpedyeMoe paBeHCTBO 1pu y € D.

2. Paccmorpum y € R” \E ITo BTOpOIT hopmyste I'puna

/(vAu — uAv) dxr = / (vg—; — u%) ds, (7.15)
D s

npumenennoit Kk u = 1 nw v(z, y) = E(z, y), B cuuy rapmonnanoctn F(z, y)
BCIOJLY, KPOME TOUYEK X = ¥, TTOJIY IUM:

_ o(1) OE(, y)
/ vé(/ll — AE(x, y) da:—/ E(¢, y)ﬁ; — 5 ds,
D =0 =0 S

ortkyna [ %ﬂty) ds, =0 mpuy € R"\ D.
s

Ne 261. ®opmyina I'aycca.
Jlas nomenyuana u(x) obsemmur mace, pacnpedeaenmvix no obaracmu D C R

¢ naomnocmoio pu(x), dokazams cnpasedausocmo dopmyave Laycca

agg) dS, = / p(y)dy., (7.16)

S DNOG

2de G — mobas oepanuvernran obaacmv R™ ¢ enadkoti epanuued S.
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ds,  QGYHKIUIO  00BEMHOrO  IOTEHINAJA

Ou(x)
[TogcraBuM B g o

ZI{E(% y)u(y)dy:

87% dS - S/ af;x / Y)u(y)dy dS; =
OE(x, OE(x.
S/D/ E(zx y) (y)dy dS, D/,LL(y)dy S/%xy)dsx
= |:B cuty (hopMyJIbl 7.13} = / w(y)dy.

DNG

Samevarue 7.2.
IIpu coBnagaronux obnactax D = G dhopmyra [aycca npuanmaer Bua dhop-

MmyJibl Faycca — Ocrporpa/ickoro:

ou(x) B
o ds, —/Au(y)dy.

oD D

Opnnako y Hee OoJjiee HIMpOKasi 00JIaCTh HPUMEHUMOCTH, Belib objiactu D u G
MOT'YT PacIojararbCsi APYr OTHOCUTEIBHO APYra MPAKTUIECKH TPOM3BOJILHBIM

obpazoM.

Ne 268V,
IHokxazamv, wmo pynruyua

u(x, y, z) = (7.17)

2de 12 = x? + Y + 22, asaaemcea nomenyuaiom u(x, y, z) 06BeMHHLT Macc,

pacnpedesenroir no wapy v < R ¢ naomuocmuio | =
a) pewas ypasrenue Hyaccona Au = p,  6) npumenas gopmyary Laycca.

a) Bocmosb3ayemcest cBoiicTBOM 5 00beMHOTO moTenimasia. [lockoibKy TaH-

Has HaM (PYHKIUS (4 €eCTh (PYHKINS TOJBKO pajuyca r, TO W MCKOMbBIIl TOTeH-

nuaJj Oyser byHKImeir oT 7:
u = u(r).

A Tak kak omnepartop Jlamiaca B 9ToM ciydae U JijId n = 3 UMeeT BU/I

L),

Au(r) = =
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To obiee perterne QY

Au:r—lg(r2u'(r))/:0, r > R,

KaK Mbl yOeI/IICh [IPU BbIBOJIE (DyHIaMeHTa bHOTO perterust (c. [41]),

c
U= —+ ¢, r > R. (i)
r
Ternepn Haifiem obree pereHne BHYTPH Iapa:
]_ D) / /
Au:ﬁ( u'(r)) =1, r < R.

2

JloMHOYXKaeM Ha 7 U WHTErpUpyeM IEPBbIil pa3:

P = = =D
oTkyna u'(r) = £ + % u, HaKome,
2
u:%—%+c4, r < R. (ii)

Ocrasioch HafiTH 3HaYEHN KOHCTAHT, JJIsT KOTOPBIX BLIMOJIAHAIOTCSA CBONCTBA 2
— 3 00bEMHOTO TTOTEHITHAJA, TO €CTh

1) u(r) — 0 mpu r — o0,

2) u(r) ObL1a HenpepbiBia npu r = R n orpanndena npu r < R (310 cieayer
13 HENpPEepbIBHOCTH U B D),

3) u’(r) 6bu1a HenpepwiBHA TIpH T = R,
1) Tpebosanne u(r) = < 4 c; — 0 mpu r — 00 cpasy JaeT HaM

Co = 0. <1V>

2) Hemnpepoisrocts u(r) npu 7 = R o3nadaer (¢ yaerom (iv))

OTKY/Jla II0JIy4YaeM YpaBHEHUE

R3
Cl+63—RC4: ?

A yCJoBHE OI'PaHUYCHHOCTH B IIape Cpal3y JdacT
C3 = 0, (V)
OTKY/1a

R3
c1 — Rey = & (vi)
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3) Henpepeisnocts w'(r) npu r = R maer vam (¢ yaerom cz = 0)

R . C1
3 RY
OTKY/Ia
R3 .
g =——. vii
1 3 (vii)
I3 ypasrenuii (iv) — (vii) mosyaaem:
R3 R?
cg=——, co =0, c3 =0, Cp = — —.
1 3 2 3 1 5
B pesyusbrare mnosydaem tpebyemoe Bbipakenue st u(r)
o r<R
u(z, y, z) = ([7.17)
3
- R_ r 2 R7

3aMeTnM, UTO CKa90K BTOPOI IIPOU3BOIHON JIJIs1 HAIEHHOIO IIOTeHIAJIA,

12
u(R=0) —u"(R+0) =3+ 5 =1=u(R),

KaK U JIOJIKHO ObITb B COOTBETCTBHH ¢ hopmyoii ckaaka ([7.6)).
6) Ilyctb 0OBEMHBIM MOTEHIUAIOM JJIst 3a/IaHHOM TIOTHOCTH [4(T) SIBJISI-

ercst HeKoTopast dyHkimst v(r). Pacemorpum map B, pajuyca p ¢ IEHTPOM B
0. IIpumenum xk nHemy @opmysy aycca:

ov(x)

ds, = dy,
o / 1(y)dy
S DNG

c copnajatomumu oosactamu G = D = B, n S = S, = 0B, yuurbiBasd, 4TO

i) — '(r):
[etords = [ utris (0

Ol

S, B,
—_—————
=v’(p)-4mp
Tax kak
1, r <R,
ulr) = 0 r>R
u3 (1) nosrydaem
4 3
) 7=, p< R,
dmpv’(p) = .
5, PR



[Tosemm na 47 p*:

£, p < R,
/
v'(p) = ,
52 PR
Orcrosia nmostydaem:
2
6 + C1, P < R7

3 yesioBusi HENpepbIBHOCTH O0HEMHOIO OTeHIna a (CBOHCTBO 2) HAXOJUM
IIepBO€e YpaBHEHUE JIJIsl KOHCTAHT €] U C3:

R? R?
U(R—O)—U(R-FO):F—FQ—<—?—|—CQ)ZO, —
R2
— 01202—7. (11)

Haxower, u3 yeinosust v(p) — 0 npu p — oo nojydaem, 9to co = 0, u u3 (ii)
Cpasy BBITEKaeT

= — —.
2
Taxkum 06pa3oM, 0ObEMHBIN MTOTEHIUAJ, COOTBETCTBYIONINI 3aIaHHON MLJIOTHO-
CTU [4, UMEET BUJ]

2 2
P R
G T o péR,

v(p) = .
- %7 1Y 2 Ra

TO eCTh COBIAJaeT ¢ u u3 pasencrsa ((7.17)).

7.3. Teopembr HpioTona

3 monydennoro B Ne 268 pesysibTara JIETKO MOJTYyJalOTCs W3BECTHBIE 1-g 1
2-g Teopembl HbroToHa.

Teopema 7.1 (nepsasi Teopema HbioroHa).

Ilomenyuan (epasumanuoniozo nois) ene wapa 00HOPOIHOT NAOTHOCTIU Pa-
8€H NOMEHUUAAY MOUKU ¢ MOt Hce Maccot.

Joxazamenavcmeo. IlycTsh MIOTHOCTH Iapa MOCTOAHHA W PaBHA [iy. 1OT/a Bce

BBIKJIAIKH, TIpoJeanuble mpu permennn Ne 268Y | ocratores B cimile, eciam mx
YMHOXKUTH Ha f4y. 1orja rnmoTeHnuas BHe mapa OyjeT paBeH

R3,LL0_ M
3r  dar’

r > R,
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Macce Iapa, jgejaenHoit va —47wr. Kaxk Bujino, o 3aBUCUT TOJIBKO OT MacCChI 1
He 3aBUCUT OT paJyca. YCTpeMJisas pajgunyc IR K Hysio, oJiydaeM JOKa3bIBAEMOe
yTBEPZK/ICHUE. []

Teopema 7.2 (Bropasi Teopema HptoroHa).

ITomenyuan (2pasumayuorro2o noit) 6HYMPU 00HOPOIHO20 WAPOBO20 CAOA Pa-
gen Koncmarme.

Joxazameavcmeo. PaccmoTpum 2 1mapa ¢ MOCTOSHHON TLIOTHOCTBIO 4y pajIny-
coB Ry n Ry > R;. Torna Bce BBIKJIAIKH, IpoJie/aHHbIe Ipu perernn Ne 268
OCTAIOTCs B CUJIE, €CJIM UX YMHOYKHUTBb Ha [, U NOTEHINAJ] BHYTpH I1apa Bp
pajmyca Ry Oyner pasen

2 2
r R1
- - — : r < Ry,
6 5 Ho 1
a BHyTpu mapa Bpr, paauyca Ry —

2 2
r R3
— - == : r < Rs.
6 5 Ho 2

Breraurast u3 mepBoro paBencTBa BTOpoe pu 7 < [, HaXo UM MOTeHInal BHYT-
PU IIAPOBOTO CJ0A OJIHOPOJAHON IIJIOTHOCTU L = [ig:

(R% - R%)Mo
2

9dTO U JOKa3bIBa€T YTBEPXKIECHUE. []

= const , r < Ry,

Samevarue 7.3.

Hokazas BTopyto Teopemy, HbI0TOH mmocTaBmii BOIIpoc: 6Hympu kaxux 00Hopoo-
HOLT TEN, TOAYHEHHDLT KAK PA3HOCTD 0YLT NOJOOHBIT MeEA (NOMUMO WAPOBO20
CAOA), NOMEHYUAN PABEH NOCTNOAHHOT Y

Enmy ynaiocs okasarh (yke BecbMa HeTPUBUATBLHBIM 00PA30M ), UTO 9THM CBOii-
CTBOM 00JIaJIa€T SJUINILINIECKUN CJI0, TO €CTh PasHOCTL JBYX IOZOOHBIX O
HOPOJIHBIX 3JUIAIICOMIOB C OOIINM IEHTPOM U (DOKAJILHOI MPSIMOIA.

[opasao moszKe ObLIO JT0Ka3aHO 0OpaTHOE YTBEP:KICHIE: HI B KAKUX OIHOPOJI-
HBIX TeJIaxX THUIIA CJI0sI, KPOMe SJLIHITUIECKOIO CJI0sI, IIOTEHIINA He MOYKET ObITh
[TOCTOSHHBIM.
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7.4. Ilpumepsl pernienus 3aaa4
Ne 267.
Ilokazamsv, wmo nomenyuas u(x, y) 006eMHbT MACC, PACTPEICAEHHBIT NO KDY-
ey r? = 22+ y? < R? ¢ naomnocmuio p = 1, daemca gopmyrofi
2 2
SoE <R
ulz, y) =4 (7.18)
% In , r>R:

a) pewas ypasuenue [lyaccona Au = i,  6) npumensn gopmyay Laycca.

a) Bocmosb3syemcest cBoiicTBOM 5 00beMHOTO moTeHrmasia. [lockobKy TaH-

Hasi HAM (PYHKIUST [ €CTh (PYHKIUS TOJBKO PaJInyca 1, TO U UCKOMbIH TOTEH-
nuaJj Oyser byHKIneir oT 7:
u = u(r).

A Tak kak omneparop Jlamizaca B 9ToM ciydae U I n = 2 UMEeEeT BU/I

Au(r) = ! (r u,)

r r’

To obmee perrerne QY

1
Au==(ru'(r) =0, r> R,
r

KaK Mbl yOeauuch 1pu Bboje dyngamentaibaoro peutenus (c. [40)),
u=cilnr+ c, r > R. (i)
Tenepnb Haiijiem oOIree pernieHne BHYTPU Kpyra:

1
Au==(ru'(r)) =1, r < R.
r

JloMHOYXKaeM Ha r 1 UHTErpUpyeM TEPBbLI pas:

7“2

(ru'(r) =r, — ru'(r) =5 T
orkysa u'(r) = L + 2 u, HakoHer,
2
U= + c3lnr + ¢y, r < R. (ii)

OcraJjioch HaiiTH 3HaYeHUsI KOHCTAHT, JJIsI KOTOPBIX BBIIOJJIHSIIOTCS CBOMCTBA 2
— 3 00beMHOI0 MOTEHIAaJa, TO €CTh

1) u(r) — o0 mpu r — 00 (Tak KaK WHTErpaj OT ji MO KPYIy HE paBeH
HYJTIO),
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2) u(r) Obu1a HenpepbiBHA TIpH T = R u orpanndena npu r < R (910 cieyer

13 HeNpepbIBHOCTH U B D),

3) u'(r) ObL1a HempepbiBHA 1TpH T = R.

1) Tpebosanue u(r) = c¢;Inr 4+ ¢ — +00 1pu 7 — 00 He JaeT HAM HUKAKOii

nHdopMaInm, Kpome

C1 7é 0.

2) Henpepoisrocts u(r) npu r = R o3nadaer

2

e + csnR4+c¢4 =c1In R+ ¢,

OTKY/la 110JIy4yaeM ypaBHEHHe

P
(c1—c3)INn R+ ¢y —cy = —.

4
A yci0BrE OrpaHnYeHHOCTH B KPyre cpas3y JaeT
C3 = 07
OTKY/Ja
}%2
calnR+c—cy = T
3) Hempepoisrocts w’(r) mpu r = R gaet nam (¢ yuaerom cz = 0)
R . C1
2 R’
OTKY/Ia
}%2
C1 — 7
s ypasrenuit (v) — (vii) mosyaaem:
R? R? R?
c1 = — co—cy=—— InR+ — cg =0
1 5 2 — C4 5 + 1 3
B pesysibrare mnosydaem Beipazkenue st u(r)
" r <R,
u(r) =
2 2 2
%lnr—i—al—%lnR—i—RT, r> R.

(iv)

(vii)

(viii)

Bribop ¢4 MOXKHO OCYIIECTBUTH U3 COOOparKeHUil pa3MepPHOCTHU: BbIparkKeHue

2
T €4 JIOTZKHO COCTOATD U3 C/IAraéMbIX OJIHOM PA3MEPHOCTH, KaK U BHIDaZKeHUE

2 2 2
% Inr + ¢4 — % In R + RT. DTOMY YCJIOBHUIO YJIOBJIETBOPSET TOJIHKO €JIMH-
CTBEHHOE 3HAYEHUE:
]%2
Cyp=— —.
4
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[Tpu Takom BeIOOpE ¢4 TIOTEHITHA (Viil) coBmamaer ¢ ([7.18)).
3aMeTuM, 9TO CKa4O0K BTOPOI IPOU3BOIHON JIJIsl HAIEHHOIO OTeHIAIa

11
u'(R=0) —u"(R+0) =5+ 5 =1=p(R),

KaK 1 JIOJZKHO ObITh B coOTBeTCTBHN ¢ (hopMyJIoit ckauka (7.6 (1 910 yemosue
He JaeT HaM HUKakoi nHdOpMAaIuy Ipo 3HAYCHUe C4.

6) IlycTtb 0OBEMHBIM MOTEHIUAIOM JIJIst 3a/IaHHOM TIOTHOCTH [4(T") SIBJIsI-
ercst HekoTopas yukuus v(r). Paccmorpum kpyr B, pajuyca p ¢ LEHTPOM B
0. [Tpumenum x Hemy @opmysy laycca ((7.16]):

ov(x)
dS, = dy,
o7 / puy)dy
S DNG
¢ copnaaromumu obnactamu G = D = B, u S = S, = 0B,, yunTeiBag, 4TO
dv(x) _ v/(r):
Oity :
[ eords = [ utriz ()
S, B,
—_———
=v'(p)-4mp?
Tak kak

u3 (i) mosrydaem

[Tonenum na 27 p:

5, p < R,
/
vi(p) =
R2
2p7 P P R
Orcrozia rosydaem:
2
4 + C1, 1Y < R7

%lnp—kc% p > R.

I3 yenoBus HEmpepbIBHOCTH O0BEMHOTO MOTEHIHAa a (CBOHCTBO 2) HAXOINM
1IepBOe YpaBHEeHHe JIJId KOHCTAHT ] U Ca:

R? R?
”U(R—O)—U(R—FO):Z—FCl—(? lnR—FcQ):O, —
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R?* R?

— c1=c— —+— InR. ii
=o- (i
Hakoner, u3 coobpazkenuii pa3sMepHOCTH BbITECKAET
R? R?
cp=—-—, co=—— InR.
! 4 ’ 2

Takum obpaszoM, 06bLEMHBII TOTEHITHAJ, COOTBETCTBYIONINI 3a/IaHHOI TTJI0THO-

CThu [, UMeeT BUJI , ,
e & <R
1 1 Px I
o) =4
5 1

TO €CTh COBHAJAET ¢ u u3 pasencrsa (|7.18]).

ng,  p=hR

Ne 1. loxasamo, umo ecau naomuocms i (1, ..., Ty) 3a6ucum om x

MOALKO “epe3 1 = \/x% + ...+ 22, u oepanuuennan obaacmv D chepunecku
CUMMEMPUNHG, MO eCMb NEPexodum 6 cebs npu A00bLT NOBOPOMAX BOKPYe2
nauasa Koopdunam, mo obsemmuili nomenyuan u(xT) makosice ecmuv PyHKUUA
MOALKO T

u=u(r).

Jloxazameavcmeo. B iepBy1o odepesib 3aMeTUM, 4TO CPepruIecKrn CUMMeTPUY-
Has 00J1aCTh MOYKeT IPeJICTaB/IsATh CO0OI TOJIBKO:

® [[1ap C IICHTPOM B HYJIe,
® 11IapPOBOIl CJIOI C IIEHTPOM B HYJIE,
e 00beINHEHNE Iapa 1 IapOBbIX cnoeBE| C [IEHTPOM B HYJIE.

B sitobom citydae orpanumdeHHas 06siacTh [ coJiepKUTCs B HEKOTOPOM ITTape.
Ilyctb Bi — map ¢ neHTpoM B HyJIe, cojiepzKaliuii ooactsb D, n mycTb pyHK-
st u(x

u(w) = [ Bl - 2pucz)d: 0

SIBJISCTC OO'bEMHBIM TTOTEHINATIOM [JIsT 33/IaHHOf 11oTHOCTH f4(T).
Obo3naunm 4yepe3 A MaTpuily Ipon3BOJIBHOIO MOBOPOTA CHCTEMBI KOODJIU-
HaT:

z = Ay.
Torna sikobuaH 1mepexojia
9z 9z
D(z dyr " Oy
(): cer eve .| =det A.
D(y) |0z 0z,
82/1 e 8yn

1Ectp eme chepsl, HO OHE SIBISIOTCS He 00gacTAME B R™, a IIOBEPXHOCTSIMIL.
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3 inneitnoit ajaredpbl U3BECTHO, YTO JIMHEHHBIH ollepaTop, HepeBOISIIN OPTO-
HOPMUPOBaHHBIIT 6a31C B OPTOHOPMUPOBAHHBII Oa31c, nMeeT OPTOTOHAJIBLHY IO
MaTPHUILY, TO €CTh TaKYIO, JJisd KOTOPOl CIIpaBe/lJINBO PaBEHCTBO

AT = A7 TN AAT = ATA=F,
rie F — equnnanag matpura. [lostomy
det A = det AT = det A™' = £1.

(Crporo rosopsi, onpejesintesib det A MozKeT ObITh B HAIIIEM CJTy9ae PaBeH TOJTh-
KO +1, Tak Kak II0OBOPOT COXPaHAET OPUEHTAINIO CICTeMbl KoopauHatT. O1HaKo,
HaM 9TO He OUYEHb BayKHO, IIOCKOJIbKY IIPU 3aMeHe IIePEeMEHHBIX 1101, 3HAKOM MH-
TerpaJjia SKOOHaH TMOSIBJISETCS TOJBKO T10J] 3HAKOM MOJLYJIS. )

Hrak, sskobman mnepexoma

D(z) .
= |det A| = 1. i
D= ldet 4 i)
Hawm nonaiobures eme ogH0 BCIOMOTaTE/ILHOE paBeHCTB(ﬂ:
Az — Az] = |A( — 2)] = Al Jo — 2] = |z — 2] (i)

[ToneiicTByeM Ha TOUKY & B paBeHcTse (i) omepaTopom moBopota A:
u(Az) = /E (|Az — 2]) p(z)dz = {cgeﬂaeM 3aMeHy 2 = Ay} =

D

= / E (JAz — Ayl) p(Ay)
~1(Br)

- / E(jz — o) uly) dy = u(z).

Br
Irak, eciim Touka Ax TOJIydeHa B pe3y/IbraTe MPOU3BOJIBHOIO MOBOPOTA CHCTE-
MBI KOODJIMHAT U3 TOYKU T, TO ecTh ecu |Ax| = |z|, To
u(Azx) = u(x).

[]

'Hopma oneparopa A paBHa eIMHHUIIE, IIOCKOJIBKY IIOBOPOT IIEPEBOIUT €IHHIYIHYIO cdepy S1 B cebs, a II0 OIpPeIeseHIIO

[|A]| = sup ||Az|| = [B HameM ciaydae| = sup 1 =1.
TE€Sq €Sy
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Ne 263.
Hatimu naommnocms p mace, pacnpedesennvix no obaracmu D, ecau uzsecmmo,
umo obsemmviil nomenyuan u(x) smur macc 8 D

u(z) = (2 +y* + z2)2 -1 (7.19)
[Tockonbky pannas dbyukiua u(x, y, z) = r* — 1 ecTb GyHKIUs TOJIBLKO OT
7 B 3-MEPHOM IIPOCTPAHCTBE, TO
Ly 2 2, 2 3 2
Au(r) :ﬁ(r ur)r:urr—l—;ur: 12r —1—;-47“ = 20r°.

OrBer:  pu(z, y, z) =20 (22 + > + 2%).

Ne 270.
Ilomenyuan u(x, y) o0BeMHOT Macc, PACHPEIEAEHHBIT N0  KPY2y
r? = 2% +y? < 1, 3adaemea enympu xpyaa Gopmy.aot
Ly
= —(r"—1). 7.20
u(w, y) = 76 (" = 1) (7.20)

Hatdmu maccy M 6 xpyzosom xosvue K = {%1 <24yt < %}
1. Haxoxaenme p.  Ilockonbky manHast (yHKIUSI

Ly
= = — —1
u(z, y) = u(r) T: (r ),
3aBUCHUT TOJILKO OT HOJISIPHOIO PaJINyca, TO
1 1 Ap3
Au(r) = up + U= 6 (127“2 + — ) = 72,

Urak, pynknms g uMeeT BU:
2

T4, r<l,
iz, y) =

0, r > 1.

2. Haxoxxnaenme M. Macca ¢purypbl paBHa HHTErpaJjy OT €€ ILJIOTHOCTH
110 ILJIOIIA I,

27 3
M = / r? drdy = [B OJISIPHBIX KOOpZLI/IHaTaX} = / dy / r2 o dr =
K 0 1

4
r
=27 —

4

o (1 1\ 7 15 157
B 16 256 2 256 512°

.4 \16 256) 2 256
4

. _ 157
OTBeT: M = =15
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Ne 269.

I[lomenyuan u(x, y) obseMHOT Macc, PACNPEIeAEHHBT N0  KPY2y
r? = 2% +y? < 1, 3adaemea enympu xpyaa Gopmy.aot
x
u(z, y) = 3 (r*—2). (7.21)

Hatimu naommuocmuv mace b u 3nhaverue nomenyuana w(x, y) npur > 1.
1. Haxoxaenmne y. [lockonbKy mannast (yHKIUS

(e, y) = ulr, 9) = ——F (2 _9),

8
a B TIOJISIPHBIX KOOPJMHATaX orepaTop Jlammaca nveer BUI
1 0 ou 1 Q%
Au=—-—|r - — — - — 7.22
Y o (T 8r>+r2 0?2’ (7:22)
TO I U = g% (7“3 — 27“) MIMEEM:
1 1 3rcosy Ccosp 9 COS
Au(r, @) = uw+;ur+ﬁ-uw =~ + < (3r°—=2)— 52 (r*=2r) =
3rcosyp  2rcosp
= 1 + 3 =Trcosp =ux.

Urak, GyHKIWUA (4 UMEET BUJL;:

x, r <1,
wlx, y) =

0, r> 1.

2. Haxoxpaenme u. [lo dopmye ((7.2)), onpepesnstiommeit 06beMHbIil TOTEH-

aJ,

U(ZIZ, y) =
= /E(x, y; & mp(&, n)dédn. (7.23)

A Tak Kaxk B JIByMEPHOM CJIydae

E(z,y;&n) =Iny/(z — €2+ (y — n)?,
HaM Hy?KHO BbBIHUCJIUTHL II0 KPYFy

0 < p < 1 e p = /52 ,,72 cIIe- Puc.5. Pacnonoxenue touek (z, y) u (€, n).
Y Y
AVIOINIA NMHTerpaJl:

u(z, y) = /E(x,y; E,np(§, n)dédn =

D

:—/ln P (y P € dedn=

p<l1 pCos ¢
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21 1

1
= [B MOJISIPHBIX KOOPMHATAX (p, gp)] > / cos i dp / In R(r, ©)p*dp.

0
(1)
Mper obozraummn (puc. ) depes R soipakenne \/(z — &)2 + (y — n)?2, pasHoe
JUTNHE BEKTOPa Pa3HOCTHU I° — P, OTKY/I&

R?> =7r? 4+ p* = 2rpcos(p — o) = r* + p* — 2rpcos .
[ToaTomy

_ 1 P\? P .
lnR—lnT—i—an {1%—(7“) 2 . COS@/J]. (ii)

O6o3HaumM, 4TOOBI YIPOCTUThL 3alliCh, Apobb £ wepes t u yGeammcs, uTO
In(1 + t* — 2t cosv)) packiapiBaeTcs B ps

= 1" cos(na))
In(1+¢t*—2t = —2 —_— t| < 1.
n(1+ cos 1) 521 - : it < (iii)

B camom gene, npopuddepentupyem (iii):

2 o o0 [e¢}
1 +(; _C;:ilw = —QZt”_l cos(niy) = —QZ cos((k+1)y).  (iv)

n=1 k=0

Ps1 B mpasoit actu, pasioxkus cos((k+1)1) o dpopmyste Ditepa, mpecraBum
B BHJIE CYMMbI JBYX OECKOHEUHO YObIBaOMNX (IO MOJYJIIO)) MeOMETPHIECKIX
IIPOT'PECCHUIL:

Ztk cos((k + 1)y Zt’f ( DY 4 e <’f+1>¢) =

- W 1 e 1

‘ e
fh ik —I— tko—iky _ & 4 ) S
Z kzg 2 1 —tew 2 1 —te W

B eV —t et B cos —t
C2(1 —te) (1 —te=™) 142~ 2tcostp’

Nrak, (iv) 06ocHOBAHO, TAK KaK OHO MOJIyYaeTCs JOMHOXKEHHEM IOC/IEeTHEro

o0
noJTygeHHoro pasenctsa Ha (—2). [Ipu sToM 3ameTnm, 9To pagsl » trelV
k=0

13amernm, uTo aroT psag — psg Pypbe MO KOCHHYCaM, U ero Ko3bMUIMEHTh MOYKHO GBLIO GBI MOIYYIHTH 110 CTAHJAPTHBIM
dbopmynam

I

1
an = f/iln(l + 12 — 2t cos 1)) - cosnap dip.
™
0

OTu MHTErpajbl HaJO CHaYaja B3sTb II0 YACTSIM, YTOOBI M30aBUTHCS OT JorapudMa, a 3aTeM, HAIPUMED, CJIeJIaTh 3aMeHy
w = €'Y koropas cBeger 3a/la4y K WHTEIPUPOBAHMIO PAIFOHAJBHOMN JIpo0u.
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o0

S the ™ exonares npu Beex [t < 1 (azKe JyIst KOMIUIGKCHBIX 1), TIPHYEM HX
k=0

CXOJINMOCTH PaBHOMEpPHa B JIFOOOI 3aMKHYTOI 110100/1aCTH TOr0 Kpyra, M03TO-
MY UX MOXKHO MHTEIPUPOBATH MOUJIEHHO.

[TockosIbKY MPOM3BO/IHBIE JIEBOI 1 TpaBoil dacreil (iii) paBHBI, TO YTOOBI yOe-
JTUTHCsT, 970 (iil) BepHO, HAM JOCTATOYHO MTPOBEPUTH, UTO OHO BBITTOJIHACTCST TPU
t = 0. A 570 eificTBUTEIBLHO TAK:

On
In(1+02—2-0-cost)) = —QZM 0.

Tenepb BepHeMCsI K MHTErpaJLy IpaBoil 4acTu (1)

2w

/COSSO 90/1111]% 2d,0— [B cuy (ii) (lﬁ)} _
0

27 1 50
— /COS(P (p/p2 [21117-_ M] dp:
nrt
0 n=1
o1 2 1 - 2 1
_ nr n+2 _
== /cosgodgp/ — 2—2 / cos ¢ cos(ny) dgp/p dp =
0 0 n=1 0 0
0
27
1 & cos(p + ny) — cos(ny — ) o3 |t
= o 5] - [ -
27T§:1nn/ 5 il ¥ = p—o
= 0
= — ii;/ cos [(n+ 1) — o] — cos [(n—1)p — @] | de.
A “= n(n+3)r"
n= 0

Haxkoner, Tak Kak wHTerpaj OT KOCUHYCA IO IEJIOMY YHUCTY MePHOJIOB pPaBeH
HYJIIO, TO TIPU BceX n, Kpome n = 1, cjaaraeMble psijia 0OPAIAlOTCd B HYJIb.
[Tomygaem, 9TO BeCch PsJi BBIPOXKIAETCS B IIEPBOE CJIaraeMoe:

2w

1
/Cosga cp/lnRr ©)pdp =
0

2
1 1 COS

X
:_Eﬂ EOS[QQO—QOO]J—COSQOO d@:— 3 :_@~ (V)

0 JACT HYJIb
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Orciona u u3 (i), HAKOHEII, TT0JIyIaeM

x
u(z, y) = — P r>1.
3amernm, 9T0 HarpuMmep npu @y = 0, To ectb B Touke (2, 0), KOrjga r = x, Mbl
MOZKEM JIEIKO IPOBEPUTDH HENPePLIBHYIO A dEePeHITPYyEMOCTb HAIIEIO 00bEM-
HOTO HMOTEHIINAJIA IIPU Iepexojie Jepes r = 1

1 1 1 1
1-0,0)==(1"-2)=— = 140, 0)=— __ =

1 1 1 1

A(1—0,0)==(3-1>-2) = —, (140, 0) = =

. ( ) 3 ( ) 3 ur (1 + ) T3

OTBerT:
x, r<l, %(TQ—Q), r<l1,
M(IJ y) = U(ZC, y) =

0, r>1, — 8%’ r>1.

Sameuarue 7.4.

[Tonydennniit B N¢ 269 oTBeT BIIOJIHE COIVIACYETCS CO CBOHCTBAMU OOHEMHOIO
norernnana (yre. [7.1] ¢. [B89)). B wacrnocrn, u(z, y) — 0 upu r — oo (xors
n = 2), COOTBETCTBYET 1. 1. yTB. , ITOCKOJIbKY

/M%wMWZO

r<l

8. 3amava aJig ypaBHeHUs TelliolrpoBogHOCTU B mmape. Cdeputiecku
CUMMETPUYHBIN CJiiydail

8.1. IlocranoBka 1-i1, 2-it u 3-ii KpaeBbIX 3a/1a4 B Iape

Bsenem obosnagenus:
r=\/a2+y?+ 22

Br = {(:1:, Y, 2) 7‘2 < RQ} —  OTKpBITBHII map pajguyca R;

['r=0B = {(:U, Y, 2) r? = R2} — cdepa pajuyca R;

Br = Bp U FR = ( Yy Z) RZ} —  3aMKHYTBI map pajuyca R;
Qr = Br x (0, {(x y,z; t) < R* te (0, T)} —  OTKPBITHI
LUTHEJID;

O =Brx (0, T] = { r,y, 2 1) < R% Ot e (0, T]} — OTKPBITHI 111-
JIMHJIP C <<BerHeI/I KPBIIIKOiT» ;

Qr = Brx [0, T] = { r,y,2;t): 2 < R% telo, T]} —  BaMKHYTBII

HUJIAH/IP.
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1-a KpaeBad 3a/dava.

Haiitu yuxnmo u(z, y, z, t) B kiacce u € C 1(Q* YN C(Qr) n3 ycrosnii

u = a’Au, B
’LL(LU, Yy, =, 0) - f( Y, ) B BRa (81)
u(:c,y,z,t)’R: pu(x, y, z, t) 0<t<T,

rie a > 0 — zagannoe uncio, f € C(B), p € C(I'g) — sasammbie QyHKINH,
2-4g KpaeBas 3aJiava.

Haiitu ¢ynkumo u(z, y, z, t) B kiacce u € C= 1(Q* )N C t(QT) U3 ycJI0BHil

u = a’Au, B QO
u(z, y, 2, 0) = f(z, y, 2), B Bg; (8.2)
0z, y, 2, t)],_p = viw, y, 2, 1) 0<t<T,

riie a > 0 — sagannoe uncio, f € C1(B), v € O(T'g) — 3azanuble GyHKIIL
3-4 KpaeBad 3aJiava.

Haiitu yuxnmo u(z, y, z, t) B kiacce u € C 1(Q* YN Ch (QT) U3 ycJI0BuUii

uy = a*Au, B
(I’ Y, = O) f(xa Y, Z)a B BR;
6r (x, vy, z, t) + hu(x, y, z, t)‘ »(x,y, 2, t) 0<t<T,
(8.3)
rie a > 0 — sagannoe uncio, f € CY(B), s € C(T'g) - sasannble GyHKIMH.

r=R -

8.2. Cdepuueckue KOOpaAMHATHI

[Ipn pemennn 3agad B mape yia00-
HO HCIIOJIB30BaTh CgepuiecKkne Koop-
muHatsl (1, 0, @):

x = rsinf cos p,
y = rsinfsin g, (8.4)
2z =rcos#.

Bajannas TakuM 00pasoM  TPOiiKa
(r, 0, ) sBisiercst mpaBoit (puc.

O6ozuadanm aepes u(r, 0, ; t) caoxK- _
HYI0 (PYHKIIIIO Puc.6

. Cdepuueckne KOOPAMHATHI

a(r, 0, ¢; t) =u(rsinfcosy, rsinfsing, rcosb; t). (8.5)
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BCIO,Z[y HN>Ke 6y,ueM ImoJiaraThb BbBIIIOJIHEHHBIMUM YCJIOBMA:

f=fr), [ = const , v = const , » = const . (8.6)

3 aux Cpaldy CJjeayeT, 4TO U pelreHue Uu 3aJlad1 . . nJjm . 3aBHUCUT
TOJIBKO OT T°:

— u = u(r).
Oneparop Jlamnaca B cdhepudecKnx KOOpAMHATAX
Oneparop Jlamiaca, uMeromuii B J€KapTOBBIX KOOPAUHATAX (T, Y, Z) BUJ
0? 0? 0?
+ =+ =,
D?x 0%y 0%z
B cepudecknx KoopuHaTax (8.4) mpumer Bu;

_ 1 0 (,0u 1 0 U 1 0%t
Au_ﬁ.gcd E>+r281n9 o0 (sm@ 80)+r28in29.8g02' (8.7)

A =

C yuerom, uro @ = @(r), TO €CTh U He 3aBUCAT OT 6 U (, IPU BLIIOJIHEHUN

OJIY YaeM:
Aa:i-3<r @) (3.3)

8.3. 1-a kpaeBad 3as1a4a B c(pepuIecKuX KOOpPAMHATAX

Paccmorpum 3amaay 1' B cheprmyecKnX KOOPAMHATAX IPU BBIIOJHEHUN
YCJIOBHIA n = 0:
Haiitn ¢pyuxmmrio u(r, t) 3 ycaomii

ut:f—z-ar(ﬂg;‘) 0<r<R, t>O0;
u(r, 0) = f( ), 0<r<R; (8.9)
u(R, t) =0.

[TockombKy
0 (p00)_ a0 3 00 _dt Py
r2 Or ar) ¢ - )

2
TO ypaBHEHHe Uy = ‘5 - X (7"2 %) 1peodpasyercst K BULY

(ru), = a?(ru) .

Torna ecrecTBeHHO Cjie/IaTh 3aMEHY:
v(r) = ru. (8.10)
st byHkmum v ypaBHEHHUE IIPUMET, TaKUM 00pa30M, BU/T

ve(r, t) = a*vp(r, 1),
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a HaudasbHoe yesosue u(r, 0) = f(r) mepennmercs kax

v(r, 0) =rf(r).

Mrak, nepBast KpaeBas 3ajiada Mpu CJACTAHHBIX MTPEJIITOI0KEHNAX TOC/IE 3aMEHbI
U HA HOBYIO HEM3BECTHYIO (DYHKIMIO v(r, t) OKOHYATEIHHO HMPUHUMAET BT

Haiitn ¢ynxkmumio v(r, t) n3 ycropuii

vy = AUy, B IPAMOYTOJILHUKE

O<r<R, 0<t<£T,; (8.11)
v(r, 0) =rf(r), Ha nHTepBate 0 < r < R; '
v(R,t) =0, v(0,t)=0, opu 0 <t < T.

[Touemy Bapyr jgobasumiocsk Hooe ycjosue v(0, ) = 07

C osHOit CTOPOHBI, OHO CjiejyeT u3 pasenctsa v(r, t) = ru(r, t), ecam u(r, t)
orpannueHa B okpectHoctd r = (. A MOCKOJBKY Mbl HIIEM TOJBKO ODaHI-
denuble perenust u(x, y, z, t), U JlaxKe HelIpPEepbIBHbIE, TO MOABJIEHUE YCJIOBUST
v(0, t) = 0 BIOJIHE ONPABIAHO.

C apyroii croponbl, 6€3 9TOro yejIoBUs 3aja4a oKazaIach Obl HEKOD-
PEKTHO ocTaBjeHHol, a ¢ yciaoueMm v(0, t) = 0 oHa ABJIsIeTCsl 3HAKOMOIH HaM
110 IPOIILJIOMY CEMECTPY Hada/lbHO-KpaeBoii 3a1aueil it 0JHOMEPHOTO ypaBHe-
HUS TEILIONPOBOIHOCTH.

8.4. IIpumepsl pernieHus 3aaa4

Ne 705.
Hatimu oepanuvennyio gynxuyuo u(r, t) us yciosud
u = a’Au, B 7
u(r, 0) = f(r), B Bp; (8.12)
u(R, t) =0, 0<t<T.

IMlar 1. 3ameHna Hem3BeCTHOUN (PYHKIINNT
[ToBTOpsist neficTBUA M3 MyHKTA [8.3], A1 HOBOI HEM3BECTHON (DYHKITUN

v(r, t) =ru(r, t)

nosiydaeM 3ajady: Haiitn ¢yukmmo v(r, t) u3 ycaoBuii

v = aUyy, B npsimoyroibauke 0 <r < R, 0 <t < T}
v(r, 0) =rf(r), Ha unrepsaie 0 < r < R;

v(R, t) =0, mpu 0 <t < T

v(0, t) =0, npu 0 <t <T.

(8.13)
IITar 2. ByseM uckaTh pellleHue ypaBHeHUsl v; = a’v,, ¢ KPaeBbIMU

yCJIOBUSIMU
v(0,t) =v(R,t) =0 B Buge

V(r,t) = X(r)T(t).
Cpasy 3aMeTuM, 9T0 KpaeBble YCJIOBHS O3HAYAOT jijist dyHKImn X (r) cie-

JIyIo11Iee:
X(0) = X(R) = 0. (8.14)
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[ToncraBum V (7, 1) B ypaBHeHUe, MOJTY IHM:
X(r)T'(t) = a*X " (r)T(t)

[penonoxus, uro X (r)T(t) # 0, nogenum sto pasencrso na a’X (r)T(t) # 0:

X)) T
X(r)  a?T()
Orcroma ms dyukimn X () mMeeM 3a1atdy
X"(r)+ XX(r) =0, (8.15)
X(0) =X(l) =0, (8.16)
a st byukiwm T(t) — ypaBaenue:
T'(t) + \a*T(t) = 0, t>0. (8.17)

Bajada (8.15)—(8.16|) ects 3amaqda [HIrypma—JInysuiis. Obiee perenne ypas-
Henus (8.15|) nmeer BuU,

X(r) = ¢1sin(VAr) 4 ¢ cos(VAT) ipu A > 0; (8.18)
_ VAT —V=Ar :

X(r) = ce + o6 mpn A < 0; (8.19)

X(r)=cr+c  upun A=0; (8.20)

e [Ipu A\ > 0 mmeem u3 kpaesoro yciaosusg X(0) = 0, uro ¢ = 0, =
X(r) = ¢;sin(v/Ar). Hosromy u3 Broporo kpaesoro yciosus X(R) = 0

nosrydaeM, 9to VAR = 7n 0TKy/a uMeeM GeCKOHEUHOe MHOKECTBO COO-
cTBeHHBIX uncest 3aja4n [rypma—/lnysniis:

™ 2
,M:(—J, neN. 8.21
. (5.21)
M coorBeTCTBYET ODECKOHEYHOE MHOXKECTBO COOCTBEHHBIX (PYHKITHIL:
X, (r) = sin (%) : n € N. (8.22)

e [Ipu A < 0 HeTpuBMAJBHBIX pelieHUil HeT, Tak Kak 3ajada [ITypma—
JINyBULIA HE MOYKET UMETh OTPUIATETHLHBIX COOCTBEHHDBIX YHCET.

e [Ipy A = 0 mmeem u3 kpaesoro yemaosusg X(0) = 0, aro ¢; = 0, =
X(r) = ¢yr. [osromy u3 Broporo kpaesoro yeiaosus X(R) = 0 moayvaem,
yto ¢; = 0, T.e. 3a7a4a [HITypma—JInyBusis ne nmeeT cobCTBEHHOTO YNC/IA,
PaBHOIO HYJIIO.

Urak, Mbl uMeeM OECKOHEYHOE MHOYKECTBO HETPUBUAIBHBIX PEIeHHT

M:(%ﬁa XW?Z“%%?) neN
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saaan (8.15)), * ). Crajio 6biTh, paccmarpuBath 3agady (8.17) umeer cMbic
s

TOHbKOinH HﬁMbIHOquaEN[CGMQHOHW)B&A&H

m2a’n?

R2
Pemenne sToro nmuHeifHOro OJHOPOANOIO YpaBHEHUA TEPBOrO MOPsIKA NMeEeT
BU/I;

T/ (t) +

n

T, (t) = 0, t>0. (8.23)

(7\'”(1) t

T,(t) = Ape” = (8.24)

rie A, — IPOU3BOJILHDLIC TOCTOSHHLIE.
[Iar 3. Peraem samaqay (B8.13).

o0
Byem nckare perenne 3agaan (8.13)) B Bume v(r, t) = > X, (r)Ty(t), Te.

n=1

v(r, t) = Zsin %A e e L (8.25)
n=1

U3 ycsioBuit 3a/1aun Mbl elie He UCIIOJIb30BATH TOJbKO HAYAbHBIE YCIOBHUS
v(r, 0) =rf(r). dna dyaknuu v(r, t) nckomoro Buja (8.25) oHn 03HAYAIOT:

rf(r)=wv(r, 0) ZX T,(0) = ;An sin %, (8.26)

[lycte dyukuus rf(r), Bxogsias B HAYATbHOE YCJIOBHE, PA3JIATAeTCS B Pl
Dypbe 10 CUHYCAM:

= Zan sian, (8.27)
n=1 R
¢ KkoddunmenTamu
2 2 ’
on = S(rf, %) = = / rfr)sin T dr (8.28)

0
Takum obpaszom, jiist Koaddurmentos A, u3 npejcrapienus (8.26]) perierust
v(r, t), umeem:

mnr

=q, = —/rf ) sin —dr (8.29)

Bee, 4ro HaM ocTasioch ¢jieaTh — 910 nojcTaBuThb B hopmyiry (8.25]) Haitentble
Koacb(ibI/IuI/IeHTbI A, us - [Tomyanm:
R

2 o 7na)?
_EZ /pf(p)sinﬂ—gpdp e_(RQ)tsin%iW.
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Orciona, BeriomuHast 0 3aMene v(r, t) = ru(r, t), mojydaem

2
_ (mna) t

00 R
Otsert: u(r, t) = =% 21 ( Ofpf(p) sin %dp) e ® 'sin g
n—=

Ne 706.
Hatimu ozpanuvennyro dymnryuto u(r, t) us ycrosul
w = a’Au, 0<r<R, t>0;
u(r, 0) = f(r), 0<r<R; (8.30)
ur(R, t) =0, t>0.

IIIar 1. 3ameHna Hem3BeCTHON (PYHKIINNT
HeitcrByst anajiorudno myHkTy [8.3] /11 HOBOI HemsBecTHOI DyHKIMI

v(r, t) =ru(r, t)

nostydaeM 3agady: Haditn ¢yukmmo v(r, t) u3 ycaoBuii

v = a’vy,, B nmpamoyronbauke 0 <r < R, 0 <t < T
v(r, 0) =rf(r), Ha narepsase 0 < r < R;
Rv.(R,t) —v(R,t)=0, npul<t<T;
v(0,t) =0, npu 0 <t <T.
(8.31)

Bamernm, uto ycjosue u, (R, t) = 0 oznavaer s v(r, t) = ru(r, t), 9ro
0 (v) _TU = _ Ru(R, t) —v(R, 1)
or \r/=r 1% | _p R?

OTKYJla 1 B3SJIOCh KpaeBoe yCJ0oBHeE 3-T'0 PoJia B 3ajiade s v.

IITar 2. ByseM uckaTh pellleHue ypaBHeHUsl v; = a’v,, ¢ KPaeBbIMU
YCJIOBUAMU

v(0,t) = Rv.(R, t) —v(R, t) = 0 B Buze
V(r,t) = X(r)T(t).
Kpaesbie yenoBust o3aavaor i1 GyHKInn X (1) ciemyoriee:
X(0) =0, RX'(R) — X(R) = 0. (8.32)
[Togcraum V (7, t) B ypaBHeHHe, HOJTYYnM:
X(r)T'(t) = a*X"(r)T(t).
[Tpenonoxkus, uro X(r)T(¢) # 0, nogemm 31o pasencrso na a>X (r)T(t) # 0:
X"(r) Tt
X(r) a’T(t)
Orcroma myist dyukimm X (r) mMeem 3a1ady

X" (r) + AX(r) = 0, (8.33)
X(0) =0, RX'(R)—X(R)=0, (8.34)

=0,

=\
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a st byukipm T(t) — ypasaenue:
T'(t) + \a*T(t) = 0, t>0. (8.35)

Sajaua (|8.33))—(8.34)) ectb 3amaqda [rypma—JInysuiis. Obiee perenue ypas-
Hennd (|8.33|) numeeT BuU/I

X(r) = ¢ sin(VAr) + cacos(VAT)  mpu A > 0; (8.36)
X(r) = creV A 4 cpe VAT npu A < 0; (8.37)
X(r)=car+c  upn A=0; (8.38)

e IIpu A > 0 umeem u3 kpaesoro ycsiosus X (0) = 0, aro

=0, = X(r)=csin(VAr) = X'(r) = eV Acos(VAr).

[Tosromy u3 Broporo kpaesoro yciosus RX'(R) — X(R) = 0 nosyuaem,
aro Jmbo ¢; = 0 (a HAM HEMHTEPeCHbI TPUBUAJILHBIE PEIeHnst), JU00 Bbi-

IIOJIHAETCA COOTHOIICHUE:
el

VAR cos(VAR) — sin(vVAR) =0,
o VAR =tg(VAR). (8.39)

D70 ypaBHEHHE HMeeT GECKOHEUHOe MHOMKe-
cTBO pertienuit (puc. [7)):

Mt VAMBR=te(/mR), nelN. (s40)  NRR| |

M cooTBeTCTBYeT OeCKOHETHOE MHOYKECTBO
COOCTBEHHBIX (DYHKITNIA:

X, (r) = sin <\/)\7nr> : neN. (841)

Puc.7. Teomerpuueckoe

pemenne ypasaenns (8.39)

e [Ipu A\ < 0 HeTpuBMAJBHBIX pelIeHUil HeT, Tak Kak 3ajada [ITypma—
JIMyBUII/Ig He MOXKET UMETh OTPUTATEHHBIX COOCTBEHHBIX UNCE].

e [Ipu A = 0 umeem u3 kpaesoro yejaosusgs X(0) = 0, aro ¢o = 0, =
X(r) = ¢qr. [losromy u3 Broporo kpaesoro yeiaosusgt RX/(R) — X(R) =0
nostydaeM, uto ¢; R — ¢ R = 0 — BepHOe 1pu BceX €1 TOXKeAcTBO. [ToaTomy
sagada rypma-—JInysusist uMeer coOCTBEHHOE YUCJIO, PABHOE HYJIO, 1
COOTBETCTBYIOILYIO €My COOCTBEHHYIO (DYHKIIIIO

Xo(r) =, n = 0. (8.42)
rak, Mbl nMeeM GeCKOHETHOE MHOXKECTBO HETPHBUAJIBHBIX DeIleHmi
Ao =0, A VAR =1tg(v/\R), neN
{Xn(r)}:{r, sin (\/an) }, n=20,1,2, ...
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3a1a4n | ). Crasio ObITh, paccMaTpuBaTh 3aa4y ((8.35]) mMeeT CMbICT
I Jady
Ty

TOJIBKO HpI/I I/I MBI I1I0JIYyYa€eM ceMeicTBO 3ada4:
T/(t) + a*\,T,(t) = 0, t>0 n=>0. (8.43)

Pemenne sToro nmHeitHoro OJHOPONOIO YpaBHEHUA TEPBOrO HOPsIKa NMeeT
BU/I;

{Tn(t)} - {AO, T, (1) = Ane™ a”nt}, n=0,1,2 ...  (8.44)

Iie A — IIPOU3BOJIbHBIE ITIOCTOsAHHBIC.

Hlar 3. Pemaem 3amaay (8.31)

o0
Bynem nckars perenne 3amaan (8.31) B Buge v(r, t) = > X, (r)T,(t), Te.

v(r, t) = Agr + Z sin ( > Ape” @Mt (8.45)

13 yCJIOBI/Iﬁ 3a/la41 MbI €11€ HE MCIIOJIb30BaJId TOJIbKO Ha4daJIbHbIC YCJIOBUA

v(r, 0) = rf(r). Qg dyuxmun v(r, t) nckomoro Buja (8.45) onn o3Hagaror:

— AOT—I—iAnsin (\/)\7717“) .
n=1

[Iycrs dyuknus rf(r), Bxojsias B HAYAJIbHOE YCIOBHE, PA3JIAraeTcs B Psij
Dypbe 110 codbcTBeHHbIM PyHKINA 3aaun [TITypma—/InyBuiis:

rf(r) = aor + i a, sin <\/A7n r) : (8.46)

n=1
BrrsicHnM, KaKnMu JJOJI2KHBI OBbITH KO3MDPUImeHTo! oy, = A,,. st aToro gommo-
»kum (8.46) na X, = sin (\/)\m 7") CKaJISIpHO B cMbIcie Lo[0, R] u yarem, 4T0

cucrema cobcTBenHbIX Gyt 3aga4un Ltypma—JInyBumng ssisgercsa opro-
FOHAJIBHON B CMBICJIE 9TOIO CKAJISIPHOTO MPOU3BEICHHsT (9TO MPOBEPSIETCS dJIe-

MEHTAPHBIM UHTEIPUPOBAHIEM ):

R

(rf,Xm):am/SmQ( A drOé?m/R 1 — cos 2\/7 ))

0

:%n (R— 2\/}\_sm(2\/7
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OTKY/1a, TIOJIb3YACh TOKIECTBAMU COS> (v = sin 2ac = 2 sin a cos o, MOJTy-

qaeM:

sin (2v/An R) _ (VA R)Y
LN _[m_—}—

1
1+tg o’

R
R Rsin (\/ER) cos (\/ER)
tg(vAm R)

— R — Rcos® <\/ER> = [COSQCY: ;} =

1+ tg?a
— R _ il — 2 / — 2 _ p_ i —
- 1+tg2(\/ER)_{tg( M R) = ] = R L+, B2
A R?
T 1+ A R

B urore pist koacpdunumentos o, = A,,, n € N, nogydaem paBeHCTBO:

) 2 (14 A, R 204+ MR [,
n = 0p = (rf,X,) = /rf(r) sin (\/)\TLT) dr.

Am R3 A R3
0
(8.47)
i 3
Ocrasioch Haiitu Ag. Ananornaso, (rf, Xg) = f r2dr = g %, OTKY/Ia,
0
] R
Ay =ap = ﬁ/ﬁf(r) dr. (8.48)
0
[Toncrasum B hopmyity (8.45) maitnenunie koaddunnentst A, u3 (8.47) u (8.48)).
R
3 2
v(r,t) =\ 53 | P fp)dp |+
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Ne 708(a).
Hatimu oepanuuennyto gynryuto u(r, t) us ycaosul

U = 2Au B 0
u(r, 0) = B Bp; (8.50)
w(R, t) = 0<t<T.

ITlar 1. 136aBjenne oT HEOAHOPOAHOCTA B PAHUYHOM YCJIOBUN
[Tomug, yro Au = urr—i—%ur, HY?KHO T10,100paTh hyHKII0 w(r, t) (KeaaTebHo
IIPOCTOTO BHJIA), KOTOPasi YIOBJIETBOPsiia Obl U YPABHEHUIO U HEOHOPOJHOMY

KpaeBoMy yesoBuio. To ectb Oyzem uckarh pemienue u(r, t) sagaqan (8.50) B
BUJIE
u(r, t) =ov(r, t) +w(r, t),

riae dbyakins w(r, t) yI0BIETBOPSET YCIOBUSIM:

{ wy = a?Aw = a® (wpr + 2w,) B (8.51)

w(R, t) = P, 0<t<T.

B nmamaOM ciydae KpaeBoe ycJIOBHE OUYeHb IpocToe, u ycaosus (8.51]) Bbimos-
HSATIOTCS, OYEBUIHO, JI/IsT (DYHKITUU TTPOCTERIIEro BUIA:

w(r, t) = P. (8.52)
Toryna v(r, t) = u —w = u — P ecTb perienne cienyrormeil 3a1axdu:
v = a’Av, B
v(r, 0) =T — P, B Bg; (8.53)
v(R, t) =0, 0<t<T.

IMTar 2. Pemenwne 3aga4an (8.53)
Bajada (8.53)) ecTh wacTHBIN caydail yxKe pereHHoit Hamu B HOMepe 705

sajgaan (8.12) ¢ dynkueit

fry=T-P.
Bocmnosibayemest pesysbrarom Homepa 705:
2 & ]
v(r, t) = s z:l /pf(p) sin %Tfpdp e~ "R tsin 7%”’
= 0

Y10o0BI TOJIyYNTH OTBET K Hallell 3ajiaue, HaM OCTaJIOCh TOJbKO ITOCYUTATH NH-
TerpaJibl:

R R R

/pf(p)sin%dp:/p(T—P)sdep—(T P)/psinﬂdep:
0 0 0
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R =R
= [HO ‘{aCTE{M] =—(T—P)— | pcos Rp ’ /cos 7T—palp

™

_p-nt (( 1)"R — BT

Takum odbpaszom,

2 1" R?
_T%Z< P—T)) e_(lfﬂ)tsm%iw:

n=1

R(P-T) i (=)™ _ @w?, . wnr

R? 7 8IN ——.
R
n=1

[Tosromy, mast yuknuu u(r, t) = v(r, t) + P, mosydaem

_ 0 _1\n (Trna)2
Otset: u(r,t) = P + 2R(71:T D 21 ( ;) e~ 2 'sin T,

n=
Ne 708(6).
Hatimu oepanuvennyio gynxuyuo u(r, t) us yciosud
Up = azAu B 0
u(r, 0) = B Bp; (8.54)
3T\TR q, 0<t<T.

IMTar 1. 36aBiieHne OT HEOAHOPOJHOCTA B TPAHUYHOM yCJIOBUN
[Tomust, uro Au = .+ %ur, HYZKHO 110j106paTh dyHknnio w(r, t) (xKeaareabHO
IIPOCTOTO BHJIA), KOTOPasi YIOBJIETBOPsijia Obl U YPABHEHUIO ¥ HEOHOPOHOMY
Kpaesomy ycioBnio. To ectb Oyiem nckarsb perienne u(r, t) 3agaqdn (8.54) B
BUJIC

u(r, t) = v(r, t) + w(r, 0,

riae dbyHKiwnsg w(r, t) yIoBIETBOPSIET YCJIOBUSIM:

{ wy = a*Aw = a (wn + ) B {0 (8.55)

kol . =uq, 0<t<T.

N3-3a Toro, 9ro rpaHnvdHOe yCJOBHE — BTOPOTO POJja, w JOJKHa COJlepKaTh

X0Ts1 ObI 1 B 11epBoii crenenn. Ho 1MocKoIbKy B ypaBHEHUH €CTh CJiaracMoe 2wr)

KOTOpoe JIJisi (DYHKIINK BUJIA Qo IPEBPATUTCS B 2—0‘ , TO TIPOCTO TIOJIMHOM II€PBOil

cTelleH! OT T YJOBJEeTBOPUTH YpaBHEHUIO He CMO}KeT
B sTom ciydae Haslo UCKaTh w B BUJE

w(r, t) = ar? +n(t), (8.56)

riie 1(t) noxbupaercs Tak, YTOOBI BBIIOJIHAIOCH ypaBHeHue wy = a?Aw.
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[TojcraBum nckomyto gynkimio w sBuja (8.56) B rpanundHoe ycaioBue:

0w q

Torna

w(r, ) = Zr 4 n(t).

[ToxcTaBuM 5Ty YHKIMIO B ypaBHeHNe w; = a’Aw = a? (ww + %wr):
2q 2 2q 3qa’ 3qa’
") = a? | = S
n(t) a<2kR+r sz) kR kR

KoncranTy ¢ Bo3bMeM paBHOI HYJIIO, HAM BeJIb HE HY’KHO HCKATh BCE pelile-
Hus (8.55)), a gocraTouno Haiitu camoe 1pocroe. Mrak:

n(t) = t+c

q 3qa’
w(r, t) = T 24 R t. (8.57)
Torma v(r, t) = u — w ecTb perenne CIeayomei 3a/1aun:
v = a’Av, B (0
{ v(r, 0) = T w(r, 0) =T — g=r* = f(r), B Bp; (8.58)
v(R, t) = 0<t<T.

ITar 2. Pemenne 3amaxm (8.58))
Bamada (8.58) ecth wacTHbIH caydail yxke pereHHoit Hamu B HOMepe 706

sagaan (8.30) ¢ dyukimeit
fr)=T— 3=
Bocnomszyemcest pesynibrarom nomepa 706:

R

o) =35 [ #I0)do

oo

R
2 1 )\n 2 2
+ = +)\—R/pf(,0) SiIl( )\np) dp | sin (\/)\n 7“) e @ /\nt7 (8.59)
r n
n=1

rj1e A, TOJIOXKUTEIbHbIE KOPHU yPaBHEHU S

Vo R=tg(v/\R), neN. (8.60)

Yrobbl IIOJIY4YUTHb OTBET K Hallei 3aJlade, HaM OCTaJIOCh TOJIBKO ITOCHUTATDb
NHTErpaJibl:

R

R
TR3 qR® TR gR*
a) /p fp)dp /p ( 2R’ *)dp 3 10kR 3 10k
0

0
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ITOCKOJIbKY

R

/p sin <\/)\7n,0) dp = [Ho qaCTE{M} =

0

R

— \;—)\i (p cos <\//\7np) ‘p:: — /cos (\/an) dp) =

0

(R cos (f R>

\/A_ \/_

(Vi) -

- L (mvn -t (Vam)) %RL[BCMY]ZO

R
/ P sin (\/ An p) dp = {2 pasa 110 4acTsaM
0

| S|

_\/A_n
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= [B cuy (8.60), o (\\//_;_RR> = Rcos <\/)\7nR)
= 2 R3cos(\/)\7nR).

>

Urak, koaddunmentsr A, paBHBI

R
1+ \, R? :
An:)\—/pf(p) sin (\/)\np> dp =
0

1+ )\, R? R?
- (< e (Vi) )

— [BCI/Iﬂy , 1+ )\, R?=1+tg? <\/)\7nR) —

1
cos? (VA R)
_ —qF’
B kAo, cos (\/A_n R)'

[ToscraBus Haiierable nHTErpasbl B (8.59), mosydaem:

3 (TR®  qR!
o=\ o)t

i . —qR : —a*ht _
TR ; <k>\n\/)\_n cos (\/)\_nR>) o ( . T> ) -

3qR 2q i sin (\/)\_n 7“) e~ @Ant
AV A cos (VA R) |
3q(12t7

[Tosromy, s dyakunun u(r, t) = v(r, t) + w(r, t) = v(r, t) + ﬁﬂ .
[OJIy IaeM

. _ a2 nt
OTger: u(fr’ t) — QRT2+ 3qa2t—}—T _ 3qR  2¢ i (sm(\/)\n r)e A >

2k kR 10k FrR e\ Av/An cos(VA, R)
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9. lIpumeHeHne MUIMHAPUIECKNX PYHKIIUMI

Ypasuenne Beccenst wva npomexxyTie (0, 1)
2?2 (x) + 2Z' (z) + (2* — v*) Z(z) = 0. (9.1)

Besikoe pertienne ypaBHeHus beccesist Ha3bIBaeTCs MUJIMHAPUIECKONH PYHKITUET.

Omp. 9.1. Oyakmusa

(—1)* N 2k+v
ZOEDY T(k+v+ 1)kl (5)

k=0

(9.2)

nasbiBaeTcad dyHKnueit Beccesst nopsiika v U dAB/ISETCA Ha IIPOMEKYTKE
(0, 1) permennem ypasaenus ((9.1)).

Ecteb n apyrue nuimaapudeckne QyHKIIH.

Onp. 9.2. ®ynkun Heiimana:

N, (z) = sin(lﬂy) (@) cos(rv) — Jo(z)], v Z: (9.3)

A e A

v=n

n € Z. (9.4)

Oynkiuu Xaukess I-ro poga u 1I-ro poja:

HWY(x) = J,(z) + iN,(z)

v

HY(z) = J,(z) —iN,(z)

14

MomndunnpoBannbie dyHknuu beccesnst 1 XaHKeIs:

L(z)=e 2VJ,(ix), K,(z)=e2"HWV(iz). (9.7)
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Teopema 9.1.

Qyndamermanvryro cucmemy pewenuts (PCP) ypasnenus Becceas (9.1]) 06-
pasyem Kaxcoas u3 nap GyHKyU:

W), N(@)},  {HD (@), HO(2) }

u, 6 cayuae, kozda v &7 {J,(x), J_,(x)}
(npun € Z Jon(z) = (=1)"J,).

CanencrBue 9.1.
Obwee pewenue ypasnenusa Becceas (9.1) sadaemea wasrcdoti us gopmya

Z,(2) = c1],(x) + &N, (2) = esHV (2) + e HP (x), v ER.
Z,(x) = c5dy(x) + cJ-n(T) v

9.1. PekyppeHTHBIE DOPMYJIBI JIJIsI MUJINHAPUIECKUX PYHKIIUI

Hnsa dynknmit Beccens n Helimana nMeror MecTo cieyronue peKyppeHTHbIe
dOpPMYIIBL:

v 1%

Z,(x) = Zy () = —Z(x), Z,(x) = ~Zy(2) + ~Zy(2).  (98)
Nx MOXKHO TakzKe InepelnmncaTb B BUJIE:

2Z,] (z) = 2" Z,_1(2), (272,] (2) = —27"Z,11(z).  (9.9)

Ecnu u3 Bropoit dopmyibt 1%) BbIYECTDb IIEPBYIO, IIOJIYYUM ellle OJJHO COOTHO-

IIIeHue: 9
v
Z,.1(x) — ?Zy(sc) +Z,1(x) =0. (9.10)

Hns dyakiuit Beccenss n Helimana ¢ 11e/1091CI€HHBIM TIOPSJIKOM V = n € Z,

BEPHO PaBEHCTBO
Z o(x) = (=1)"Z,(z), neczZ (9.11)

Kpowme npuBejiecHHBIX (DOPMYJI, HAM TaK»Ke MOHAI00UTCS COOTHOIICHIE, 13 KO-
TOPOTO, B YACTHOCTH, CJIEyeT JacTh yTBep:KieHnit Teopemsr [9.1]

Yrepxkaenue 9.1 (Bpouckuan dyukimit Beccesst n Hefimana).

J, () N, (z 2
N - = 912

T

USHIEE
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9.2. NnuTerpanbubie (pOpMYyITbI A8 MUINHAPUYIECKNX (DYHKITUIA
MmeroT MecTo cieyroniue nHTerpaabable (POPMYIIbL:

Nurerpasnbr JlIommens:
T

/ £, (at)J, (Bt)dt =

0
X

_a2_52

[ (i)

_ %2 <QJ;(MU)>2 o (ﬁ - Z;) (J,,(oz:c))z, v>—1. (9.14)

meror Mecto u 6osiee obime popMyJIb:
b b
r (e Z(pmr) 2 (prr) — pmZ(pir)Z () |,
/TZ(MkT)Z(MmT)dT - ( 12— qu ) | ) (9-15>
m k

(onVH(Oéx)Ju(ﬁsv) - ﬁJu(OzSU)JyH(&C)) ;a7 P (913)

2| = [ r2(ur)dr —

_ % [(ﬁ - :é) 72(ur)

rie Z(x) — npousBoJibHBIE pellieHus ypaBHeHusi Beccelis

(zZ") + (x - ”—2> 7 = 0.

X

r=b
+ (2" (ur)

r=a

r=b

r=a

] . (9.16)

9.3. IloBenenme pyukimii Beccens nm Heilimana

Teopema 9.2 (IloBejieHue B OKPECTHOCTH HYJIsI).

00, v<0, vz,
T, (+0) = (1): -~ 8 veL N,(+0) =00, vER.
0, v > 0;

Joxazamenavcmeo. Cum. c. [296] [l
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9.4. 3amaum IItypma-JIlnyBunns nias ypaBuenusi Beccens na [0, R]

Omp. 9.3. Yepez M wmbl OyjieM 0003HAYATDH CJICAYIOMNN Kaacc (DyHKITHIL:

u(r) € C*(0, RJ; Ll\//(;b) € Ly(0, R).

Omnp. 9.4. 3amaugeit IlIrypma-JInyBunasg naaga ypaBHenusi Beccens Ha

[0, R] mbl OyjiemM Ha3bIBATDH 3a/1a4y:
Hatimu wucaa X u gynryuu 0 Z u(r) € M u3 yenosuii:

—(ru’) + ”72u = A\ru, re (0, R), v=0;
|u(40)| < oo; (9.17)
au(R) + pu'(R) = 0, a, 320, a+3>0.

[Tpu sTrom byuxiun v # 0 HA3BIBAIOTCS COOCTBEHHBIMU (DYHKITUSAMU 33/1a~
qyu HIrypma-JInyBuiis, a uncia A — COOCTBEHHBIMEU YHCJIaMU 33124
LIrypma-JInyBuiisi.

Teopema 9.3.

¥Y1B.1. Bee cobemsennivie wucaa 3adavy Imypma-JTuysuina neompuyamens-
HoL U Kpammocmu, 1.

Y1B.2. Yucao A = 0 ecmv cobemesenroe wucao sadavu IlImypma-/Tuysuina
moezda u moavko moada, koeda v = o = 0, u emy coomsemcmeyem cob-
cmeennan gynryus u(r) = const.

Teopema 9.4.  Bce noaoocumenvhoie coocmesermvie wucaa 3adayvu LImypma-
Juysuars u coomsememsyrousue um coocmeentvie GYHKUUL UMe0m 6ud:

)72 (v)
Mg T
J, | ZE— ], ke N,
(v)

H,
2de |1, — NOAOICUMENLHDLE KOPHU YPABHEHUA

A = | E
aR J,(p) + Bud, (1) = 0.

R

Tenepnb npuBeieM TeopeMy, KOTOpasl SIBJIETCs aHAJIOroM TeopeMbl CTeKJI0-
Ba 0 paz3/IoKIMOCTH PYHKIUI B psaj Pyphe 110 cucreMe cOOCTBEHHBIX (OYHKITUIT
sagaun [Irypma-JInyBuiis.
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Teopema 9.5.

YrB. 1. B cayuae |a + |v| > 0, gynxyus /1 o(r) pasaazaemes 6 pad Oypoe
na unmepsane (0, R)

r) = kf;am J, (“}Z;) , (9.18)

ap = ! /Rrap ( )dfr
k — )
L)+ (1 ) ) B

[u I°
(v)

286 [l,k — NOAOHCUMENDHDLE KOPHU YPAGHEHUA
aR J, (1) + Bud, () = 0.

Y1B. 2. B cayuae a = v = 0, dynxyus /7 o(r) pazaaeaemcs 6 psd Qypoe
na unmepsane (0, )

J_U—%W+Z%J%CW) (9.19)

R
I L
R
)= : S ro(r)Jy il r
k {lek)er[Jo(Mk”Q R2 O/‘P( )J<R)d

ede [ — noaoorcumenvrvie kopru ypasruenus Jy(p) = 0.

Bamerum, uto B dopmyiie (9.18) mMoxKHO (1 HY?KHO) COKPATUTHL Ha +/T. 3adyem
JKe ero MnmucaTh? JTO JeIaeTCs JIJIs TOro, YToObI pasd/jaraeMast (DYHKIIS, TarKe
ecJi oHa, Oy/eT HeorpaHUUeHa B OKPECTHOCTU HYJISI, IIOIaJl B HY KHBII KJIacc, TO
ecTb B KJacc MYHKIHI, /I/IsT KOTOPBIX CIIPaBe/INB aHasor TeopeMbl CTEKI0BA,

u psigt (9.18) cxommicst paBHOMEPHO Jlazke B OKPECTHOCTH HYJIS.
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9.5. 3amaua IIrypma-JlnyBumnis nis ypaBauenusi Beccesst Ha [a, b)

Teopema 9.6 (anasor Teopembr B.A. Crekiiosa).
Hyemo  {Zp}32, — opmozonasvian cucmema cobemeenno Gynkyul 3adau
HImypma—/Tuysuris.

Toeda Vf(z) € C?[a, b], ydosaemesopaoweti xpacevim ycaosuam, FHcp},
f= Z ckZi(z),
k=1

npusem nocaednuti pad crodumes x f(x) abcoarommo u pasHOMEPHO Ha
[a, b], a dan ¢ eepro npedcmasaenue

b
= (f Zr) _ {wf(x)zk(x)dx
7. ||? b
- [ 2Z}(x)dx

Teopema 9.7.
ITycmo  pynryus Z(x) ecmv pewenue na npomesicymre x € (a, b) ypasrnenus
2?2 + 2Z' + (2* —v*) Z = 0.
[ — NOAOIHCUMENBHDIE DEULEHUA YPAGHEHU

ardy, (pa) + Bipd), (pa) arN, (pa) + BN, (pna) | _ 0 (9.20)
asd, (ub) + Gopd! (1b) o, (ub) + GopuN, () ' '

Tozda: 1) Kaorcdan us pynruut Xi(r) = Z(ugr), k = 1, oo asasemesn
pewenuem 3adavu Imypma—/Tuysuiis

— (1X4(1)' 4 = X(r) = i Xi(r), a<r<b
crXi(a) + (i Xp(a) =0, (9.21)
X (b) + 32X}, (b) = 0.

IIpu aomom Ppymruyua Xy (r) umeem sud

Xu(r) = (alNy (1 @) + BunN?, (s a) ) I () —

- (M (1) + Bugue T, (1 0) ) N, ()

-125-



2) [12Gu)IF = [ 2 (u)ar

_ % [(ﬁ - :-Z) 72(ur)

3) (2ar). 2e0)) =0, k£

r=b
+ (2" (ur)

r=a

r=>b
r=a

9.6. Ilpumepsl penienus 3aga4

Ne 769.
Hatmu oepanuvennyro gyrxyuto u(r, t) us yciosud

utt:aQ-%~%(r%), 0<r<R, t>0;

u(r, 0) = o(r), Osr <k (9.22)
u(r, 0) = (r), 0<r<R;

[u(0, t)] < oo, u(R,t)=0, t > 0.

3amMeTnM, 9TO B IIPaBOil 4acTH ypaBHEHHd CTOUT omeparop Jlamiaca B 0oJdp-
HBIX KOODJMHATAX s ciaydas u = u(r, t), MoCKoJbKY B KoopauHatax (r, )

OH MMeeT BUJI;
1 0 ([ Ou 1 0%u
Au(r, ;) == — 1o~ | + 555 (9.23)
r Or \  Or r% 00
[Tosromy fanHas 3ajiada uMeer GU3NIECKUNA CMBIC]T «HANTH MOMEPETHbIE KOJIe-
OaHust KPYTJIoit MeMOpaHbI, BhI3BAHHBIC HAYAJILHBIM OTKJIOHEHHEM (1) 1 Ha-
JaJIbHON CKOPOCTHIO (T)».

Ilar 1. IIpeaBapuTesibHbIE PACCYKJIECHUS

Ecim uckars penienne 3amaqn (9.22) B Bujie

u(rs £) = Xp(r)Th(), (9.24)

t0, nogcrasus (9.24) B ypasnenue uy = a® - % : % (r%) , TIOJTY IHIM:

oo

k;xk(r)frg(t) = d’ kz % . % (ﬁ’gﬁ”) T (t).

OTO paBEHCTBO 3aBEJOMO BEPHO, €CJIN PsIIbl B JIEBOI W IPABOMl YacTAX PABHBI
[TOYJICHHO:

Xi(r)TH() = % (ﬁ’gﬁ”) Ti(t), V.
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TTonesus nocaeanee pasenctso Ha a?Xy,(r)Ty(t), nosmydan:

1 o [ .0Xi(r)
TI(t) ;'W(T—é} )
a2Tk(t) Xk(”f’) .

JleBast 4acTh 3aBUCUT TOJILKO OT t, IIpaBasi — OT T, CJeI0BATE/IHLHO PABHBI OHI
MOI'YT ObITH TOJILKO B ciiydae, Korga dA\; € R :

1 9 0Xy(r)
T)(t) _;'W(T—a’i )_ \
a2Ty(t) X, (r) -k

Takum obpaszom, st dyukuuit Ty(t) moaydaem ypasHerue
T (t) + a*\yT(t) = 0, (9.25)
a s Gyt X(r) — ypaBHenue:
1 0 an (7“)
—_ e — 7"
r Or or

KOTOpPO€ MBI II€EpelnieM B BUIE:

1o — B TouHOCTH ypaBhenune Beccesst uz 3agaun (9.17) ¢ v = 0. Borsacaum,
Kakmne Kpaesble yeaoBust Ha X (1) cienytor u3 yeaosuit 3agaan ((9.22)).
Yenosue |u(0, t)| < oo npeBparuTes B

1 X5(+0)| < o0, (9.27)

) +NXo(r) = 0,

a ycaosue u(R, t) = 0 — B ycaoBue
X4 (R) = 0. (9.28)

IIIar 2. Pemenune 3agaun IItypma-JInyBusasa
Host dynkimit Xy () Mbl nostyaniu 3agady rypma-Jlnysusis suga (9.17)) ¢

a=1ufB=0
{ (rXi.(r) = =\ Xp(r).
| Xk (+0)| < 0, (9.29)
X4(R) = 0

Bocnosbayemest pesyiibrarom Teopembl 9.3 c. [123)

Bce coocmeerrvie wucaa 3adayu ILImypma-JIuysuiia neompuyamenvros u Kpam-
nocmu 1. Queao A = 0 ecmo cobemeennoe wucao 3adavu [IImypma-JIuysuins
moeda u moavko moeada, ko2da v = = 0, u emy coomsemcmeyem cobcmeen-
nas pynryua u(x) = const.

B namem ciydae o = 1, nmosromy 3sagada [typma-JInysummasa (9.29)) nmeer
TOJIBKO CTPOT'O TOJIOKUTEIbHbIE COOCTBEHHbIE 3HAUeH. dTOObI UX HANTH, TPH-

menuM Teopemy [9.4] c. 123}
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Bcee noaootcumenvrnoie coocmeennvie wucaa 3adavu IIImypma-JTuysuiis u co-
0MBEMCMBYULUE UM COODCMEBEHHBLE PYHKUUL UMEIOM 6UO:
(v)

()72 (v)
, J, <”’;%T>, keN,
20e [y, - — KOPHU YPAGHEHUSA,

Hy
aRJ, (1) + Bud, (1) = 0.

R

AW =

B namewm ciaygae v = 0, « = 1, § = 0, mosromy coOCTBEHHBIE HHCJIAa U COD-
crBernble GyHkin 3aga4qu rypma-Jluysmmisa ((9.29) nmeror Bu:

(072 (0)
MW= 5] h(%),  keN,
(9.30)

rie ,uéo) — KODHHU ypaBHEHUSsI Jo(p) = 0.

ITar 3. Pazjioxkenne pyHKIUit ¢ 1 1) B psij MO0 COOCTBEHHbIM (DYyHK-
oUuaM 30841 mTpra—ﬂﬁBHHHﬂ

B coorsercriun ¢ reopemoit 0.5, c. [124] dynkuuu /7 o(r) u /7 ¥(r) pasia-
ralorcsd B psaj Pypbe

00 (0)74
p(r)=>_ordy (M% > , (9.31)

k=1
0 (0)

Y(r) =Y o (“’}%T) : (9.32)
k=1

Pk

I
N |—
| —|
<
N\
=
=
N—
)
_I_
N |—
VR
— —
|
R
N——
N
)
N\
=
3
~
3~
O\DO
ﬂ
S,
ﬁ
N—
S
N
=
J|T2
ﬁ
N—
QL
ﬁ
I

Kopoue,
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i (0)
=m0l

VIpocTuM Bu 9TUX BbIpazKeHuit, npumenus pexyppernruyio dpopmyiy (9.8)), c.[I121}
%
J () =J,1(x) — Ejy(x).

568 =0 ()

A B cuty coornormmenus ((9.11])

Y nac v = 0, mosTomy

[I0JIy 1aeM P ( I({ )> _ (ﬂé()))
[TosTomy
o — R /R ro(r)Jo (” ’(CO)T) dr, (9.33)
el 4
Uy = 2 5 ./Rmp(r)Jo (M’(‘CO)T> dr. (9.34)
el

IITar 4. CoctaBienue u pemenne 3agaum jjst T (t)
Ecom nckombiit i ((9.24)), c. [126] mojcraBuTh B HaYaIbHBIE YCIOBUS

u(r, 0) = o(r), ur(r, 0) = (r),
samennB yuximn @(r) u ¥(r) pagavu (9.31) u (9.32), mosyunm, uro T

Ha4aJIbHbI€ YCJIOBUA 6y,ZLyT 3aB€A0OMO BBIIIOJIHEHDBI, €CJIN PAABLI B JIEBBIX U IIPaBbIX
JaCTAdX OKazKyTCid paBHBI ITIOYJIEHHO, TO €CTb 6y,ZLYT BDBIITIOJIHEHBI COOTHOIICHIM A

{ Xk(T)Tk(O) = Xk(T)QOk,

Taxum obpasom, mosrydaeM Hada bHbie yeaoBus Ha (ynkmun T (t):

T,(0) = ¢r, T.(0) = 9y
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B coBokymHocTn ¢ mosydeHHbIM panee ypasHerueM ((9.25)), c. [127], mosygaem

zajady Kormmm:
T//(t) +a )\ka( ) 0,
T;(0 sok, (9.35)
T,.(0

)=
) =
Obrmiee perenne ypasuenns T (t) + a2>\ka( ) = 0 umeer BuJ

i
= ¢y 8in ( A at) -+ ¢y COS <\/)\7k at) .

3 naganproro yesiosust Ty (0) = ¢ mosydaem, 9To

Co = Pk,
a 13 Hada/bHoro yciaosus T (0) = 1y, nosydaem, 410
Uk
C1 =

av/ Xy,

Takum obpazom, perienue 3aa4u ((9.35]) umeer BuI:

- sin (\/)\7;C at) + @y cos (\/)\71{ at) ,

Ty(t) =

(0)

Yy,
av/ N
My

rie o 1 Yy 3anarotca opmytami ((9.33) — (9.34). Bemomunag, uro v A, = =,
3almnIeM
OTBer:

00 (0) (0) (0)
o py T Ry, oo [ P at . at
u(r; t) = g_l Jo ( 7 ) (a,u,(go) sin ( I ) + ) cos ( I :

rjie ,u,(co) — HOJIOZKUTE IbHbIe KOpHH ypaBHenus Jo(p) = 0, a @p u ¢y, 3a1a01cs
dbopmymamn (9.33)) — (9.34)).

Ne 770.

Hatimu oepanuvennyro gyrryuto u(r, t) us ycaosud

Uy = a° %'%(T%)—Ff(’l“,t), O<T<R, t>0;
u(r, 0) =0, O<T<R '
(0, t)] < oo, u(R,t)=0, t>0.

BaMeTuM, UTO B IIPaBoOil 4acTU ypaBHEHUs CTOUT oreparop Jlamiaca B moJisip-
HBIX KOODJMHATAX s ciaydas u = u(r, t), MoCKoJbKY B KoopiuHatax (r, )

OH UMeeT BU: )
1 0 ou 1 0°u
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[TosToMy fannas 3aja4da nMeeT (pU3MUECKU CMBIC «HAiTH IOIepeYHbIe KOJle-
OaHust Kpyryioif MeMOpaHbI, BbI3BaHHbIE CIIION f (7, 1)».

ITar 1. IIpeaBapuTesibHbIE PACCY2KJIECHUS
Eciin uckars pemienue 3ayaqu ((9.36) B Buje

=) Xi(r)Tx(2), (9.38)

W TIPEJIIOJIOKITh, 9T0 st f(r, ) cpaBeyinBO aHAJIOTUYIHOE TIPE/ICTABJICHIE
PSAJIOM:

)= Xu(r)fult), (9.39)
-

to, nojcrasus (9:38) u (9.39) B ypasuenne uy = a1+ 2 (r24) + f, nomyumw:

Zxk T// QZT 3r< 8)(6k ) ‘|‘ZXI~: fk;

OTO PABEHCTBO 3aBEJIOMO BEPHO, €CJIN PsiJIbl B JIEBOI U MPaBOil JacTsIX pPaBHBI
[IOY4JIEHHO:

" a’? 0 [ OXy(r
X)) = % o (P

) Tolt) + Xe(r) (), Vk.

[Tonesns nocaeanee pasenctso Ha a?Xy,(r)Ty(t), nomydanm:

T - K T (r2)
CLQTk<t) Xk(T) .

JleBasg 9acTh 3aBUCUT TOJILKO OT t, TpaBasg — OT T, CJeI0BATE/ILHO PABHBI OHI
MOTYT OBITH TOJILKO B ciIydae, Kormga JA\; € R :

1.0 (,0Xk(r)
T%(t) — fk(t) _ r o or (7“ or >
CLQTk(t) Xk(T)
Taxum obpasom, st dyuknuit Tk (f) mogydaem ypaBaerue
T (t) + a®* . Tr(t) = fo(t), (9.40)
a s dyskiwit X(r) — ypaBHeHHe:

1 0 8Xk(7“) o
; . 5 (T’ 67“ ) + )\ka(T’) = 0,

KOTOPOE€ MBI IIEPEINIIIEM B BHUIE:
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1o — B TouHOCTH ypaBHeHnne beccenst u3 3agaan (9.17) ¢ v = 0. Boracaum,
Kakmne Kpaesble yeaoBust Ha X (1) cienytor u3 ycaosuit 3agaan (9.36)).
Yenosue |u(0, t)| < oo npeBparuTcs B

1 X (4+0)] < o0, (9.42)
a yeaosue u(R, t) = 0 — B ycaoBue
X4(R) = 0. (9.43)

IITar 2. Pemienue 3ajauu LlItypma-JInyBuinsa
st dynkimit Xy () mbr nosty i 3agady Lrypma-Jlnysusis suna (9.17) c

a=1upf=0
{ (T’X;C(T))/ = — A\ Xi (7).
| Xk (+0)] < o0, (9.44)
X(R) = 0.

Bocmosbzyemest pesysbrarom Teopemsr 9.3] c. [123]

Bce cobemeennvie wucaa 3adavu Hmypma-Jluysusia Heompuyamesvtvl u Kpam-
nocmu 1. Queao A = 0 ecmov cobemeennoe wucao zadavwu IImypma-JIuysunis
moeda u moavko moezda, xo2da v = o = 0, u emy coomsemcmeyem cobcmeen-
nas pynryua u(x) = const.

B namem ciydae o = 1, nmosromy 3sagada [ltypma-JInysumasa (9.44) nmeer
TOJILKO CTPOTO TIOJIOYKUTEIbHBIE COOCTBEHHBIE 3HAYeHNA. UTOOBI NX HANTH, IPU-
mennM teopemy [9.4] c. [123}

Bce noaootcumenvrvie coocmeennvie wucaa 3adavwu IIImypma-JTuysuiirs u co-
0MBEMCMBYULUE UM COOCMBEHHBIE HYHKUUL UMEIOM BUO:

()72 (v)
Ky T
; Jy : keN,
2de ,u,(:) — KOPHU YPABHEHUSA,

/\]({7’/) — H;
aRJ, (1) + Bud, (1) = 0.

R

B namewm ciaygae v = 0, « = 1, § = 0, mosroMy coOCTBEHHBIE HYHCJIa U COD-
crBernble Gyukiun 3aga4qu rypma-Jluysumisa (9.44) nmeror Bu:

(0)72 (0)
MW= 4% h(%),  keN,

(9.45)
e ,U]E;O) — KOpHH ypaBHEHHUsI Jo(p) = 0.

IMTar 3. Paznoxenue pyukimu f(r, t) B psijg 10 cOGCTBEHHBIM (DYHK-
nusam 3aga4uu Itypma-JInyBusis
B coorBercTBUM ¢ TEOpEeMOi , c. [124] dynkuus /7 f(r, t) pasnaraercs B
psig Oypbe

f(T’, t) = Z fk(t)JO(:ul(cO)T)? (946)
k=1
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Kopoue,

k

2 / (M(O)T>
f ( ) - 9’ Tf("n; )JO K dr
ey 7

YVIIPOCTUM BU/I 9TOTO BhIPaXKeHU, IPUMEHUB PEKYPPEHTHYIO (DOPMYITY , C. :
T (@) = J,1(x) — ZJ,(2).
X

560 =0 ()

A B cuty cootHommennst ((9.11))

Y nac v = 0, nosromy

1oJIy yaem

[ToaTomy

5 ’ L0,
fu(t) = -/rf(r, t)Jo ( ’}% ) dr. (9.47)

NG

IITar 4. CoctaBienue u pemienne 3agaun jjast T (1)
Ecomm nckombrit i ((9.38)), c. [131] mojcraBuTh B HadaIbHBIC YCIOBUS

U(’l“, O) = 07 ut(rv 0) - 07

MOJTYYIHM, YTO 3TU HadaJbHBIE YCJIOBUS OYIYT 3aBEJOMO BBIITOJHEHDI, €CJIN BCE
caaraeMble PsiJIOB B JIEBBIX JaCTAX OKaXKyTCs PaBHBI HYJIIO, TO €CTh OyJIyT Bbi-

ITIOJIHEHBI COOTHOIIIEHU A
Xk(T)Tk(O) =0,
X (r)T},(0) = 0.

Takum 0OpasoM, mosydaem HadajbHbie yeaoBus Ha dyukiun Ty (t):

T(0)=0,  T}(0)=0.
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B coBokymHocTH ¢ osTydeHHbIM panee ypasrenueM (9.40)), c. (131 u yuurbiBas,
(0)

2
9TO A\ = {%} , ToJrydaeM 3ajiaqy Kormmn:
o)+ 2Ll ) = o
R2 - 9
T/ (0) = 0.

Obmee  perrenne  COOTBETCTBYIONIETO  OJIHOPOJHOIO  YpaBHEHUS

a2 [M(O)]2
T"(t) + —z—T(t) = 0 umeer ug

(0) (0)
t t
Too(t) = ¢ sin (MkRa ) + ¢9 cos (MkRa ) :

Y100l HAJITH YaCTHOE PElieHIe HeOAHOPOIHOTO yPABHEH s, BOCIIOIb3YEMCs Me-
TOJIOM BapUAIUH TOCTOSHHDIX:

Ecmm dyuxmun yi(x), y2(x), ..., y(x) odpazyior @CP muneitnoro ogaopoi-
HOT'O yDaBHEHHS

y™ a4 a1y 4 any =0,

TO 00IIee perieHre HeoJHOPOJHOIO yPaBHEHM s

v+ ay" Y + a1y 4 agy = f(x)
nMeeT BUJT
Yotio — Cl(x)yl + Cg(ﬂf)yg + ...+ Cn(x)ym
riae dysknnn ¢1(x), co(x), ..., ¢,(T) HAXOAATCS U3 CHCTEMBI

p

cjly}—kc%y%—l—...—kcgly?:O
Yyt &Yyt ..+ ey, =0

Ay Py =0
c’ly?_1 + céyg_l +.. o+ Yyt = f(a).

\

(0) (0)
. . . wyat Wy at
B namrem cinyuae @CP obpasyercst mapoit dyHKImit {sm ( 7 ) , COS (’“T) },

IOPsIJIOK YPaBHEHUsI N = 2, U B cUcTeMe OYJEeT Bcero 2 ypaBHEHMUS:

i ot (0)

R

au,io) / u,go) at ;. M,(f)) at
i (cl cos( = ) —czsm( = )) = fr(t).

/ .
c} Sin (
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Permmup 3Ty cucremy JMHERHBIX aJaredpandecKux ypaBHEeHHI, HaIIpUMeD, 110 I1pa-
BTy Kpamepa, mosryanm:

( ;L(O) at
fk(t)Rcos< ke >
/ —
ci(t) = ¥ ;
<
O
fk(t)Rsin< ke )
h(t) = —
40

(0) (0)
t t
+ ¢ sin (MkRa ) + Gy cos (MkRa ) _
t
(0) (0) (0)
t— t t
= RO /fk(T) sin ot —7) dT+¢q sin Hp 9 +¢C9 COS Hr 4 .
au,g) R R R

’ (9.49)

13 navasnsioro yeaosust Tr(0) = 0 mosyaaem, 1To
Gy = 0,

a 13 HadabHoro yciaosus T (0) = 0 mosygaem, 4To
c1 = 0.

Takum obpaszom, perrenne 3aja4qn (9.48) umeer Bu:

R | ) 4t — 1)
Tk(t):w-/fk(ﬂsm ('uk aR 7 )ClT,

0

rie fx(t) 3amaorca dopmysoit (9.47):
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OTBeT:

R P a(t —7)
u(r; t) = Z Jo < ) : aluk O/fk sin ( I ) dr,

k=1

e ,u,(fo) — moJioyKuTeIbHbIe KopHu ypaBaenust Jo(u) = 0, a fi(t) 3amgaoorcs

dopmyitoii

I R M;io)v">
MO e (T / f<,t>Jo< =) ar

Ne 771 a).

Onpedesumv nonepevrvie Korebarus 00HOPoOHoT Kpy2.a0t MEMOPAHDL Pa-
Juyca R, evizsannvie nawasvrol ckopocmoio

] U, O<r<§,
Y(r) = { 0, E<r<R, (9.50)

ecal %paz’l JVLGM6pCLH'bL 3AKPENAEH HCECTMKO.

3ammcaB 9TU yCIOBHs MaTeMaTHYCCKH, ITOJIYyUUM 3a1a4y:
Hatimu gynwyuro u(z, y, t) u3 ycaosud

utt:az%%(r%), 0<r<R, t>0;
U(T,O)ZO, 0<r <R, (951)
ur(r, 0) = (r), 0<r<R; ’
(0, t)| < oo, u(R,t)=0, t>0,

re ¥ (r) onpenenena B (9.50)). Dra 3a1atda — IaCTHBI CIydail 3a/1a49H, peIeH-
12

Hoit Hamu B Ne 769 (c. . Bocrionbayemces ero pesyiabraToMm:

00 (0) (0) (0)
B fy T Ry, oo [ P at . at
t) = kz:; Jo ( ir > (a,u,io) sin ( 7 ) + @y cos ( 7 ;

rje /L](CO) — MOJIOYKUTETbHbIe KopHU ypaBHeHnust Jo(p) = 0, a pp u 1y 3a1a101cs

dopmyamu
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B namewm ciayuae o(r) = 0 u, suaqdutr, ¢, = 0, a ¥ HaJI0 HARTH, UCXOJS W3
BUJIa (DYHKIAN 1.

r 1O 10,
/rw(r)Jo I}% dr = [B cuy ] = U/?“JO ’}g dr =

0

Sy

0

(0) 2

2
0
|:/“L](c )] 0
= o cuny @9), ¢ [Z0) wo(2) = [ h(@)) ] =
) M(O)
o w=—-
UR? | UR? vr? ()
= SE / [$J1($)],d95 = ™E - 2y ()] - 9,0 i (% '
[Mk} 0 1, =0 &
Orcroa,
s
Ry, vr N (%)
0 2’ 2
ol T T )
OTsBer:

(0)
o0 B 0) (0)
UR 1 ‘]1( 2 ) p( r W, at
u(r; t) = g 5 - 2'<]()<k -sin [ HE—1,
R R
L] ()
rjie ,u,go) — T0JIOKUTEIbHBIE KOpHU ypasuenust Jo(u) = 0.

Ne 771 6).

Onpedeaumv nonepeurvie Kosebarus 00HOPOOHOT KPY2A0T MEMOPAMDL Pa-
Jduyca R, evizeartvie HAUAALHOU CKOPOCTBIO

U 0<r< 12
= ST 52

¥(r) {O, S <r <R, (9.52)
ecau Kpati MEMOPAHbL 3aKPENACH YNPY20.

Bamucas 3T1 ycJaoBud MaTeMaTHU4€CKHU, IIOJIYIUM 3ada4y:
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Hatimu ¢yrxyuro , Y, t) u3 ycaosudl

2 - (rgt 0<r<R, t>0;
u(r, 0) =0, 0<r<R;
u(r, 0) = (r), 0<r<R;
(0, t)| < oo, u.(R,t)+ hu(R,t)=0, t >0,
(9.53)

rie ¢ (r) onpenesena B (9.52)).

IIlar 1. IlpeaBapuTe/ibHBbIE PACCY2KICHMSI.
Ecin uckars pemienne 3ayiaqu (9.53) B Bujie

= 3 X)), (9.54)
k=...

t0, nogcrasus (9.54) B ypasnenue uy; = a® - l : % (r%) , TIOJTY IHIM:

ZX’f JTi(t 2Zr m( (97“( )>Tk(t)'

9TO0 PABEHCTBO 3aBEJIOMO BEPHO, €CJIN PsiJibl B JIEBOIl U IPaBOil 4acTsIX pPaBHbI
[IOY4JIEHHO:

X, (r)T(t) = a? - % (ﬁ’gﬁ”) Ti(t), Yk

I[onenus nocueanee pasenctso Ha a?Xy,(r)Ty(t), momydanm:

1.0 (,.0%Xx(r)
T)(t) (7“ o )
CLQTk<t) Xk;(T’) .

JleBast yacTh 3aBHCUT TOJILKO OT t, paBasi — OT T, CJAEA0BATEIHLHO PABHBI OHI
MOTYT OBITH TOJTBKO B CjIydae, Korjga d\; € R :

19 (,.0X(r)
T/(t) o (7“ 5 )_

— — g
2T, (t) X, (r) g
Taxum obpasom, st byuknuit Tx(t) nosydaem ypaBaerue
T (t) + a*\yTy(t) = 0, (9.55)

a st byukimit X(r) — ypaBHeHue

1 8 an(T) o
; . E (T ({97“ ) + )\ka;(?") = 0,

KOTOpPO€ MBI II€EpelnuieM B BIIE:
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910 — B TOuHOCTH ypaBHenue Beccens u3 samaun (9.17), c¢. (9.17), c v = 0.

Brisicunm, Kakue KpaeBble yeioBust Ha X (1) e yioT u3 yeaosuit 3ajatu ((9.53)).
Yenosue |u(0, t)| < oo mpeBparuTcs B

1 X% (+0)| < o0, (9.57)
a yesiosue u, (R, t) + hu(R, t) = 0 — B ycioBue
X.(R) + hXy(R) = 0. (9.58)

IHIar 2. Pemenne 3amaun IItypma-JInyBuiasa
Nt dyuknnit Xy (r) mor moayansm 3agaay Hltypma-JTnysumnsg suga (9.17) c

a=huf=1
{ (rXﬁg(r))/ = —\pr Xg(r).
| X (+0)] < o0, (9.59)
X! (R) + hX,(R) = 0.

Bocmosbayemest pesyiibrarom Teopembi 9.3 c. [123)
Bce cobecmeennvie wucaa 3adavu ILImypma-/Iuysuiia neompuyamenvros u Kpam-
nocmu 1. Queao A = 0 ecmo cobemeennoe wucao 3adavu IIImypma-JIuysuins
moezda u moavko mozda, xoeda v = a = 0, u emy coomseemcmesyem cobcmeeH-
nas pynryua u(x) = const.
B namem ciayuae o = h > 0, nosromy 3aja4a [typma-JIuysumisa (9.59) mme-
€T TOJILKO CTPOI'0 IOJIOYKHUTE/IbHbIE COOCTBEHHbIE 3HaUeHNd. UTOOBI UX HalTH,
npumMennM teopemy [9.4] c. [123]
Bce nonootcumesvnoie coocmeernmvie wucaa 3adavu [IImypma-JIuysuina u co-
0MBEMCMBYNULUE UM COOCMEBEHHBLE PYHKUUL UMEIOM 6UO:

(v)

()72 (v)
, J, <”’;;>, keN,
20e [y, ~ — KOPHU YPABHEHUSA

.Xé?) — M,
aR J, (1) + Bud, (1) = 0.

R

B namewm ciydae v = 0, a = h, § = 1, nosromy coOCTBeHHbIE THCJIa U COD-
crBernble Gy 3aga4qu rypma—/Inysuiis ((9.59) nmeror Bu:

072 (0)
AW =[] W(%), keN,
(9.60)

e ,u,(ﬂo) > (0 — xopuu ypasuenust  puJ(p) + hR Jo(u) = 0.

IMTar 3. Pazioxkenue pyHKIU © 1 1) B psAJi 0 COOCTBEHHBIM (DyHK-
oUuaM 308491 mTpra—ﬂﬁBHHHﬂ

B coorsercriun ¢ Teopemoit 0.5 c. [124] dynkuuu /7 o(r) u /7 ¥(r) pasia-
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raiorcd B psji Pypbe

% L),
o(r) =D o | = | (9.61)
k=1
o L),
w(r) = o | ) (9.62)
k=1
1
P )12 o
% [J(l) (,LLk )} +% <1 o (’u(()o))2> Jg (luk >
k N——
=~ Hh ()]
1 i ,u,(g)r
X o3 (1) Jo 7 dr =
0
R
2h? (O)T
— PNE -/T1/)(7‘)J0 (,u% dr,
(r2n2 ) |y ()] 0
Kopoue,
R
2 2 (O)
er =0, Y = h 5 -/mp(r)Jo Pe )
27,2 2 1 (,(0) R
(R2h* + ) {Jo (ﬂk )} 0

VIpocTum i 9TUX BbIPazKeHuit, npumeHus pekyppenrayio dpopmyiy (9.8)), c.[I121}
%
J(x) = J,1(x) — EJV(JJ).

(1) = ).

A B cuy coornorrenust ((9.11])

J_n(x) = (=1)"Ju(2), n € 4,

Y nac v = 0, nosTomy

[IOJTy 4aeM

[TosTomy

2 R (0)
or =0, iy — 2h . / () Jo <M> dr.  (9.63)
(w4 pi) [ (1)) 5
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IITar 4. CocraBienue u pemenne 3agaum jjast T (t)
Ecom nckombiit i ((9.54)), c. [138] mojcraBuTh B HaYaIbHBIE YCIOBUS

U(T’, O) = @(T)v ut(ra 0) = w(”f’),
samenus yuximn @(r) u ¥(r) pamavu (9.61) u (9.62)), mosyqanm, aro s

HaYaJIbHbIC YCJIOBY A 6y,ZLYT 3aB€/IOMO BLIIIOJIHEHDI, €CJIN PAAbI B JIEBLIX U IIPABbIX
JaCTAX OKazKyTCd paBHBI IOYJIEHHO, TO €CTb 6y,ZLYT BbIITIOJIHEHBI COOTHOIICHN A

{ X;.(1)T%(0) = X5 (r) s,
Xk(T)T;f(O) = Xk(T)’ng

Takum 006paszoM, mosydaem HadajbHble yeaosus Ha dyukimn Ty (t):
T.(0) =k,  T5(0) = .

B cosokymnoctn ¢ mosydenubiM panee ypasaerueM ((9.55)), c. (138, mosygaem
zagady Komm:

0) = ¢, (9.64)
0

O6mee pemenne ypasuenus T (t) + a* A\, Tk (t) = 0 umeer Bug

(
Ty(t) = ¢; sin <\/>\7;€ at> + 9 Ccos <\/>\7k at) .

N3 nagasnbroro yeiaosust Ty (0) = ¢ moaydaem, 9To

Cy = Pk,
a 13 Hada/bHoro yciaosus T (0) = 1)y, nosydaem, 4To
[
C1 =

CaVA

Takum obpasom, perrenne 3aja4qn ((9.64) mmeer Bu

Ti(t) = a% - sin (\/Yk at) + @ cos <\/>\7k at> :

rjie o 1 Y 3aaTced popmylioit (9.63)):

2h2 i ,u,(fo)r
o = 0, U = : e r(r)Jy 0 dr.
(R2h? + pff) {Jl (Mk )} 0
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Haitem 1)y, noss3ysick yeaosuem ((9.52)).

O\w\m

/RW(r)J Z30 PP =
0 P T—[BCI/LHY]—U

0

/L(O)T
rJy % dr =
(0)

(0) 2 A
B oy UR B
—[e =t = /xjo(x)d:v—

2
0
|:ILL](<: )} 0
= [B cuiy (9.9), c. 121 xJo(x) = [le(a:)]'} =
ngo) “io)
UR: | UR? UR? ©)
_ U / wh(@) de = 22 wh(@)] | = g (M)
(0) (0) 2" 2

1©
Orciofa, BecnoMunast, 4To /Ay = ~5-, sanumem

o R Uh2R3 | J1 (%)
A ap o (RR2 4 2) [u;io)r K (“1(60))}2.

Takum obpaszom, u(r; t) =

(0)
2R3 X 7 (%) ) 0)
- - (10 i (1))
a 2p2 1 2y [,,(0) (0) R R
> e 0 [ [ 6P

e ,LL,(CO) — mostoKnTebHbIe KopHHu ypasuenust puJ)(p) + hR Jo(pn) = 0.

MoxkHO HEMHOTO yHIPOCTUTHL TOT OTBET, BOCIIOJIH30BABIINCH PEKYPPEHTHBIMUI

dbopmymamu (9.9) u (9.11)), c. [121f
(2" ], (z) = 2" J,_1(2), J_n(z) = (=1)"J(x), neZ.

B camom Jiesie, 13 TOro, 4TO ,LL](CO) — xopuu ypasuenust pJ(u) + hR Jo(u) = 0,

CJeIyeT, 4TO
0
(h R>2 gy (")
o T\ 7o |
(0) Jo (M;(go))

Fo,
Jo(x) = Joa(z) = —Ji(2)
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OJTy YaeM:

U OTBET IPUHUMAET BUJI;
OTBeT:

(0)
UR <« Ji (%) (/f%“) (,u(O) at)
u(r; 1) = (1) (1t
a ;(R%“ru%) [Jo (uio))r A t

rje ,u,go) — MOJIOKUTEIbHBIe KOpHH ypaBuenust uJ)(p) + hR Jo(pn) = 0.

Ne 772 a).

Odnopodnas Kpyesras membpara paduyca R c ocecmko 3axpenserrvim
Kpaem COBEPULAETN, NONEPEUHBLE KONCOGHUA, BBL3BAHHBLE HAYANDHBIM O~
KAOHEHUEM

o(r) = A(R* —r?). (9.65)

3alcas 9TH YCJIOBUA MaTEeMaTHIECKHU, MOIYUNM 3aa1Yy:
Hatmu ¢ynryuro u(x, y, t) usd ycrosud

(utt:aQ-%-%(r%), 0<r<R, t>0

u(r, 0) = o(r) = A(R? — r?), 0<r <R,

(1, 0) = () = AR~ 1) 0
u(r, 0) =0, 0<r<R;

L u(0, )] < oo, u(R,t)=0, t>0.

Drta 3ajada — JaCTHBIN ciaydail 3ajgadm, perrexnoit Hamu B Ne 769 (c. [126]).
Bocnomb3yemces ero pe3yabTaToM:

00 (0) (0) (0)
o py T Ry, oy at ., at
u(r; t) = kgl Jo ( 7 > (a,u]({:o) sin <—R ) + ¢, cos ( 7 :

rJe ,u,(co) — TOJIOXKUTEIbHbIe KOpHU ypaBHenus Jo(p) = 0, a ¢p u Yy, 3a1aorcs

dopmynamu
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B nammewm ciayaae ¢ (r) = 0 u, 3naunt, ¢, = 0, a @) HaJI0 HAFTH, UCXOJIsT U3 BU/A

dyHKIIN
plr )derT3J ( ) )dr

¢ = A(R*—r?). Haiijlem cHauajia MuHTErpaJibl f rJo (

0
"

/RTJO (M%ZT) dr = {:1: = M%:T} = { }(ijr /xJO (x)dx =

0 My 0

= | cuny (9.9), c. 121, 2Jo(z) = [z J1(z)] | = 1 > | [edi(2)]) do =
| |

R2 T=y, R2

= wh@]| = (i) 067)
(0) =0 1%
My, k

R My
(0) (0) 4
3 Fy T Hy T R /3
Jo| == | dr = |x= = J dr =
/7“ O(R)T [l‘ R} [(@}4 x”Jy (z) dx
[

0 E| o0
— [B cuny (0.9), c. 121, xJo(x) = [z Ji(x)]"; Gepem 10 qaCTHM:| =
. uw
= 1 /562'[“1(%)]'6556:
]
He | o
(0) L)
R4 L=y,
= - | 2 () - Ji(z)de | =
|: (O)i| =0
H 0
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[TosTomy

/ 2 o ' , R (0)
0

2 2
Hi u;(f)} [u/(f) ]
U, nakowner,
R

(0) 2

2 4AR
o 012 -/w(r)Jo (M%T> = o <”’(‘~‘O)> '

w5 ()] o i ()]

OcraJioch YIPOCTUTH 9TO BhIpakeHue. BocrobayeMes peKyppeHTHOf hopmy-
soit (9.10), c. (121}

Joor(z) — %”J,,(x) o (x) = 0.

IIpu v =1 upn x = ,ug)) TTOJTY IUM

2
T (1) = =g () + o () =0
k

H \T

[TosTomy
Jo (M](CO)) 2
A R

OTKYIA

) AR B () RAR?
k : = :
{M/g )} 2 Ji (M; >) J1 (/’L](f())) [Mg))} ’ Ji (MECO))
OrTBer:

u(r; t) SARQZ Ji ('LL](“O)T> coS (M’(CO) at)
— - Jy . :
) Jl( gy !
(0)

rjie f;. — HOJIOKUTeJbHble KOpHH ypaHenus Jy(p) = 0.
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Ne 774. Hatdmu gynryuro u(x, y, t) us ycaosud

utt:a2-%-%(r%), 0<r<R, t>O0;
u(r, 0) =0, OSr<h (9.69)
wy(r, 0) =0, 0<r<R; '
[u(0, t)] < oo, wu(R,t)=Usin(wt), t>0,
rie w u U — 3ajanible KOHCTAHTDL.
IMTar 1. N36aBsisieMcsi OT HEOAHOPOJAHOCTU B KPAEBOM yCJIOBUU
Bynem uckarh perienue 3agadqn 9.69E B BUJIE
u(r, t) =v(r, t) +w(r, t), (9.70)
riae w(r, t) — ecTb Kakoe-Jmbo pelieHne 3a/1adu
wtt:a2-%-(rwr)r, 0<r<R, t>O0 (9.71)
lw(0, )] < oo, w(R,t)=Usin (wt), t>0. '

[Tockobky HaM Hy?KHO Kakoe yrojamo pemierne (9.71)), ecrectBenHo nckarhb
dyHKIMIO w HarboJee MPOCTOro BUja, HAIIPUMED,

w(r, t) = b(r)n(t)

(w B Buzie CyMMBI MHOTOUJIEHA OT 7 11 7)(t) B IAHHOM CJIydae He TOJUTCST, HOO 13
KpaeBoro ycsoBust cpasdy mnosyuantes 7(t) = Usin (wt), u ypaBuenue e Gyjer
BBITIOJTHEHO ).

st w(r, t) uckomoro Buya b(r)n(t) BHIIOJHEHBI COOTHOIIECHNS

w =V, = b)),
F ), =+ h = (0 + 20 e,

r r

Yrobwr BBITIOMTHSLIOCH KpaeBoe yeaosue w( R, t) = U sin (wt), 10cTaTOqHO B34ThH
n(t) = Usin (wt) b(R) =1,
a noncrasiss w = Ub(r) sin (wt) B ypasrenue wy = a* - 1 - (rw,),, nomyuaenm

pPaBEHCTBO

—Ub(r)w?sin (wt) = a? <b”(7“) + M) U sin (wt) .

r

To ectb dyukiws b(r) mo/mKHA OBITH perienneM 3a1adn Korrm

b (r) + Y0 — (@) p(r ,
{ b(%))il.r ()" b(r) (9.72)

YpaBHeHne B 3Toil 3ajilade ecThb ypaBHeHne beccens u3 sagaun [ITypma—
JInysunna (0.17), ¢. 123, rne v = 0, X = pu? = (“’)2, a=1 [ =0. 3a-

a
metum, 910 (9.72)) He ecTh B wmcToM Bujie 3aja4da rypma—/Iuysumisa (9.17),
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IIOCKOJIbKY 31€eChb Y HaC KpaeBO€ YyCJIOBUEC HEOJHOPOIHO. DTO HE MO3BOJIUT HaM

HAIPSMYIO TpUMeHNTL Teopemy (9.4, O1HaKo BOCIONBL30BATECS €€ Pe3yJIbTATOM
MBI MOZKEM, PACCYZKJIasl CJICAYIONIM 00Pa30M.
[Tpeanoozkum, Mbl 3HaeM perienne 3ajadan (9.72)). DTo perenre HaBepHsKa

VJOBJIETBOPSIET ¢ HEKOTOPBIMU (¢ U (3 KpaeBomy yciaoBuio ab(R) + Bb’ (R)=0
1, COOTBETCTBEHHO, Beeil 3ajade [Itypma-JInysumra

—(rbY = Arb, A= (2)7;
[b(+0)[ < o0; ) ) (9.73)
ab(R) + BV (R) = 0, a, B3>0, a+p3>0.

[Tosromy dbyukimst b(r), yxke no reopeme 9.4, nmeer sun
b(r) =c- Jy (\/XT) =c- Jy (ﬂ> :
a

Koncranta ¢, na KOTOPyI0 Mbl YMHOXKIIA J (\/X 7“), He MeIIaeT BbIIOJIHE-

auto ((9.73]), 3210 ¢ ee MOMOIIBIO JIETKO JJOOUTHCST BBIIIOJIHEHUST KDAEBOTO YCJIOBHUSI
b(R) = 1. HeiicTBuTesnbho,

1
CJo(w—R>:]. — Cc =

a o (59)
Nrak,
Jo ()
b(r) = a
Jo ()
¥, HAKOHeI,
Ui ()
w(r, t) = ——p-sin (wt). (9.74)
o ()
Taxas dynknns w(r, t) sgBisercs pereHneM 3ajatdn
(wtt:aQ-%-(rwr)r, 0<r<R, t>0;
w(r, 0) =0, 0<r <R
) wilr, 0) = —“’f‘?ﬁ:f, 0<r <R
o\
L Jw(0, t)| < 00, w(R,t)="Usin(wt), t > 0.

(9.75)

Berarem u3 samaun  (9.69) samaay (9.75). [Momyumm, uro dyHKIms
v(r, t) = u(r, t) —w(r, t) aBasercsa perieHreM CJIeyIomeil 3aj1aqu:

'vtt:a2-%-(m¢)r, 0<r<R, t>0;

v(r, 0) =0, 0<r<R;

< vy (r, 0):—%, 0<r<R; (9.76)
("%

L [v(0, t)] < o0, w(R,t)=0, t>0.



ITar 2. Pemenne 3amaau (9.70)

Dra 3a]a9a eCTh JaCTHBIN cirydaii 3agadm Ne 769 (c. D Bocnosibzyemes pe-
BYJIETATOM:

- prrN By (g at iy at
£ =S Jp (HEY (22
=3 () (G (M) e (M)

re i — TOJIOXKUTeTbHbIe KopHU ypaBHeHust Jo(pn) = 0, a ¢p 1 1y 3a1arorcs
dopmyioit

R
_ 2 . pr
NI ATATE / e ()
Ml-ﬂ“
b= Jl - / rp(r dr

0
[TockosbKy Hauasbaoe otkionenue p(r) = 0, Bce KoabunenTs
v =0, ke N.
Ham ocraercs TOIBKO MOCYUTATD 1y JUId PYHKIIUN HAYAJILHON CKOPOCTH
u)l]¥]b (92?)
Jo ()

a

[TockobKy nnTerpas

ectb nnrerpar Jlommers (9.13]) — (9.14)):

X

[ #at) Byt = T (@pna(aa) (B0) — B aa)Lua(Be), o B,
0
/t(JV(ozt))2dt - % (o] (ax))? +% <x2 - %) (J,(ax))?, v> -1,

0
nMeeM JIBa, CJIeIYIONINX CJIydas.
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it . W 223
Cutyuaii orcyTcTBHUst pe3oHaHca: = # 73 uu npu Kakmx k € N.

R
Vi = = 2 / r(r)Jo (MM) dr =
0

R2[Jy ()] R
2wU ’
w LT
_ rJ J, dr =
R () o () / ()2 ()
B 2wU a’R? «
R () o (4) R —
w . [(wR wR 2a%wlU m
X EJl( a )JO(O )_EJO< )Jl(ﬂk) _Jl(luk)'R2w2_a2M%'

Torma
Ry 2awUR

a Ty ) - (RR? — 22
v it byHKImn v(r, t) uMeeM mpejcTaBeHue:

- Jo (%) . (Mk; at)
v(r; t) = 2awUR it csin | —— |, 9.77
(r; 1) 2 ) (B — %) 7 (9.77)

TJIe fiy — MOJOKUTe/IbHBIe KopHE ypasHenus Jo(u) = 0.

w

Cay4ait pesonanca: Im € N: ¢ =z

Lo

R
B cuy oproronanbaoctu GyHkImii Jy (%) u Jy (%T) = Jo (%) HA, [IPOMeE-
xytke (0, R) mpu k # m,

U =0, k #£ m,

a Ipu k = m noydaeM

R
Un = W) (B0 ) dr =
3/77‘ ) T

2

M 1 2 02“R2 2 M%
— ° J m - R - :] m — .
1 \Mm 7(]"1(/%1) ~

Torna
ka:{o, upu k # m;

Hm —
ajy, L upu k=m
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u Jyist pyHKIun v(r, t) UMeeM mpejcTaBIeHune:

o(r; t):g—R-Jo (%) -sm(MRa ) =

= [B CIJTy PaBEHCTBA %n = f} =— - Jo (—> -sin (wt) . (9.78)
a

Hakomner, a1 perenns
Ul (55)
(ﬁ)

u(r, t) =v(r, t) +w(r, t) = v(r, t) sin (wt)

MCXOJHON 3a1a4n [10JIy9aeM
OTget: B ciyuae orcyTcrBust pesoHaHca, TO €CTh €Clll & 7 % HU [IPU KAKUX

ke N,

UJ() % . Lk a
u(r; t) = T(R))Sln (wt)+2awURZ 7 ) (R’ Do )_ 20) -sin ('LLR t) :

a

e [ — TTOJIOKUTETbHbIe KOpHE ypaBuenus Jy(u) = 0.
B ciyuae pesonanca, To ectb ecoim dm € N = = fm

sin (wt) + % - Jo (%) - sin (wt) =
U

- (Jo & +%> - Jo <%> - sin (wt).

UJ wr
u(r; t) = —JOO(C(”—R))

a

Ne 776 a).

Onpedesumnv nonepevrvie Korebarus 00HOPoOHoT Kpy2aoti MEMOPAHDL Pa-
duyca R, evizsanmvie nenpepviero pacnpedeschnoti no memopare nonepe-
HOU CUAOT NAOMHOCTIV

gsin (wt),
deticmeyrowetc ¢ momerma t = 0, ecau xkpatli memoOparv, 3axpenner
2HCECTNKO.

3alcas 9TH YCJIOBUSA MaTEeMaTHUECKH, HOIYUUM 3a/a4Yy:
Hatmu ¢pynryuro u(x, y, t) usd ycrosud

utt:az-% aﬁ(%)wL%sin(wt), 0<r<R, t>O0;

’LL(?“, 0):0 0<r<R; (979)
u(r, 0) =0, 0<r<R; '
[u(0, )] < oo, u(R,t)=0, t>0.

Dra 3amaua — vacTHell cayuait sagaan Ne 770 (c. [130]). Ho mbr me Oyzem moss-
30BAThCS €€ PE3yJIbTATOM, TOCKOJIbKY TOIJIa HAM HPUILIOCH Obl BEIYUC/IATH MH-
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TerpaJibl

] sin (w7) sin (W) dr,
0

B JIBYX CJIyUasiX — PE30HAHCHOM 1 He-PE30HAHCHOM, & 3aTeM CyMMUPOBATH PAJIBL,
MHAaYe HOJYIUTL OTBET B TOM BHJIC, KAK B 33JIUHUKE, HE YIACTCS.
CaMblii IIpOCTOM IyTh PEelIUTh JAHHYIO 3a/a4y, — 9TO HPEJCTABUTE €€ PEIIeHIe
B BHJIC CYMMbI
u(r, t) = w(t) + vi(r, t) + vo(r, t),
e
q
w(r, t) = — — sin (wt),
pw
u byuknuum vi(r, t) u ve(r, t) €CTh pereHns 3a1ad:

{ wu = %sin (wt), 0<r<R, t>0 (9.80)
vltt:az-%-(rvlr)r, 0<r<R, t>0;
vi(r, 0) = —w(0) = 0, 0<r<R; (9.81)
v1¢(r, 0) = —wy(0) = p%, 0<r<R; '
01(0, )] < 00, v (R, t)=0, t > 0.
Vo = a’ % (rvay), 0<r<R, t>0;
ve(r, 0) =0, 0<r<R;
U2t(ra O) - 07 0 <Sr< R7
v1(0, 1) < o0, iR, t) = —w(t) = ;L sin (wi), t>0.

(9.82)
Bagjada (9.81)) ects wacTHbIl coyuait 3agadan uz Ne 769 (c. [126)), a (9.82) —
qacTHBIN corydait 3agaan u3 Ne 774 (c. [146) mpu U = p;;g. Brrmmuiem pe3yibTaTh:

S perN (R (e at fy at
z;]( )<CL,LLk sm( 7 )Jrgokcos( 7 )),

TJIe (g — TOJIOXKHUTETbHbIe KOpHN ypaBHeHust Jo(pn) = 0, a ¢ 1 1y 3a1at0rcs

dopmyJioit
R
Mk?“
dr,
TR J1 (1) / (7 )
) R
HET
Ry ()" 70 ()

w j223
B ciiyuae orcyTeTBuA pe30HAHCA, TO €CTh e = # L& Hu npu Kakux k € N,

g () 2agR - Jo (") (e at
pw2JO (%) S1n (w t)‘l‘ pw kz:; Ji (Mk) . (R2w2 _ aQM%) Sin R )

vo(r; t) =
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vo(r; t) = (W + %) - Jo (%) - sin (wt) .

Yro6bI ncosib3oBaTh Gopmyiy s vy (r, ), Hajgo HallTh @y u Y. [lockoabKy
o(r) = —w(0) = 0,2 ¢(r) = —u'(0) = /L,

2 f kT 2 ’ T
Y wf'/ () dr = 5 w)f'o/ v () dr =

[, ]
N [ ]]; } pu [Ty (pir))

= [B cuny (9.9) mpu v = } = 29 -/[le (z)]' dx =

L=k 2q

= xJp (x) =
pw [pedy (pr)] w0 PwRJy (pir)
[TosTomy
- per Ry (g at 2qR <~ Jo (") . (i at
S () R _ | |
vy (r; t) kz:; R ) e sm( 7 ) Pwa;,u%h(uk) sin |~

Taxum obpasoM, JijIsI PelreHnst
u(r, t) = w(t) + vi(r, t) + vo(r, t)
ncxoaHoit 3amaan ((9.79) moaydaem

OTser: B ciydae oTcyTCTBUSI DE30HAHCA, TO €CTh €CIN & 7 % HU 1IPU KaKUX

ke N,
q . 20R ~—~ Jo (") . (,Uk: at)
u(r; t) = — — sin (wt) + - sin +
( pw? wt) pwa ,; w1 (1) R
¢ho () 2aqR & Jo (4 . (uk at)
+ ———5sin(wt) + sin =
pw?Jo (4F) Wi+ ,; Ji () - (RPw? = a?pig) R
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_ 4 h(5)
=2 sin (wt) [JO (a8) 1|+
20 R3w & Jo (4) _ (Mk at)
ap ZJ () 4 (RAZ — %)\ R )

rJe [t — TOJIOXKUTeIbHbIe KopHE ypaaenus Jy(u) = 0.

B ciyuae pesonanca, 1o ecth ecit Im € N : “7; =
q . 2R ~—~ Jo (") . <,Uk at)
u(r; t = — —=sin(wt) + - Sln +
(r: 1) pw? (wt) pwa ,; piJy (b R

" (ﬁ+i> o (20 -sin ) =

W TRt ] ans ) (ma
o sin (wt) To (<) + @ 1] + wa ; 27: () sin | —— |,

7€ (g — HOJIOKHUTEbHBIe Kophn ypasHenns Jy(u) = 0.

Ne 776 6).

Onpedeaumv nonepeurvie Kosebarus 00HOPOOHOT KPY2A0T MEMOPAMHDL Pa-
duyca R, eviz3sanmvie nenpepoviero pacnpedesernoti no memopare nonepe-
HOT CUAO0T NAOTMHOCTNU

gsin (wt) ,
deticmsyrowets ¢ momenma t = 0, ecau xkpati membparvl 3aKpenset
ynpyeo.

3almncas 9TH yCJI0BUSA MATEMATHUCCKHU, OJIYUUM 34141y
Hatimu gynryuro u(z, y, t) us ycaosud

Uy = a %-%(r%)—i—%sin(wt), 0<r<R, t>0;
u(r, 0) =0, 0<r<R;
ut(r, 0) =0, 0<r <R,
(0, t)] < oo, wu.(R,t)+ hu(R,t) =0, h>0, t>0
(9.83)

Jisl TIOJTHOTBI KapTHUHbI, IPUBEJIEM pellleHre JaHHOI 3ajlaui, aHaJOTMYHOe
Ne 770 (c. [130)).
Ilar 1. IIpeaBapuTtesibHbIE PACCYKJIECHUS
Ecin nckatpb perenne 3aj1aqn B BH/IE

u(rs t) =) Xp(r)Tk(t), (9.84)
k=...
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U TIPEJIIOIOKUTE, 910 jyist f(r, t) cnpaBeyInBO aHAJIOTUIHOE TIPEJICTABICHITE
PSIIOM:

= 5" Xe(r) filh) (9.85)
Z

to, nojcrasus (9.84) u (9.85) b ypasuenne uy = a1+ 2 (r24) + f, nomyuim:

Zxk T QZT 5 () mo + XX 0,

DTO paBEHCTBO 3aBEJOMO BEPHO, €CJIN PsIIbl B JIEBOI U IIPABOM YaCTAX PABHBI
[IOYJICHHO:

a2 g( OX 1 (1)

Xe(r)TH() = = = (r= )Tk(t) FX () fult), k.

[onenus nocneanee pasenctso Ha a?Xy,(r) Ty (), momydan:
1.0 (,9Xkr)
Tg(t) — fk(t) _ r o or (T or )
CL2Tk(t) Xk(T’) .

JleBasg 9acTh 3aBUCUT TOJILKO OT t, IpaBas — OT T, CJeA0BATE/ILHO PABHBI OHI
MOTYT OBITH TOJILKO B ciiydae, Koria JA\; € R :

1,90 (,.0%(r)
TI(t) — fult) 7 o (7“ 5 ) .
CLQTk(t) N Xk(T) N b
Takum obpasom, s dyukunit Ty(t) moaydaem ypasHeHue
T (t) + a* N T1(t) = fr(2), (9.86)

a st pyukiwit X(r) — ypaBHeHue:

1 0 8Xk(7°) .
; . E <7“ 87~ > + Aka(T) = 0,

KOTOpPO€ MBI IIEpeInIIeM B BUJIE:

(% ( a};i( )>> = N Xy(r). (9.87)

1o — B TouHOCTH ypaBHeHnue beccenst u3 3agadan (9.17) ¢ v = 0. Boracaum,
Kakmne Kpaesble yesoBust Ha X (r) cienyior u3 ycaoBuit 3aaaan ((9.83)).
Yenosue |u(0, t)| < oo npeBparuTcs B

1 Xk(+0)| < o0, (9.88)
a ycsosue u, (R, t) + hu(R, t) = 0 — B ycsioBue
X (R) + hX)(R) = 0. (9.89)
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ITar 2. Pemienue 3aja4uu LItypma-JInyBuianasa
st dynkimit Xy (1) mbr nosyann 3agady Ltypma-Jlnysusis suna (9.17) c

a=1uflB=0
{ (rX?C(r))' = — A\ Xg (7).
X5, (+0)| < oo, (9.90)
X.(R) + hX;(R) = 0.

Bocrosbayemest pesysibrarom Teopembt 9.3 c. [123)
Bce cobemeennvie wucaa 3adavwu Lmypma-Jluysusia Heompuyamenvtl u Kpam-
nocmu 1. Queao A = 0 ecmov cobemeennoe wucaro 3adavy LImypma-JIuysuiis
mozada U moavko moada, koeda v = =0, u emy coomsemcmeyem cobcmeeH-
nas pynryua u(x) = const.
B namem cayudae oo = h > 0, nosromy 3ajada [rypma-JInysuiiis 1Me-
eT TOJIBKO CTPOrO IOJIOKHUTEIbHBIE COOCTBEHHBbIE 3HAYEHMSI. ITOOBI NX HAiTH,
npumennM teopemy [9.4] c. [123]
Bce noaootcumenvrwvie cobcmseennvie wucaa 3adavwu IImypma-JTuysuirs u co-
0MBEMCMBYULUE UM COOCMBEHHBIE HYHKUUL UMEIOM BUO:

(v)

)72 (v)
Mg T
) JI/ ) k 6 N,
2de Ly, ~ — KOPHU YPAGHEHUSA

o,
aRJ,(p) + Bud, (1) = 0.

R

AW =

B namewm ciydae v = 0, a = h, # = 1, nodromy coOCTBeHHbIE YHCJa U COO-
ctBennble pynkiun 3agaqn LItypma-/lmyBuiis UMEIOT BUJL:

A = []7 Jo(B5), keN,
k [R} O(R) (9.91)

rie p — kopuu ypasuenust  hRJy(p) + pJj(p) = 0.

IMTar 3. Pazsioxxenue dbyukiun f(r, t) B psaj mo cobcTBeHHBIM DYyHK-
UM 331391 I_HTpra—HIWI/I.HJ’Iﬂ
9

B coorsercrsun ¢ Teopemoii 9.5 c. [124) dbynkuus /7 f(r, t) pasnaraercs B
psa Oypwe

f(?“, t) —

Nt

filt)1ho (55) (9.92)
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——
= [ e gy(am)]
2 ’ g
- , ot ) g (B2 d
(B2 + h2) [Jf (1)) / S0 (%)
== J1 ()]
Urax,
5 R
0 = G e / rf(r ) () dr (9.93)

IMTar 4. CoctaBnenne u pemienne 3aaa4um s Ty (t)
Econ nckombrit Bug (9.84)), c. [153] mogcraBuTh B HavYabHbIE YCIOBHUS

u(r, 0) =0, u(r, 0) =0,

MOJIYYIHM, YTO 3TU HadaJbHbIE YCJIOBUs OY/IYT 3aBEeJOMO BBIITOJHEHDI, €CJIN BCE
cjaraeMble PsiJIOB B JIEBBIX JaCTAX OKaXKyTCsd PaBHBI HYJIO, TO €CTh Oy/IyT BbI-

ITIOJIHEHBI COOTHOIIIEHU A
{ X (r)T5(0) = 0,

X,,(r)T".(0) = 0.
Takum 06pazoM, MojyvdaeM HadasbHble yeaoBus Ha Gyakuun T(t):
T (0) =0, T,.(0) = 0.
B coBokymnHocTH ¢ nostydeHHbIM panee ypasrenueM (9.806)), c. [154) u yuurbiBast,

2
970 \)p = [@] , TostydaeM 3aJ1aay Komm:
]2

R
T () + LT (1) = fi(t),
T:EO))iof% k() = f(t) (9.94)
T'(0) = 0.

O6rmee  perieHnHe  COOTBETCTBYIONIETO — OJHOPOJHOTO — yDABHCHHS
2
T"(t) + MT(t) = 0 mMeeT BH/

R2
= (C1 S11n1 Co COS .
(0]0) 1 R 2 R

YT006B! HAITH YACTHOE PeIleHe HeOHOPOLHOIO YPABHEHNs, BOCIIOIbL3YeMCH Me-
TOJIOM BAPUAIH OCTOAHHDIX.

Ecmu dyukmun y1(x), yo(x), ..., yu(x) odpazyior @CP juHeitHOro 0 HOpPOI-
HOTO yPABHEHMUSI

y(”) + aly("_l) + .. a1y +ay =0,
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TO 00ITee perienne HeOTHOPOTHOTO yPaBHEH! s

y(n) + aly(”_l) +oit a1y tany = f(x)

UMeeT BT
Yorio ::Cl($>y1'+'C2(x>y2'+---'+‘Cn(x)yna
riae dysknnn ¢1(x), co(x), ..., ¢,(x) HAXOAATCS U3 CHCTEMBI

(( iy +bya+ ...+ Yy, =0
Ayt ey + . ey, =0
c’ly?_i + C’ng_i + ..y ? 0
| Ayl Ay et = f(2)

B namem ciayaae @CP obpasyercs napoit (pyHKImit {Sin (“ ’“Rat) , COS (M '“Rat) }7

IOPSJIOK yPaBHEHNS N = 2, U B cUCTeMe OyJeT BCero 2 ypaBHeHHs:
y
{ ¢y sin (B£2) + ) cos (1) =0
et (c1 cos (“’“Rat) — ¢ sin (“’c at)) fr(t).

Permmus 9Ty cucreMy JIMHEHHBIX aJreOpandecKnX ypaBHEeHNIT, HallpuMep, 110 IIpa-
By Kpamepa, moJrydnm:

f ( )RC H at at
& (t) = auk( )

() = — ORI

Atk

4
R t
Ty(t) = o sin (ﬂkRa ) /fk(T) oS <'ukRaT> dr—
0
t
t
— Cos (,ukRa ) /fk:(T) sin <’ukRaT> dr | +
0
t t R
+ ¢; sin (%) + Co cos (u,}%a ) = a—ukx

t
: t— - t . t
X /fk(T) sin (%) dT + ¢ sin (%) + C9 cos ('LL]CRa ) .
0

3 nauanbroro yeiosust T(0) = 0 mosydaem, 4to

62:07
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a 13 Hada/bHoro yciaosus T (0) = 0 nosydaem, 4To
cp = 0.
Takum obpaszom, perenne 3aja4qu (9.94) umeer Bu:

t

R . (pa(t—1)
Ty(t)=—"- [ fr(7)sin | ———=—= ) dr,

Aftg

rie fi(t) samatorca dopmysoit ((9.93)):

R

IIpomerkyTOUYHBII OTBET:

u(r; t) ZJO Mkr CWk: /f;€ sm< (;_ T>>d7‘,

rJe [y — ToJoKuTesbHble Kopan ypasaenus hRJy(un) + pJi(p) = 0, a fi(t)
3aJ1al0TCAd POPMYIIOi

R
= 2 . rr\r ff@z: r
WO = o o O/ 70 00 () dr.

Y100BI MOIYINTH OKOHYATEIbHBII OTBET, HAJ0 HAMTH MHTErPasibl

R

/rf(r, t)Jo (%) dr

0

 Juom(es)

C yuerom Bujga f(r, t) = 4sin (wt), noxydaem

/R rf(r, t)Jy (Mg’) = —sm (wt /RTJO ,ukr [a:: %} =
0 0
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K
]%2
= 17 gin (wt) /xjo(x)da: = [no dbopmyite npu v = O} =

I
Kk
qR> . / : qR g’ .
= — sin (wt xJi(x)| de = —5 sin (wt)-pgJ1(pur) = —J1(pg) sin (wt) .
P (wt) [ [zJi(2)] P (wt)- o J1 (r:) Wk1(k) (wt)
Takum odbpasom,
2qR? .
fr(t) = q 5 - J1(pr) sin (wt) (9.95)

(R? + P2 ppoe [y ()]

U MBbl TECIIEPb MOXKEM HaliTu NHTErpa.Jibl

O/tfk(T) sin (—Mk a(}tg_ T)) dr =

2qR? / . : <,Uk a(t — 7))
= underset= ci. = const - | sin (w7) sin | ————=% | dT.
' (R? + h2u) proy (1) (wr) R

A\ g
~"

Cay4aii OTCYyTCTBUsI pe30HAHCa, TO eCTb [0 7 Rw um npukakux k € N.
[Ipocreiimuit criocod B JaHHOM CJIydae CBSI3aH C OIEPAIIMOHHBIM UCUICICHIEM.
Ham nonaioburcst coiticTBo npeobpasopanus Jlaruiaca.

Ecin fi = Fi(p) u f2 = Fy(p), To

t

fox fr = / f(7) falt — 7)dr = / filt = 1) fo(r)dr = Fi(p) - Fap),

a TaK>Ke€ N3BCCTHOC COOTHOIICHUE
a

sinat = ——, Rep > [Imal.
R p > [Imal
Ob6o3HaIIM
a=w B = Hi
’ R

1 UCKOMBII1 NHTerpaJi mpuMeT BUJI:

j fi(7) sin (W) dr = o / sin (ar) sin (B(t — 7)) dr =

0
o s
p2_+_042 p2+62

= ¢ sin (at) * sin (Gt) = ¢

= |Tak Kak a#ﬁ}:
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_qa’f? ] L _ _Gwab - ; -
_62—042 (p2+a2_p2+52) _52_@2 (5'p2+a2_04°p2+ﬁ2) =
_ % (Bsin(at) — asin(Bt)).

Takum obpasom,

Oj Fol(7) sin (W) dr =

2aqR® HEG o) (e at
= : sin(wt) — wsin :
oy () (B2 + 124) (@1 — )\ R R
Cay4ait pesonanca, To ectb 3m € N: a0 = Rw.
B sTom ciydae uHTErpaJi mnpoiie 6paTb OOLITHBIM 00Pa30M:

t t

O/fk(T) sin (W) dr = cko/sin (wr)sin (w(t — 7)) dr =

T=t
C

— CQ—k/ (cos (w (27’ — t)) — COS (wt)) dr = ﬁ . sin (w (27‘ — t)) »

t in(wt) ¢
= 5 cos (wi) = cp (Sln45:d ) _ 5 €08 (w)) .

Haxkoner, B cuty (popMyJibl U3 ITPOMEXKYTOYHOTO OTBETA

u(r; t) = kﬁ? Jo (%) : ai/:k : O/fk(T) sin (W) dr,

[OJIY IaeM:
OrBer: Ciyuail OTCyTCTBUSI pPe30HaHCa, TO €CTb Ura F Rw Huo 1upn
kKakux k € N.

2aqR3w 1

u(r; t) = p sin(wt) 521 o) (2 < 1
2¢R*w? & 1 y (,um) “in (,uk at)
- 0 )
R T A T T R o R A

HET
=" (7

TJIe i — HOJIOXKHUTE bHBIe KopHu ypasHenust hRJy(u) + pJi(n) = 0.
Ciayuait pesonanca, To ectb 3m € N p,a = Rw.
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2qR? sin (wt) t
1) = S t)) =
ulr: ) appin,J1(pm) (B2 + W21z, ( dw 05 (1)

SR . L N

a | pRW2J, (£2) (a2 4+ h2w?) 4w

Ne 776 6). Ciocob, mo3BoJisoIuii HaifiTu siBHOE MpeCTaB/IeHNE BbI-
HY>KJI€HHBIX KOJIEOaHMIA.
Hatimu gynryuro u(z, y, t) us yciosud

Uy = a %'%(T%)—l—%ﬂn(u)ﬂ, 0<r<R, t > 0;

u(r, 0) =0, 0<r<R;

/ut(ra 0) =Y, 0 S; r< }%;

(0, t)| < oo, u.(R,t)+ hu(R,t)=0, h>0, t>0.
(9.96)

ITar 1. IIpeacraBjenue pelneHns B BUJI€ CYMMbI BBIHY2KJIEHHBIX W
CBOOO/ITHBIX KOJIeOaHMIA
[Ipegcrasum pererne u(r, t) TaHHON 33491 B BUJIE CYMMbI

u(r, t) = w(r, t) +v(r, t), (9.97)

rie PyHKIMs
w(t) = b(r) sin (wt),

OIICBIBAIOIIAsT BBIHYKJICHHDbIE Kojtebanus, u (byHKIsA v(r, t), COOTBETCTBYIO-
a5t CBOOOHBIM KOJIe0aHUSM, €CTh PeIleHns 3a,/a4:

wtt:aQ-%-(rwr)r—l—%sin(wt), 0<r <R, t > 0;
lw(0, t)| < oo, w,(R,t)+ hw(R,t)=0, h>0, t>0.
(9.98)
vy = a? % (rvy), 0<r<R, t>0;
v(r, 0) = —w(r, 0), 0<r<R;
vt((r, 0) = —w(t T, 2) , 0<r<R; (9.99)
[v(0, t)| < o0, v.(R,t)+ hv(R,t) =0, h>0t>D0.

[Tar 2. Pemenns 3agaun fgist w(r, t)
st w(r, t) uckomoro Buga b(r) sin (wt) BBITTOJHEHBI COOTHOIIEHST

w, = b'(r) sin (wt) , wy = —w?b(r) sin (wt)

! ! bl(”) sin (wt)

; ) (Twr)r = Wyp + ;wr = <b”(7“) + .
[Moacrasnsis w = b(r) sin (wt) B ypasrenne wy = a* - L - (rw,), + Lsin (wt),
[10JTy4aeM PaBEeHCTBO

—b(r)w?sin (wt) = a? <b”(7°) + blgjﬂ)> sin (wt) + %sin (wt) .
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To ectb dyukiws b(r) mo/KHA OBITH perienneM 3aaan Korrm

b/ T w 2
{ b'(r) + 57 = = (4)"b(r) — &, (9.100)

b'(R) 4+ hb(R) = 0.
YpaBHeHIE B 9TOli 3a/1a1e eCTh HEOHOpOoJHOe ypaBHeHue Becceisa. UTobw! cBecTn

ero K OJIHOPOJIHOMY, JOCTATOYHO HANTH Kakoe-TubO ero JacrtHoe perieHue. B
JIAHHOM cJly4dae ero Jierko HaiiTu B BUJie KOHCTAHThI:

q
quo - = 2
w?p
[TosTomy mckoMast (DyHKIINsST UMeeT BU/T

b(r) = — wip +g(r),

rie g(r) ecTb Kakoe-ubo perienne 3ataan HTypma—JInysuiiis
/ W 2
g'(r) + 5 == (2) (),

g(R) + hg(R) = 4

w?p

(9.101)

C HEOJIHOPOJIHBIM KPAaeBbIM YCIOBUEM.
YpaBHeHIE B 3TOii 3ajlade ecThb ypaBHeHme beccenst m3 3agaunm [Hrypma—

Jnysunna (9.17), ¢. 123, rne v = 0, X = pu? = (%)2, a=h, (=1
Samerum, uto ((9.72)) He ecthb B unctom Buje 3a/1a4a [HItypma—Jluysumisa (9.17)),

IIOCKOJIBKY 3J1eCh Y HAC KPaeBOe YCJIOBUE HEOJHOPO/IHO. DTO HE MO3BOJUT HaM
HAIPAMYIO IpUMeHUThb TeopeMy 9.4 OgHaKO BOCHOIB30BATHCS €€ Pe3y/IbTATOM
MBI MOXKEM, PacCyXKaas CJeTYIONIM 00pa3oM:

[IpeamonoxkmM, MBI 3HAEM pellenne 3a/1a49n . DTO pellleHre HaBEepPHSAKA

VJIOBJIETBOPSIET C HEKOTOPBIMU (v 1 3 KpaeBomy yciioBuio ag(R) + Bg’ (R)=0
1, COOTBETCTBEHHO, Beeil 3ajade [Itypma-JInysumra

—(rg) = Arg, A= (2)%;
9(+0)] < o0; ) N (9.102)
ag(R) + Bg'(R) =0, a, 620, a+p>0.

ITosromy dbyukiust g(r), yze no reopeme 9.4 nmeer sup

wr
gir)y=c-Jy (\/XT) =c-Jy (—) :
a
Koncranra ¢, Ha KOTOPYIO Mbl YMHOKIIH Jg (\/X 7“), HE MeIIaeT BBIIOJIHE-

auro ((9.102)), 3aT0 ¢ ee MOMOIIBIO JIETKO J0OUTHCs BBITOJHEHNsT KPAEBOI'O YCJIO-
h .
sus g'(R) + hg(R) = Jz;. Heiicrsurensno,

a

w , (WR wR qh aqh 1
| = — |+ hJy | — = — = = - :
“1a 0( a > O< a ) w?p ¢ w?p ahJy (—‘*’R) —wdq (—waR)
——
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Uraxk,

cjie10BaTCeJILHO,
q aqh 1
b pr— _ . —_— pu—
M=%+ 5w o (7)

i, nakorer, w(r, t) = b(r)sin (wt) npumer BuT

w(r, t) = : [ ko (%)

ahJy (22) —wJy

Taxas dynknns w(r, t) sgBisgercs pereHneM 3aatdn

& — 1] sin (wt) .

’wtt:az-%-(rwr)r, t>0, 0<r<R;
er):O, 0<r<R;
X ahJo (<) _ .
( 0) o ahJo(“’R) wJ( ) 1 ’ 0 Sr< R’
L w(0, t)\<oo w, (R, t) + hw(R, t) =0, t>0.
IMTar 3. Pemnenue 3agauu ajis v(r, t)
IHIar 3-1. Pemienne B 001memM BHE
Permum B o0111eM Bujie 3a1ady
(vu=a? L (ro), + f(r,t), O0<r<R, t>0;
v(r, 0) = o(r), 0<r <R
q (r, >:w(> 0<r <R
[v(0, t)] < h>0t>0;
L v (R, t)+hv(R t) =0, h>0t>0.

IIlar 3-1-1. IIpeaBapuTeabHbIE PACCY>KICHUS
Ecin uckars pemenne 3aiaqun ((9.105) B Buje

=) Xi(r)Tx(t)

ahy () o - 1]

pr [ath (%) — le wh

(9.104)

(9.105)

(9.106)

U MPEJIIOIOKUTE, 9To st f(r, ) cupaBeyInBO aHAJOTUIHOE TIPeJICTAB/IEHIE

PAJIOM:

= Z X5 (r) fi(t)

o, noactasus (9.106) u (9.107) B ypasuenue v; = a? -
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DTO paBEHCTBO 3aBEJIOMO BEPHO, €CJIN PsIAbl B JIEBOI U IPABOMl YaCTAX PABHBI
[TOYJICHHO:

X0 = % 5 (PP T+ XA,

[Tonenus nocueanee pasencrso Ha a?Xy,(r)Ty(t), momydan:

OO A
CLQTk(t) a Xk(T) .

JleBasi 4acTh 3aBUCUT TOJILKO OT t, IpaBasi — OT T, CJIeJIOBATEIbHO paBHBI OHI
MOT'yT OBITH TOJILKO B ciydae, Korma dA; € R :

Ti(t) — fr(t) _ P (Taxa—kfm) _
a?T,(t) X, (r) e

Taxum obpasom, mst dyuknuit Ty (t) moaydaem ypasHeHue
Ty (t) + a® XN Ti(t) = fi(t), (9.108)
a st yukiwit X(r) — ypaBHeHue:
1 0 an (7“)
—_ . — 7"
r Or or

KOTOPOE MBI IIEPEIINIIIEM B BHUIE:

(% (ra);i(r))) = — A\ X(r). (9.109)

910 — B TouHOCTH ypaBuenne Beccesst uz 3agaun (9.17) ¢ v = 0. Borsacaum,
Kakue Kpaesble yeaoBust Ha X (1) cenytor u3 yeaosuit 3ajaan ((9.105)).
Yenosue |v(0, t)| < oo mpeBpaTuTcs B

X1 (+0)] < o0, (9.110)

) +NXo(r) = 0,

a yesosue v (R, t) + hv(R, t) = 0 — B ycioBue
X' (R) + hXx(R) = 0. (9.111)

Ilar 3-1-2. Pemenue 3aga4u Illtypma-JInyBuias
st dyukimit Xy, (1) Mbt nosyann 3agady Ltypma-Jlunysusns sumga (9.17) c

a=1ulB=0
{ (rX;.(r)) = =\ Xp(r).

X, (+0)| < oo, (9.112)
X! (R) + hXy(R) = 0.

Bocmosiszyemest pesysbrarom teopemsr 9.3] c. [123]
Bce coocmeerrvie wucaa 3adavu IlImypma-JIuysuiia neompuyamenvros u Kpam-
nocmu 1. Queao A = 0 ecmo cobemeennoe wucao 3adavu [IImypma-JIuysuins

-164-



moezda u moavko moada, koeda v = a = 0, u emy coomseemcmsyem cobcmeeH-
nas pynryua u(x) = const.
B namewm ciyuae o = h > 0, mostomy 3ajgada [Hrypma-JInysumiis nMe-
€T TOJILKO CTPOI'0 IOJIOYKHUTE/IbHbIE COOCTBEHHbIE 3HaUeHNd. dTOOBI UX HalTH,
npumMeHnM teopemy [9.4] c. [123]
Bce nonootcumesvroie coocmeernmvie wucaa 3adavu [IImypma-JIuysuina u co-
0MBEMCMBYNULUE UM COODCMEBEHHBLE PYHKUUL UMEIOM 6UO:

(v)

()72 (v)
S <”’;;>, kEN,
20e [y~ — KOPHU YPABHEHUA

)\](:) — M,
aRJ, (1) + Bud, (1) = 0.

R

B namewm ciydae v = 0, a = h, § = 1, nosromy coOCTBeHHbIE THCJIa U COD-
crBennble Gy 3aga4qn [rypma-Jlnysmmrsa (9.112)) umeror Bu;

A = [2]7 Jo (B2) k€N,
k [R] O(R) (9.113)

rie p — Kopum ypasuerns  hRJy(p) + pJj(p) = 0.

ITar 3-1-3. Paznoxenne dyukunii f(r, t) u ¢(r) B psaJ 1o cobCcTBEH-
HbIM dyHKIuaM 3agaun Llrypma-Jlnysunms

B coorsercrsun ¢ teopemoit [9.5] c. [124) bynkuus /7 f(r, t) pasnaraercs B
psaa Oypne

)= Y sl (M40, 011
- ! L Rr T, 0 il r =
fk(t) %[Jé(,uk)]z—f—%(l_%)%%(#k) R2 O/ f( t)J <R)d
=[—J1 (ux))?
R
_ 2 L At 00 (P ar
TR )+ o ()P [rit o () a
Urax,
2 1 ’ T
Ry RS S L
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Anasornano, it byHkImit () n (r) crupaBeIuBbl PA3I0KeHNusT B PsiJl

=S eh () v =3 un () @

¢ KoapduimenTaMu

R
2 ,ukr
= —. d 9.117
= TG oGP /‘ () o
l%
2 ,ukr
- . d 9.118
B R G %uk !¥¢ ) o

ITar 3-1-4. CocraBienue u pemnienne 3amaqn jas Ty (t)
Ecin uckombrit s (9.106), c. (163, pemtenust v(r, t) u paznoxenust ((9.116])
dbyuximit ¢(r) n ¥(r) noACTaBUTHL B HAYATIBHBIE YCJIOBHI

U(T, O) - 90(7“)7 Ut(rv 0) - ¢(7“)

I[IOJIY49HUM, 9YTO 3TO Ha4daJIbHOE YCJIOBUE 6yﬂeT 3aB€/IOMO BbLIIIOJIHEHO, €CJIM BCE
CJlaraeMbl€ pdAlda B JIEBOII 4YacTu OKazKyTCsd paBHbI COOTBETCTBYIOIINM CJlalac-
MBIM pPdAda B HpaBOﬁ aCTU, TO €CTb 6yﬂyT BbIITIOJIHEHBI COOTHOIIECHNM A

X5 (r)Tr(0) = @rXp(r), X (1) T3(0) = X (r).
Takum 06pazoM, mosydaeM HadajbHble ycaoBus Ha yukimn Ty(t):
T5(0) = @i, T}.(0) = ¥y

B coBokymHoCTH € TIOJTyYeHHbIM panee ypasaerneM (9.108)), c.[164) u yaurbiBast,

2
aro N\, = [4£]7, momyuaenm sagady Koum:

R
T() + Sl (1) = f(0),

Tk(o) O, (9.119)
T3.(0) = .
Obree pereHue COOTBETCTBYIOIIETO OJIHOPOJIHOTO ypaBHEeHUs]
2
T'(t) + %T(t) = 0 umeer BH[

Too(t) = ce~ ()t

YT0ObI HAIITH YACTHOE PEIIeHIEe HEOTHOPOAHOIO YPABHEHNUST, BOCIIOJIb3YEMCsI Me-
TOJIOM BapUAIIK MOCTOSHHDIX:

Ecmm dysxmun yi(x), y2(x), ..., y(x) odpazyior @CP muHeitHOro ogHOpOI-
HOI'O ypaBHEHH

y(”) + aly(”_l) + .. a1y +ay =0,
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TO 00ITee perienne HeOTHOPOTHOTO yPaBHEH! s

y(n) + aly(”_l) +oit a1y tany = f(x)

UMeeT BT
Yorio = 01(5’7)91 + C2(x>y2 + ...+ Cn(x)ym
riae dysknnn ¢1(x), co(x), ..., ¢,(x) HAXOAATCS U3 CHCTEMBI

(( iy +bya+ ...+ Yy, =0
Ayt ey + . ey, =0
c’ly?_i + C’ng_i + ..y ? 0
| Ayl Ay et = f(2)

B namem ciayaae @CP obpasyercs napoit (pyHKImit {Sin (“ ’“Rat) , COS (M '“Rat) }7

IOPSJIOK yPaBHEHNS N = 2, U B cUCTeMe OyJeT BCero 2 ypaBHeHHs:
y
{ ¢y sin (B£2) + ) cos (1) =0
et (c1 cos (“’“Rat) — ¢ sin (“’c at)) fr(t).

Permmus 9Ty cucreMy JIMHEHHBIX aJreOpandecKnX ypaBHEeHNIT, HallpuMep, 110 IIpa-
By Kpamepa, moJrydnm:

f ( )RC H at at
& (t) = auk( )

sin (42
() = — BOREE)

Atk

¢
t
Ty(t) = Cli,;k | sin (ﬂkRa ) /fk(T) oS <'ukRaT> dr—
0
t
at _ art - at . at
—Ccos (/uka ) /fk(T) sin <'ukR >d7’ +¢1 sin ('ukT) + G5 oS ('ukR ) =

0
a(t —7)
d
Cl,uk /fk sin ( 7 T+
+ €1 sin (%ﬁ) + ¢9 cos (,u;gzt) .

3 nauanbroro yeiosust T (0) = @ mosydaem, 94to

62 = Lk,
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a 13 Hada/bHoro yciaosus T (0) = 1)y, nosydaem, 4To

. R
C1 = —y.
AfLE;

Takum obpaszom, perrenne 3amaqdn ((9.119) umeer Bu:

B P T
Ty(t) = an fr(7) sin ( B > dr+
0
+ ]CZD: sin <Mk};t> + @ cos (,u;gzt) . (9.120)
rie fi(t), i u ¥y 3amarorcs dopmymamu (9.115), (9.117) wu (9.118)):
R
2 1 HET
- . : Jo (52 4
30 = T [ e 0 () ar

HET

2 L ro(r)Jo (?) dr,

TR ) + e )P

2 1
P R )P + o ()

r(r)Jy (%) dr.

CD{-"“520 c:l____\j:U o

OTBet B 00I11IEM BHU/JE:
v(r; t) = Z i /fk(T) sin <W> dr+
0

k=1
t t
+ —f;b: sin (M}; ) + ¢, cos (’MI}; ) Jo (%) :

e [, — nosiozKuTebHble KopHu ypasrenust hRJy(u) + pJi(n) = 0, a fi(t), v
1 Y 38J1a10TCs1 (POPMYJTaMM:

R
_ 2 1 At T o
”@R2wmmﬁﬂhmm2!fLﬂ%(R)m
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R
_2 1 A ot (P27 gy
e 2 [«h(ﬂk)] [Jo (Mk)] / Al ( R )d ’

]%
2 ,ukr
— = . dr.
b= T Tagp | 0 ()

ITTar 3-2. Beraucsienue perteHust ¢ gaunabivu f(r, t), ¢(r) m ¥(r)
[Tocko/IbKy B 3aj1a4e f(r,t)=0u p(r) = —w(r,0) =0, To

fe(t) =0, or = 0.

Haiinem ¢y s dbyakmun ¥(r) = —w(r, 0) = — wip [ahJo(%J)E:J)l(‘T) — 1] :
2 1 /
— . . 0 P r =
= e 0 ()
_ ahq ' 1 "
0 (1 + Vo ()] ) (ahdo (22) = woy (<))

R R
0/ o () ) = oy [Jlmk)mluo () / v (%) dr

[Tocie it mHTErpasl HAXOIUTCA CTaHJIAPTHBIM 00pa30M:

R

/TJO (W) dr = R—2 [le( W do = TG

R T ik
0 0

R
A 1y mHTErpasia of rJo (‘%) Jo (%) dr IpuaeTcs PacCMOTPEThb JIBa CJIyYasd:

Cayuaii 6e3 pesonanca (apy, # wR uu npu kakux k € N)
[To dopmyste ast unrerpasnos Jlommers (9.13)) npu o # 3

T

/ £, (o), (3t)dt =

0

(ﬂ%ﬁz (adyii(ex) ], (Bx) — By (x) ]y (Br))
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OJTy YaeM:

R

T B aR? wR
/TJO( a ) JO( R )dr— Ww?R? — p?a? [wRJl < a ) Jo (k) =
0

wR
Lpado ( - ) Jq (Mk)] = [B cuity pasenctea  hRJy (pg) = w1 (,uk)} =

aR? wR WwR
=~ a2 [le ( - > — ahJy < - )] Jo () -

Torma juist 1), BepHa opmyia

” ahq aR?
= — . X
0 ([ + U ()] ) (ahdy (22) = wi (42)) (@R = pi2a?)
. wRY . wR q 1 Ry () _
<o (57) =anan (5 Jonon = oo
_Rq 1 _ [ a’hRJo () i (1)
wp D)+ (o (ua)]” LW B2 —pga®

VIpOoCTHM 9TO BBIPAZKEHUE, BHOBb MOJIL3YSCh TEM, UTO [y — KODHU yPABHEHHUsI
pdo() + hR Jo(p) = 0, oTkyaa ciaejyer, 9To

peJy (i) = — ey () = hR Jo(pur),

U, IIO3TOMY,

1 ()]” + [Jo ()] = (h/g i 1) I () = (W*R* + pii) JO/Ek =

Taxmm obpazoM, 1, UMeeT IpeJiCTaBIeHHE:

=T (1) ]
b = R’q 1 | @ hRI () T () _
T g (RRE4 ) R () |W2R? - [k
R*q i1 () a’ iy, 1

wp (PR +p3) Jg () [wPR? — pga®

oo
Urak, dykuiwst v(r; t) = > ﬁ’: sin (“’“Rat) Jo (%) IPUHIMAET B
k=1 ’
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Riq oIy () "
awp = (W2R? + pij) Jgf (1)

a’ 1 P at 0%
B J (—) 9.121
: [wQRQ—MiaQ uk] Sm( R ) \w) 02

Cay4aii peonanca (ImeN: au, =wR)
[To dbopmyite gy maTerpasios Jlovmest ((9.14)

x

/t(J,,(ozt))th _ %Q(QJ;(M))? +% <a:2 _ ”—2> (J(ax), v -1,

Oé2
0
[IOJIy YaeM:
R R
wr T T
/ rJo (7) Jo (7) dr = / rJ (7) dr =
0 0

= 5 ol + 5 (B = 25) Gl =

L i) |+ ) = I (12 4 1) )
—2 HmJ1{ Hm 2(),um—2 0\Hm)-
—hRJo(jtm)
Torma mist 1), BepHa opmyia
2 1 /
HET
Y= 75 ' /T¢(T)Jo <—) dr =
R [ () + Lo (i) i
_ ahq | (h2+1)J§(Nm) . q . R2Jy (pim) k=m:
— wp [Jl(ﬂm)]2+[J0(l‘m)]2 wp Mm([Jl(/im)]z""[JO(:“m)}Q)’ ,
07 k7§£ m

Jg(ﬂk)
13

Wi, ocKoubKy ¢ yuerom pasencts [Jy (u)]” + [Jo (1)]* = (R*R* + 13)
ey () = R Jo (),

_ahg (R* + 1) J3(pun) g R2J, (i)
o0 TG+ TGP 8 o () + L o))
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—hRJo(ttm)
——
g ah (P*+1) 3, J§ () + B2 pim J1(pim)

"o (W2R2 + 122,) T3 (1)
~hg a(PP+1) g Jo(pm) + B

wp  (R2R*+ p3,) Jo (k)

TO JIJISA Y OKOHYATETHHO MOJTydaeM

hg (PP H1)i3, Jo(pm) +R?

b= d T TR k=m;
07 k 7A m
. _ e Ry, - Ly at LET .
mo(r; ) = > 4o sin (&) Jo (“) upuzmmaer sux;
k=1

_ hqRl a (h? + 1) p2, Jo(pm) + R
awp  pun (PP R? + 4i3,) - Jo (fim)

) m at mT
X&ncgz)~%<%?).@lﬂ)

u(r, t) = w(t) + v(r, t)

ucxouoit 3amaqan (9.96) B cury (9.97) u (9.103) mosryaaem
OrTBerT:

v(r; t) =

Haxkomnern, st permenns

sin (wt) + v(r, t),

aq ahJy (ﬁ)
1) = a —1
=y [awo () — i ()

rJIe fi — MOJIOKUTEIbHBIe KopHE ypasaerust puJ)(u) + hR Jo(pn) = 0, a dynk-
st v(r, t) 3amaercsa Gopmysoit (9.121)) B caydae 6e3 pesonanca u GopmyIoit

(9.122) B cayuae pesonanca.

Ne 777 a). Hatimu oepanuiennyro dynryuto u(r, t) us yciosud

w=a?- 1 (ru,), + f(r, t), 0<r<R, t>0;
u(r, 0) = ¢(r), 0<r<R;
[u(0, t)| < 00, ur(R,t)+ hu(R,t) =0, t>0

(9.123)

npu f(r, t) = 0.
Ilar 1. IIpeaBaputesibHbIe PacCyK/IeHUS
Ecin nckarp pemenne 3amaqdn ((9.123) B Bue

u(rs t) =Y Xp(r)Tk(t), (9.124)
k=...

-172-



U TIPEJIIOIOKITE, 910 jiist f (7, t) cnpaBej/IiBO aHAJIOTHIHOE TIPEJICTABICHIE
PSIIOM:

= 5" Xe(r) filh) (9.125)
Z

2. % - (ruy), + f, nomydnm:

ZXk )T (t —azzr 8r<aX]z“ ) +ZX1; ) Ji(t)

910 PaBEHCTBO 3aB€IOMO BEPHO, €CJIN pPAAbl B JIEBOIl 1 HpaBOI/I TaCTsAX PaBHDBI
II04JIECHHO:

t0, nogcrasus ((9.124) u (9.125)) B ypasBrenue u; = a

a2 9 ( OX (1)

Xe(r)Th(t) = = = (r= ) Ti(t) + Xi(r) fult),  Vk.

[onemus nocieanee pasenctso Ha a?Xy(r) Ty (t), nomyunm:

O NI A )
aQTk (t) Xk (T) '

JleBast 4acTh 3aBHCUT TOJILKO OT t, IpaBasi — OT 7', CJAEA0BATEIHLHO PABHBI OHI
MOTYT OBITH TOJIBKO B cjIydae, Korjga J\; € R :

eOES NONIEAE 2 G B
a®T(t) X,.(r) e

Takum obpasom, st dyukuuit Ty (t) moaydaem ypasHeHue
T}.(t) + a* M Tr(t) = fu(t), (9.126)
a jyist pyukiwit X(r) — ypaBHeHue:

1 8 an(T) o
; . E (7“ or ) + )\ka(T) =0,

KOTOPOE MBI IIEPEIINIIIEM B BHUIE:

G S

910 — B TouHOCTH ypaBHenue Beccens uz 3agaan (9.17) ¢ v = 0. Borachuw,
KaKIie KpaeBble yejoBus Ha X (r) ciaeayor u3 yciosuit 3amaan (9.123)).
Yenosue |u(0, t)| < co mpeBparnTcs B

1X.(+0)| < oo, (9.128)
a yciosue u, (R, t) + hu(R, t) = 0 — B ycjioBue
X} (R) + hXy(R) = 0. (9.129)

-173-



Ilar 2. Pemenue 3agaun IItypma-JInyBussis
s dynxmuit Xy (r) mbr nomyanmn sagaay [rypya-JIunysmmna suga (9.17) c

a=1up=0:
{ (rX?C(r))' = — A\ Xg (7).
| Xk (+0)] < oo, (9.130)
X.(R) + hX;(R) = 0.

Bocnosbzyemest pesyssrarom Teopemst [9.3] c. [123]

Bce cobcmeenmnvie wucaa 3adavu IIImypma-/Iuysuiia neompuyamenvriv, u Kpam-
nocmu 1. Queao A = 0 ecmo cobemeennoe wucao 3adavu IIImypma-JIuyeuins
moezda u moavko moada, koeda v =a =0, u emy coomeemcmaeyem coocmeeH-
nas pynryua u(x) = const.

B namewm ciryaae o = h > 0, nosromy 3ajaqda Htypma-Jluysumrs (9.130]) mve-
€T TOJIbKO CTPOTO IOJIOKUTEIbHBIE COOCTBEHHBIE 3HaUeHUsA. UTOOBI MX HaWTH,
npuMennM teopemy [9.4] c. [123]

Bce nonootcumenvnoie coocmeenmvie wucaa 3adavu LIImypma-Jluysuins u co-
omeemcmsyruue um cobcmeerHvle GYHKUUL UMEOM 6U0:

()72 (v)
, J, <“’;%7">, keN,
2de ,u,(:) — KOPHU YPABHEHUSA,

)\;:) e
aRJ, (1) + Bud, (1) = 0.

R

B namewm ciayuae v = 0, a = h, = 1, nos3romy cobCTBEHHbIE YHUCJIa U COD-
crBernble pyHKImn 3aga4qn Irypma-Jlnysmmrs (9.130) umeror Bu;

)\k = | 27 JO B ) ke N7
0 ) -
riae p — Kopum ypasuerns — hRJy(p) + pJj(p) = 0.

IITar 3. Pasnoxkenune dyukmuii f(r, t) u ¢(r) B psg mo cobCTBEHHBIM
dynknusamM 3agaan 1Itypma-JIn I/I.J'I.J'ISI

B coorsercrsun ¢ Teopemoii 9.5 c. [124) bynkuus /7 f(r, t) pasnaraercs B
psaa Oypwe

HET
fr t) = 3 fk;( ) Jo (?) , (9.132)
1 1 a
fk(t) B 2 Y f(T t)JO il dr =
310 ()] + %( (/fk)2> 2w T O/ ( R )
:[—<71(/Mc)]2

rf(r, t)Jo (Mg’) dr.

I
:U‘w
~
=
T
+ | -
S~
=
3/
\Im
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Uraxk,

R
_i 1 . T T @ T
O = B P+ h (P / e (Gr)dr 0133

Anasnornano, fyist GyHKIWN (1) CIpaBeINBO PA3IOKEHNE B Pl

o(r) = Z orJo (%) ¢ koadduimenTamn (9.134)
kzi- ! . Rr r)Jo il dr. .
o= 5 T 0% () (8.155)

IITar 4. CoctaBienue u pemenue 3aga4um s T (1)
Ecom uckombrit B (9.124), c. [172] pemenust u(r, t) u paznoxenue (9.134])
dbyHKIIN (1) MOACTABUTL B HAYAJIBLHOE YCIOBHE

u(r, 0) = ¢(r),

MOJIYINM, YTO 9TO HadaJbHOE yCJIOBHE OyJIeT 3aBEJOMO BBITIOJHEHO, €CJIN BCe
cJlaraemMble psjia B JIEBOII HacTU OKaXKyTCsl paBHbl COOTBETCTBYIOIIUM CJlarae-
MBIM PsJia B MPaBOil 9acTH, TO €CThb OY/AYT BBHITOJHEHBI COOTHOIICHIS

X (r)Tr(0) = orXp(r).
Taxum obpasom, mosrydaeM Hada bHbie yeaoBust Ha yakmun T (t):
T(0) = @&

B coBokymHocTH ¢ ostydeHHbiM panee ypasuerne (9.126)), c. (173 n yaurbiBas,

2
9TO A\ = [%] , TToJTydaeM 3atady Kormn:

R
{Tw) + T (1) = filt), (9.136)
Tk (O) = gpk.
Oobmmee pelrenne COOTBETCTBYIOIIETO OJTHOPOJTHOI'O ypaBHEHUA
T'(t) + GQ%’“} T(t) = 0 umeer Bus

Too(t) = Ce_(u;}%a) t.

Y100b! HAITH YacTHOE pelleHre HeOJHOPOIHOIO yYPpaBHEHNsI, BOCIIOIb3YEeMCsl Me-
TOJIOM Bapuallly MOCTOSHHBIX:

2
Bynem nckars pernenne ypasuerns T (t) + GQ%’“] Ty (t) = fr(t) B BUIE

T(t) = e(t)e (%),
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[Togcrasus T(t) uckomoro Bujia B ypaBHEHUeE, TOJYIUM YCJIOBHE Ha HEM3BECT-
Hyto 1oka HyHKIwo ¢(t):

&) = e,

Orcrona

U, nakomner,

T o (t) = cre (H) T 4 / fe(r)e () =gy (9.137)

N3 naganbroro yeiosus Ty (0) = vpy mosydaeM, 9o

C1 = Pk.

Takum obpasom, perrenne 3agaqn ((9.136) numeer Bu:

To(t) = e () 1 / fu(rye () =) g (9.138)
0
rie fi(t) n pp 3amaiorca dopmyramu (9.133) u (9.135)):

R

o 2 1 KT

MO~ R G+ o Gl / e on )

R

— 'E%_ : L . ro\wr fﬁ@z: T

TR ) o ()P / A () o

OtBet B 0011IEM BU/JE:

50 t
u(r t) =Y | ore (7)1 4 / fume CHVar | gy (B2,

k=1 3
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TJIe i, — TOJIoYKuTe/bHbIe KopHu ypasHerust hRJy(u) + pJ)(p) = 0, a fi(t) n
o 3agaiorces opmystamu (9.133)) n (9.135):

R
_ 2 i 00 (7Y d
)= R [ ()] + Jo (121:)] / : JO )d ’
]{
_ 2 - ! - r HET r.
PR e+ )7 / A ()

[Tockosibky B Hariem ciydae f(r, t) = 0, To MBI Oy daeM

OTsBer:
_ S HET —(M)Qt
— - J (_> . R ,
; Pk - Jo R &

re fu — HOJIOXKHUTeIbHBbIe KopHu ypasuenust hRJy(p) + pJj(pn) = 0, a ¢y
3aJ1a10TCst (POPMYJIOIL:

R
_ 2 1 . HETN g
*TR [T ()] + [Jo () O/ #Ar)o < R )d '

Ne 777 6). Hatimu oeparuuennyro dynryuro u(r, t) uz yciosud

w=a* 1 (ru), + f(r, t), 0<r<R, t>0
u(r, 0) = o(r), 0<r<Rh; (9.139)
(0, t)] < oo, u(R,t)=0, t>0

pu (1) = 0.

Illar 1. IIpeaBapuTteibHbIe PacCyKIeHUS
Ecin uckars pemenne 3anaqun ((9.139)) B Buje

u(rs £) = Xp(r)Th(t), (9.140)
t0, nozcrasus (9.140) B ypasuenue u; = a - 1 - (ruy), + f, nosydnm:

ZX‘“ JTi(t _agzr ar(axi“ ) +2Xk 0

OTO PABEHCTBO 3aBEJIOMO BEPHO, €CJIN PsiJIbl B JIEBOI U MPaBOil JacTsIX pPaBHBI
MIOYJIEHHO:

X, () Th(t) = & % <T8§i(r)> To(t) + Xp() fult), Wk
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TTonesus nocaeanee pasenctso Ha a?Xy,(r)Ty(t), nosmydan:

(OB NONIEAL 3 G )
a2Tk(t) Xk(”f’) .

JleBasi 4acTh 3aBUCUT TOJILKO OT t, IIpaBasi — OT T, CJeJ0BATE/IHLHO PABHBI OHI
MOI'YT ObITH TOJIBKO B ciydae, Korga dA\; € R :

- h e () .
2T, (¢) X, (r) b

Takum obpaszom, st dyukuuit Ty(t) moaydaem ypasHerue
T;C(t) + a2)\ka(t) = fk<t), (9.141)
a st byukimii X(r) — ypaBHeHue
1 0 an(T)
et — 'r'
r Or or

KOTOpPO€ MBI II€EpelnieM B BUIE:

(% (ﬁ)gfﬂ)) = A X(r). (9.142)

1o — B TouHOCTH ypaBhenune Beccesst uz 3agaun (9.17) ¢ v = 0. BorsacHum,
KakKne Kpaesble ycaoBus Ha X (r) caeaytor n3 yeaosuit 3agaqum ((9.139)).
Yenosue |u(0, t)| < oo npeBparuTcs B

X ,(40)] < o0, (9.143)

) +NXo(r) = 0,

a ycaosue u(R, t) = 0 — B ycaoBue
X4 (R) = 0. (9.144)

IIIar 2. Pemenune 3agaun IItypma-JInyBusasa
Host dynkimit Xy () Mbl nostyaniu 3agady rypma-Jlnysusis suga (9.17)) ¢

a=1ufB=0
{ (rXi.(r) = =\ Xp(r).
| Xk (+0)| < 0, (9.145)
X4(R) = 0

Bocnosbayemest pesyiibrarom Teopembl 9.3 c. [123)

Bce coocmeerrvie wucaa 3adayu ILImypma-JIuysuiia neompuyamenvros u Kpam-
nocmu 1. Queao A = 0 ecmo cobemeennoe wucao 3adavu [IImypma-JIuysuins
moeda u moavko moeada, ko2da v = = 0, u emy coomsemcmeyem cobcmeen-
nas pynryua u(x) = const.

B namewm ciyuae o« = 1, mosromy samada [rypma-Jlnysmmrsa (9.145) mve-
eT TOJIbKO CTPOTO MOJOXKHUTE/IbHbIE COOCTBEHHbBIEe 3HAYeHNsl. UTOOBI nX HalTH,

npumMenum teopemy [9.4] c. [123]
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Bcee noaootcumenvrnoie coocmeennvie wucaa 3adavu IIImypma-JTuysuiis u co-
0MBEMCMBYULUE UM COODCMEBEHHBLE PYHKUUL UMEIOM 6UO:
(v)

)72 (v)
M T
) Jl/ 9 k 6 N,
2de Ly, " — KOPHU YPAGHEHUSA

)\](CV) P
aRJ, () + Bud, (1) = 0.

R

B namewm ciyuae v = 0, a = 1, f = 0, nosromy cobCTBEHHbIE YHCJIa U COO-
crBeHHble pyHKImn 3aaa4qn [Irypma-Jlnysumrs ((9.145) numeror Bu;

>\/<: = | 27 ‘]0 B ) k€ N)
0 ) -
rae [l — KOPHHU ypaBHEHMsI Jo(p) = 0.

Ilar 3. Paznoxenue dyuakmuit f(r, t) u ¢(r) B psij 110 cOOCTBEHHBIM
dyakmuam 3agaqan HTypma-JIn I/I.TI.J'ISI

B coorsercrsun ¢ teopemoii [9.5] c. [124) bynkuus /7 f(r, t) pasnaraercs B
psag Oypbe

fr 1) = Z Jr(®)Jo (M> : (9.147)

k=1 i
1 1 i
M
fi(t) = (1o 2 B / rf(r, t)Jo( R)dr:
S+ 3 (1= %) B )
=[= 1 (ux))? =0
2 1 ’
_ s .+ . HET
B L) 0/ 10 (T )
Urak,
2 1 i
HET
fr(t) = =5 / rf(r, t)Jo dr. (9.148)
R [y () ( i )
Anajoruano, jyist GyHKIUN () CpaBeyInBO Pa3IOKeHHe B PsiJl
Z wrJo (,ukfr) ¢ Koo punprenTamu (9.149)
2 1 i
HoreT
Spk:—'—'/ o) o (M0 ar. (9.150)
R [T ()’ ( R )
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IITar 4. CoctaBnenue u pemenune 3aga4um s T (1)
Eciu nexombtit sug (9.140), c. 177, pewennst u(r, t) u pasnoxenue (9.149)

dbyHKIIN (1) MOACTABUTL B HAYAJIBLHOE YCIOBHE
u(r, 0) = ¢(r),

MOJIYYIHM, 9TO 3TO HadaJbHOE YCJIoBHE OyIeT 3aBeJOMO BBIIIOJHEHO, eCJId BCe
cjlaraeMble psijia B JIEBOI YacTH OKayKyTcs paBHbI COOTBETCTBYIOIIMM CJjarae-
MBIM psiJia B IIPaBOii YacTU, TO eCThb OYAYT BBIIIOJHEHBI COOTHOIIEHUSI

X(r)Tk(0) = @rXp(r).
Taxum obpasom, mosrydaem Hada bHble yeaoBust Ha yakmmn T (t):
T(0) = @&

B coBokymHocTn ¢ nostydennbiM panee ypasuerne (9.141)), c. (178 u yaurbiBas,

2
9TO A\ = [“—]g] , ToJTydaeM 3aJtady Kormn:

{ T}(1) + “RET() = filh) (9.151)
Tk (O) = ng;.

Oo6mee pelenne COOTBETCTBYIOIIETO OJIHOPOJTHOI'O ypaBHEHUsI
T'(t) + %T(t) = 0 mMeeT BH/T

Tool(t) = ce ()

Y100bI HaliTH YacTHOE pelleHne HeOHOPOIHOT'O YPaBHEHMSsI, BOCIIOJIb3YeMCs Me-
TOJIOM Bapualliy MOCTOSHHBIX.

2
Bynem nckars pernenne ypasuerns T (t) + QQ%’“] Ty (t) = fr(t) B BUIE

T(t) = e(t)e (%)

[Togcrasus T(t) uckoMoro Bujia B ypaBHeHHe, TOJYIUM YCJIOBHE Ha HEU3BECT-
HytO 110Ka PyHKIHO ¢(t):

1) = fi(t)eF)

Orcrona

cw=/mmwﬁﬂw+q

U, nakownerr,

T go(t) = 016_(HI€7RQ)2’f + /fk(T)e_(%Ra)Q(t_T)dT. (9.152)
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I3 mavganpioro yeaosust Tx(0) = vpy mosmydaem, ITo

€1 = Pk-
Takum obpaszom, perrenne 3agaqn ((9.151) umeer Bu:

Ty(t) = pre Ui /fk T)dT, (9.153)

rie fi(t) n g 3amaorcea dopmytamu ((9.148) n (9.150))

R
filt) = — [J12(Mk)]2 . / (e, 0o (B5) d,

2
R2 [y ()

Y = ro(r)Jy (M/J) dr.

R

°\:u =

OtBet B 00O11IEM BUJIE:

i pre . /fk(T)e—(“’;f)z(t—T)dT 7 <u};;r>

TJIe fi, — TOJIOZKUTeIbHBIe KopHU ypaBHenus Jo(u) = 0, a fi(t) u ¢y 3amarorcs

dbopmynamn ((9.148]) u (9.150)):

R
fi(t) = - [J12(,uk)]2 /Tf(?“ t)Jo (M]/;T> dr,
0
R
%R%iwmg! P ()

[TockosbKy B Harem ciaydae vp(r) = 0, To MbI TTOJIydaeM

OTBeT:
(o] t 9
=X | [ T (),

rJIe [ — oJIoKuTe bHbIe Kophu ypasuerus Jo(u) = 0, a fi.(t) u fi(t) 3agaorcs
dopmymamu ((9.148)):

R
WO = g | 71000 ()
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Ne 777 B). Hatimu oepanunennyro gynxyuro u(r, t) us ycirosud

w =a?-1-(ru,), —h?u+ fi(r, t), 0<r<R, t>0
u(r, 0) = o(r), 0<r<R; (9.154)
|u(07 t)l < 00, UT(Ra t) =0, t>0

npu f(r, t) = 0.

Illar 1. I36aBaenue ot ciaaraemoro —hu(r, t)
(

[TockonbKy —h? = const, or cnaraemoro —h2u(r, ) MO:KHO U36ABUTLCS C 1O-
MOIIIBIO CTAHAPTHON 3aMeHbI:

v(r, t) = u(r, t) - el

=q2-1
Torga ypasuenune u; = a“ - -

[IPEBPATUTHCA B

- (ru,), — h*u + fi(r, t), tomHOKeHHOE Ha "t

1
v =a’- - (rop), + f(r, ),
viae f(r, t) = fi(r, t) - " u Bea 3amaua (9.154) npumer B
vt:aQ-%-(rur)rqtf(r,t), 0<r<R, t>0
v(r, 0) = ¢(r), 0<r<R; (9.155)
0(0, t)] < o0, v (R,t)=0, t>0.

Ilar 2. Pemenne 3agaqn (9.157)

Ilar 2-1. [IpeaBapuTebHBIE PACCY K ICHIS
Ecin uckars pemienne 3aiaqun ((9.154) B Buje

= i X, (r)Tw(2), (9.156)

W MPEJIIOJIOKITh, 9To st f(r, ) cpaBeyInBO aHAJIOTUIHOE TIPEJICTAB/ICHIE
PSAIOM:

£) = Xu(r)f(t), (9.157)

2

to, nozcrasus (9.156) u (9.157) B ypasuenne v, = a? - L - (rv,), + f, nomyumm:

ZXk; )Ty (¢ —a2zr ar(@X;; ) +ZX1; ) Ji(t)

910 PaBEHCTBO 3aB€IOMO BEPHO, €CJIN pPAAbl B JIEBOIl 1 HpaBOI/I TaCTsAX PpaBHDBI
II04JIEHHO:

a

X = - 2 ( Pilr >) To() + Xu()felt),  Vk,

onenus nocieanee pasenctso Ha a?Xy(r)Ty(t), nosyunm:

0 - A+ (75
aQTk(t) Xk(T) '
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JleBast 4acTh 3aBUCUT TOJIBKO OT t, IIpaBasi — OT 7', CJAEI0BATEIHLHO PABHBI OHI
MOTYT OBITH TOJIBKO B CiIydae, korga dA; € R :

1.0 (,.0%(r)
T - n Lo (%) .,
ATy Xp(r) "
Takum obpasom, st dyukunit Ty(t) moaydaem ypasHerue
T}.(t) + a* A Ti(t) = fi(t), (9.158)

a st byukimit X(r) — ypaBHeHne
1 2 Tan(T)
r Or or

KOTOpPO€ MBI IIEepelniieM B BUIE:

(% (ragi(r))) — —\erXi(r). (9.159)

910 — B TouHOCTH ypaBHenue Beccens uz 3agauan (9.17) ¢ v = 0. Boiacauwm,
Kakie Kpaesble yejoBus Ha X (r) ciaeayior u3 ycosuit 3amaan (9.154)).
Yenosue |v(0, t)| < oo mpeBpaTuTCS B

) + A Xy (r) =0,

X(+0)] < oo, (9.160)
a ycsosue v, (R, t) = 0 — B ycioBue
X, (R) =0. (9.161)

IIIar 2-2. Pentenue 3agauu Iltypma-JInyBusis
s dysxiwit Xy (r) mbr nosyanin 3agady Hltypma-JInysumist suga (9.17) ¢

a=0unupf=1
{ (TX;C(T))/ = — M\ Xy (7).
| Xk (+0)] < oo, (9.162)
X.(R) = 0.

Bocmosibzyemest pesyibrarom Teopemsr 9.3] c. [123]

Bce cobemeennvie wucaa 3adavu Lmypma-JIuysusia Heompuyamenvtvl u Kpam-
nocmu 1. Queao A = 0 ecmov cobemeennoe wucao zadavwu IImypma-JIuysunis
mozada U moavko moada, koeda v =« =0, u emy coomsemcmeyem cobcmeeH-
naa dynryua u(x) = const.

B namem ciyuae o = 0, mosromy sagada Hlrypma-JTnysumns (9.162) mmeer
cobcTBennoe 3nHadenne \g = 0 U COOTBETCTBYIOIILYIO COOCTBEHHYIO (DYHKITUIO

Xo(’l“) =1= J()(O)
[Tpumenum Teopemy [9.4] c.

Bce noaoosticumenvrovie coocmeennvie wucaa 3adavwu IIImypma-/Tuysuirs u co-
omeemcmsyruue um cobcmeertvle GYHKUUL UMENOM 6U0:

()72 (v)
M, Ky T
Jy : ke N,
’ < R >
-183-
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A =




2de ,u,(:) — KOPHU YPAGHEHUSA

aRJ, (i) + Bud, (1) = 0.

B namewm ciyuae v = 0, « = 0, 8 = 1, nodromy coOCTBEHHbIE YHCJa U COO-
crBerHble pyHKImn 3aaa4qn [rypma-Jlnysmmrs (9.162)) umeror Bu;

( )\O = O7 XO(T) =1= JO(O)’
= [&]7, Xp(r)=Jo (&),  keEN, (9.163)
| IJIe [t — KODHHI ypaBHCHUSI J(u)=0 & Ji(u) =0.

H_Iar 2-3. Pazsioxkenune dbyukuuii f(r, t) u ¢(r) B psg M0 cOOCTBEHHBIM
dbyskmuam 3agaqu typma-JInyBuianas

B coorsercrsun ¢ teopemoit 9.5 c. [124) dbynkuus /7 f(r, t) pasnaraercs B
psji Pypbe

£ ) = folt) + 3 1D (7). (9.164)
k=1

R
2
folt) == [ rf(r, t)dr,
)

: o (9.165)
HET
filt) = ——— /rf(r 0o (55 ) .
o (u)]? R / R
rie [ — HOJIOKUTe/IbHble KOpHU ypaBHenus Ji(pu) = 0. Awajoruano, s
dbyuKIWN (1) CIpaBe/InBO PA3IOKEHNE B Psijl
o(r) = @o + Z orJo <M> ¢ KoadunnenTamu (9.166)
k=1 R
2 i 2 1 ;i
T
wo(t) = —/rgo(r)dr, Op=— ——— / o(r)Jo ( ) dr.
R R o ()]’ R
(9.167)

ITTar 2-4. CocraBienue u pernienne 3agadu s T (1)
Eciu uexombtit Bug (9.156), c. 182 pewenust u(r, t) u pasnoxenue (9.166)
dbyHKIIN (7) MOJACTABUTH B HAYAJIBHOE YCIOBHE

u(r, 0) = ¢(r),

IOJIYYHMM, 9TO 3TO HadaJbHOE YCJOBHUE OYJET 3aBeJOMO BBIIIOJHEHO, €CJI BCe
cjlaraeMble psijia B JIEBOI YaCTH OKayKyTcs PaBHbI COOTBETCTBYIOIIMM CJjarae-
MBIM psijJia B IIPaBOii YaCTU, TO €CTh OYAYT BBIITOJHEHBI COOTHOIICHUSI

Xk (r)Tr(0) = X (r).
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Taxum ob6pasom, mojrydaeM Hada bHbie yeaoBust Ha (yakimn T (t):

Tk(o) = k-

B coBokymHOCTH € TIOJTydeHHBIM panee ypasaerneM (9.158)), c. (183 u yuurbiBas,

2
910 A} = [%] , moJiydaeM 3ajady Komn:

T)(t) = folt), () 4 Pl () =
{Toéf%:]; (0 {%E?)iwi. Te(t) = f®),  (0.168)

Perenne 3agaqn (9.168) 3agaercs, oueBuHO, HOPMYIIOi

To(t) = @0 + /fo(T)dT.

2
Obrriee pertienne oHOpo/HOTO ypasuenust T'(t) + %T(t) = 0 umMeeT BUJI

TOO(t) = 66_(%73(1) t

Y100b! HAlITH YacTHOE pelleHre HeOTHOPOIHOIO ypaBHEHUsI, BOCIIOJIb3YEMCsl Me-
TOJIOM Bapuallii MOCTOSIHHBIX.
2
a”|

2
Bynem nckars pernenue ypasuenns T (t) + RLZ,’“]T;C (t) = fr(t) B BUIE

T(t) = c(t)e (5",

[Topcrasus T(t) nckoMoro Bujia B ypaBHEHe, TOTyYHM YCJIOBHE HA HEH3BECT-
Hyt0 11oKa DyHKIWO ¢(t):

¢(t) = filt)eF) T

Orcrona

1, naxoser,
t
= e () ~(45*) =
Togot) =cieVE) "+ | fu(r)e UR dr. (9.169)
0

3 nauanbroro yeiosus T(0) = vpy mosrydaem, 9o

€1 = Pk-
Taxkum obpaszom, pemnierne 3ajgaqu ((9.168)) nmeer Bu:

t
Tk(t) = Spk@_(mlc%a) t—|—/fk<7')e_(mf%a) (t_T)dT,
0
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rie fr(t) u pp 3amaorca dopmytamu (9.165) u (9.167)):

R R
o) :%/rf(r, Ddr,  fu(t) L-i-/rf(r, 0do (M4
0

0
R R
2 2 1 I
SOO(t) - ﬁo/mp(r)dra Pk = ﬁ : m : !T@(T)J@ <%> dr.

OTBer B 00mieM Buje aJjid 3ajadm ((9.155):

v(r; t) = ¢ +/f0(7')d7+
0

t
0 (e 2 (mpa 2 . k_/]"
30 (e O [ ey G | gy (11,
k=1 0
re f — HOJIOKUTeIbHbIe Kopan ypaaenus Ji () = 0, a fr(t) u pp 3amatores

dbopmymamu (9.165) u (9.167). Ilockonbky B Hamiem ciaydae f(r,t) = 0, a

u(r, t) = e "to(r, t), To MBI HOTYUAEM

OTBer:
- BT ()
%00+k§:;¢k'c]0<?>'6 (") ]7

rie i — HOJIOKUTEIbHbIe KOpHN ypaBHenus Ji(pu) = 0, a ¢ 3ajgatorest hop-
MYJIOI:

a R
alt) = 2 [retyin,ai= s ot (45 ar
0

u(r; t) = et

o (u))?
Ne 777 v). Hatimu ozparuuennyio dynryuto u(r, t) us yciosud
u =a’- 1 (ru,), — hu, 0<r<R, t>0
u(r, 0) =T, 0<7r<R; (9.170)
u(0, )] < oo, u(R,t)=T, t>0.

12
Vkasanue: nckatb pemenue B suge u(r, t) = v(r, t)e "t +w(r) + T.
Illar 1. I36aBjeHne oT HEOAHOPOAHOCTU M BBIOOP BUJIA PEITeHMSs
Bo-1tepBbix Ha/10 n36aBUTHCSA OT HEOIHOPOJHOCTH B KpaeBOM ycioBuH. [TocKoIb-

Ky B JaHHOI 3a/a4e
u(r, 0) =T, n u(R,t) =T,
TO €CTECTBEHHO HCKATH QyHKIWIO u(r, t) B BujIe

u(r, t) =b(r, t) +T.
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Torma gyHKIMS b(r, t) Gyjer pereHneM 3a/1adn

by =a*- 1. (rb.), — h%b — BT, 0<r<R, t>0
b(r, 0) = O 0<r<R; (9.171)
16(0, t)| < oo, b(R,t)=0, t > 0.

B nmpunnume, 3Ta 3ajada — MOYTH JYaCTHBIN caydail yKe perreHHoil 3ajadu B
Ne7776) (c.|177)), m MBI MOZKEM BOIOJIB30BATHCS €€ PE3YILTATOM (eC/IH CHadasa

cTaHapTHOf 3aMeHoit uzbasumest oT ciaaraemoro (—h2b)). Ho nam mpejiara-
eTcsl SIBHO BBIJIEJIUTD B PEIIEHUN YaCTh, 3aBUCAIILYIO TOJBKO OT I'. DTO 3aJaHle
MOYKET UMeTh (bU3MIECKHUIT CMBICIT: HAJIO SIBHO BBIIEJINTH CTATIMOHAPHOE (TO €CTh

HE MEHSAIONIEeCs CO BPEMEHEM ) paciipe/ie/ieHre TeMIiepaTypbl B MeMOpaHe U siB-
HO BBIJEJUTEH CaM IIPOLECC U3MEHEHUsI TeMIIEPATYPhI.
[TosTomy MBI IpeicTaBuM HCKOMYIO (DyHKIWIO b(r, t) B BHIE

b(r, t) = v(r, t)e " + w(r)

U IOIIbITaeMCd HaWTH U(T),ﬂBHHKHHmeH pemeaueM 3ada41, B KOTOPYIO MbI
SaTOHHN[BCeCT&HHOHaprKBBXOﬂHbKEﬂaHHbKBOSAaHHON[CﬂyanSTO(bYHKHHH

neTounnkos temna f(r, t) = —h?T, He 3aBucAIas OT BPEMEHI.
a?- L. (rw,), = h?w + T, 0<r<R;
{ w(()] < 0o, w(R) = 0. (9.172)

3jiech  JIETKO  yrajlaTh — 9aCcTHOe —pelleHre  HeOJHOPOJHOIO  yPABHEHUsI
a*- L. (rw,), = h*w+ h*T.

Wy (T) = —T.

A obmee perieHne COOTBETCTBYIOMIErO OJHOPOIHOIO yPaBHEHMS

N 2
— (rw,), = —h*rw = (%> rw,

a

Fx, w(r) = Z(x) ceonurcs K

IIOCKOJIbKY OHO 3aMEHOI 17 =
— (22 = 2Z,
umeeT, 1o ciaeactsuio 0.1] c. [121] Bug:
Z(z) = c1Jo(x) + caNp(z).

B cuy kpaesoro yeosust [w(0)] < 0o u Teopemst [9.2] c. [122] ¢; = 0, u rakum

0bpas3omM,
thr
wo(r) = c1Jy < - ) .

Ho o onpegenennio 0.2] c. [120]
I(x)=¢e > 5, (i),

-187-



oTkyHa 1pu v = 0 nojiydaem, 4To

w() =0 (%)

Hrak, penienue oJHOPOIHOIO YPABHEHUS C EPBBIM KPAEBLIM YCIOBUEM HMEET
BT W, (1) = ¢11 (%), OTKY/Ia

w(r) = We(r) + Wy (1) = c1lo (h;:) —T,
1 HAM OCTAJ0Ch TOJBKO JOOUTHCS BBINOJHEHUS] BTOPOTO KPAEBOIO YCJIOBHSI
w(R) = 0, noaxoadamuM 06pa3oM BbIGPaB KOCTAHTY C1.
T
I (%)

hR
IU(]%) =0 = il <: a/:> =T — c1 =

OxkonvaTebHO TMOTydaeM

T (%)

w(r) = —T.

OTa PYHKIMUS €CTh pelieHne cJeIyoleil 3a/aqm:
w, = a’ - % - (rwy), — h*w — h*T,
(r, 0) = TIo( %) 7
w(r, 0) = (i :
lw(0, t)] < oo, w(R,t)=0, t > 0.

[TosTomy dyHKIIMSA

<r<R, t>0;
<

z2(ryt) =u(r,t) —w(r) =T =u(r, t) —

B CBOIO 04epe/ib, SBJISETCS PelleHneM 3a/[1aun

z=a*1-(rz), — hiz, 0<r<R, t>0
Z(?",O):T— TIO(hR)7 O<T<R7
12(0, t)] < o0, (R t) =0, t > 0.

OcTajioch COBEPINTDH CTAHIAPTHYIO 3aMEHY
v(r, t) = z(r, t)e

4TOOB M36aBUTLCs OT ciaraemoro (—h?z). Torga mis Gyukimu v(r, t) nMeem
38144y

v=a 1 (rvr) 0<r<R, t>0

hr
o 0) =T ;;)) 0<r<R: (9.173)
0(0, )| < oo, v(“ t) =0, t>0.
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ITlar 2. Pemenue 3aga4qu ((9.173))

DTa 3a/1aua — YACTHBII cJIydail pereHHoil B obmiem Bujte 3ajaan (9.139)), c. (177,

u3 Ne 777 6). Bocrosib3yemest pesyJibTaToM:
OTBeT B 00I11IeM Buje:

i pre U +/fk(7)€(m’%a)2(t7)d7 JO(%);

re fi — HOJIoKUTeIbHbIe Kopan ypaBaerus Jo(u) = 0, a fr(t) u ¢ 3amatores
dopmynamu:

R
filt) = — [J12(Nk)]2 . / rf(r 0o (B5) dr,

R
O = /rgo ukr dr
R? Jl Mk .

B namem ciyuae f(r, t) = 0, mosromy Bee fi(t) = 0. Ocrasnocs naittn @y, s
pyHKIIN

R
2T 2 T hr r
— —Mk Jl (Mk) — R2 [Jl (Iuk)]Q . ]0 (hR) . 0/7’[0 (;) JO (%) dr.

Taxum obpaszom,
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IJIe () BBITUCSIOTCA 110 (POPMYJIe

R
2T 2T hr kT
T T ) R ()P 1o () / o <—) Jo (P ) dr (9174)

Benomuus, uto u(r, t) = v(r; t)e " + w(r) + T

3aluIIeM
OTBeT:

]' hr
U(T’, t) O _I_ Z 90/66

rie i — HOJIOKUTETbHbIe KOpHN ypaBHenus Jy(u) = 0, a ¢ 3agatorcest hop-
mytoit (9.174)).

%)

R

Ne 777 n). Hatmu ozpanusernnyro dynruuro u(r, t) us yciosud

w =a*- 1 (ru,), + f(r, t), 0<r<R, t>0
u(r, 0) = o(r), 0<7r<R; (9.175)
u(0, )] < oo, wu(R,t)=0, t>0

npu @(r) =0, a f(r, t) = Ue ",
Ilar 1. Buxa penienus
Dra 3ajada — dacTHbI caydail sagadn (9.139), c. [177, mpu o(r) = 0 u

_h2
f(r,t)="Ue "t O iHaKO, BOCIIO/IB30BABIIICH HAIIPSIMYIO €€ PE3YJIBLTATOM, Mbl
IIOJIYIYUM OTBET

o—h?t _ e—(“’}{a)zt

HET
t) = 2UR? cJo [
ulr: 1) Z (a®ui — P2 R?) g Jy (pur) 0< R)’

re i — TOJOKUTeIbHbIe KOpHE ypaBHenus Jo(u) = 0. A xorenoch Obl Bbi-
JIeJIUTH $IBHO YaCTh PeIIeHUs, BEIYILYI0 cebsi 110/I00H0 [, TO ecTh (haKTHIeCKn
HalT CYMMY psa

o0

2 1 Wi
h tz
e ° :] ( ) .
p (a?uf — h2R?) piJy (1) "\R

Jist 9T0TO0 TIpecTaBuM perienue u(r, t) B Buje

u(r, t) =v(r, t) + w(r)e_th

u maiinem w(r) us permenus z(r, t) = w(r)e " sazaun

{ 2t = a,2 i T’ZT)T + Ue_h2t7 0 < r < R’ t> 07 (9176)

12(0, t)] < o0, z(R,t)=0, t>0.
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Iepenumenm (0.176) noxcrasus z(r, t) = w(r)e "

{—hgw() = g2 1. (Tw)/ ety Ue 0<r<R, t>0;
[w(0)] < oo, w(R)=
(9.177)
1 st w(r) mocae nenenns na aZe”™! 1 yHoxenus Ha r oayunM:
h? Ur
— (rw') = s rw(r) + —

v

A obmee pererne 0IHOPOIHOrO, 110 caeacTBHIO [9.1] MOCKOIBKY OHO 3aMeHOIt

r =gz, w(r)="%(z) csomurcs K

— (22 = 22,
nmmeer, 1o ciaeactsuio 0.1] c. [121] Bu:
Z(x) = c1Jo(x) + caNo(z).

B cuy kpaesoro yenosust |w(0)| < oo u Teopembr (9.2 c. [122, ¢o = 0, u Takum
obpaszomM,

wo(r)—clJo(hr> — w(r)—clJ()(f;T)—%.

a

Ocrajioch mpu MOMOIIH BTOPOro Kpaesoro yciaosust w(R) = 0 HaiiTu ¢;.

wR)=0 = o (hf> = % — c = WU(%R)'
OKoHYATE/IbHO 10Ty YaeM
hr hR
- L)) o1t
Haiinennast dyuknus z(r, t) = w(r)e_th eCThb pelleHre cJIelyIoleil 3aaumn:
y=a*1 (rz), +Ue ", 0<r<R, t>0;
2(r, 0) = U(JOiES{]Z(‘;’;g'T)), 0<r<R; (9.179)
12(0, t)] < o0, z(R,t)=0, t>0.

[TosTomy dyHnkIHS

_ i U () = J () e
o(r, t) =u(r, t) —w(r)e " =u(r, t) — w2y (22 et
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B CBOIO O04€pe/b, ABJIAETCA pelicHueM 3aJa491

vt:az-%-(mr)r, 0<r<R, t>0;
o(r, 0) = — U(Joggjzg}ﬁg’f))y 0< 7 <R: (9.180)
[0(0, t)] < o0, v(R,t)=0, t>0.
OTa 3ajada — CHOBa 4YacTHBIN ciydail 3ajadu , C. ) npu
o(r)= — U(Jof(lgjg(fﬁg}f)) u f(r, t) = 0. Bocronbsyemes: pesyisraToM:

OtBet B 0011IEM BHU/E:

50 t
N  (ppa)2 ., r
=3 (e B4 [ e (Y ar |y (1),
0

k=1

7€ (g — HOJIOKHUTeNbHbIe KopHn ypasaenns Jo(u) = 0, a fi(t) u ¢, 3amaorcs
dopmynamu:

R
folt) = — [J12(Mk)] 0/ rf 0 (M) ar,
R

[Tockosbky B Harem ciaydae f(r, t) = 0, To Bee fr = 0, u Ham Ha10 HAWTH () (1)

upn p(r) = — U(Jo}(;{]())(—%gff)):

(Bamerum, 4TO FTOT CIIOCOD PEIIeHNs JAHHOM 381891 TOUTCA TOJBKO JIJIsT CJTy-
Jast

Vk e N aup # hR,

IOCKOJIbKY MHAYE B 3HAMEHATE e BhIPAYKeHNUs Jijist (1) CTosT ObI HYJIb. )

R
,ukr —2U
O = / dr = X
R J1 (1)) (%) R2R2 [y ()] Jo (%)

R

hr MkT hR HET .
X T’Jo(;)J —Jg(a>/rjo<7)dr =

0

[HO dopmymanm (9.13) u (9.9) npu x = £ u v = 1} =
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_ —2U o
W2R2 [Ty ()] Jo (A2)

a’R? h hR hR
—J y/ — —J J —
e () a5 (25 0]

a

hRY\ R? ! —2U
— Jo <7> 2 O/[x Ji(@)]dv | = h2R2 [y (1)) Jo (hff)x

R’ hR R? hR
x| — RRE — 22 Mkjo(a>J1(Mk)— M_k MkJO(@)Jl(Mk)

B —2U a? 1

R (1) . (_ h*R? — azﬂk Mk) M=
U h2 Ry, B —2UR?
TR0 () (RPR?— i) 1 (alpd — R2R%) g, Iy ()

Urax,

=S (9 () -

(0.9]

Mk — (e HET
— _UR? - (R)tJ( )
; (@ = P2R) i () "\r )
rJie [i — TOJIOXKUTeIbHbIe KOopHE ypaHaenus Jy(u) = 0.
OTsBer:
U (Jo (%) —Jo (X2 8
PN COEEAC )

# 1o ()
PN 1 () (1
o ;; (27 — W2R%) ey (i) JO( R )

rJe fiy — MOJIOKUTe/IbHBIe KOopHE ypasHenus Jy(u) = 0.

Ne 779. Bolaesienue cTarimoHApHO 9acTW penIeHus .

B 6eckonevurom odnopodrnom Kpyzaom vusundpe paduyca R ¢ momerma
t = 0 swdeasemcs menao nocmoannot naomuocmuvro Q. Cuuman mem-
nepamypy yusurdpa nput = 0 pasroti ny.a0, onpedesumsv pacnpedenenue
memnepamypvt 6 nem npu t > 0, ecau noseprHocmsv yuAsuUHIPa noddep-
otcusaemcs npu memnepamype 1.
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3ammcaB 3TH yCJIOBHUS MaTeMaTUIeCKHU, TOJIYINM 3a/1a4y:
Hatmu ozpanuvennyro dynryuo u(r, t) uz ycrosud

w=a*-+-(ru,), + fi(r, t), 0<r<R, t>0
u(r, 0) = p1(r), 0<r<R; (9.181)
lu(0, t)] < oo, u(R,t)=T, t>0

npu fi(r, t) = C%, a p1(r) =0.
IHTar 0. NI36aByieHEe OT HEOJHOPOJHOCTU B KPA€BOM YCJIOBUU

[TockobKy (pyHKIINN B MPaBbIX YaCTAX KPaeBOTO ycjIoBud [-ro poja n ypaBHe-
HUST UMEIOT BUJ[ KOHCTAHTBI, €CTEeCTBEHHO ncKaTh perrenne ((9.181)) B Buze

u(r t) =T +w(r) +o(r, 1),

riae w(r) — pelieHne 3a/1adu:

wt:aQ-(wTT+%wr)+%, 0<r<R, t>0
~~ (9.182)
lw(0)] < 0o, w(R) =0, t > 0.
JIerko HaiiTH YacTHOE pellleHne HeoJIHOPOIHOTO YPaBHEHMU
1 Q Q
) 4w () = — = 0.183
W)+ )= - = 2, .15

(k — Ko3(buIeHT TEIIONPOBOIHOCTH) B BUJIE Wyyo = cir?. IloncraBus ero B

ypaBHEHHE T0JIydaeM, 4TO

0

2r Q Q
2c1+c— = — — — L= — —.
Ty k ! 4k
[TosTomy
2
quo = — E .
OG1iee 2xe peleHie 0JHOPOAHOTO ypasherus w) (1) + 1w} (r) = 0 Haxogurcs
TaK:
1 1\
Inw!(r)) = —-=(Iln-
e CHR
OTKY/Ia
1
wh(r) = — — we(r) =Inr + cs.
Cor

Takum obpazom, obiiee perienne ypasuenus (9.183)) umeer Bug

2
w(r)=s3lnr4+c¢ — —r-.
(r) "
3 xpaesoro ycmosus |w(0)] < oo HOJYAeM, {TO €3 = 0, a U3 KpaeBoro
yesosust w(R) = 0 ciemyert, ato ¢q = %—};. Taxum obpaszomM,

w(r) = © (R4k_ i )
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Torma dyuknus v(r, t) = u(r, t) — T — w(r) OymeT yI0BIETBOPATH YCJIOBUSIM:
1,

ve=a?-1-(rv.), + f(r, t), 0<r<R, t>0;
v(r, 0) = ¢(r), 0<r<R; (9.184)
v(0, t)| < oo, wv(R,t)=0, t>0

Q(Rz—r )

upu f(r, 1) =0,a ¢(r) = -T — ——F
Vnmenno takyto sanady (9.139) mbr permmmm B Ne 777 6), ¢. [L77] Bocnoabsyemcst
PEe3YIBTATOM:

OTBeT B 00I11IeM Buje:

00 t

o) =3 wne('"ﬁ“>2t+/fn(r)e(’“&‘l)Q(tr)dT h(5).

rJe [, — NOJOKUTeIbHbIe Kopan ypaaerust Jo(u) = 0, a f,,(t) u @, 3amaorcs
dbopmynamn ((9.148)):

R
unr
fn(t) R2J2 ,un / 7“ t J() > d?“,

,unr dr.

R
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Boszbmem NHTErpa.Jibl

R
[ (55) = o] - . T

4 /
= [BCI/IJ‘[y (9.9), c. 121} upu Vzl} :R—4-/x2- [le(x)] dx =
H

T=k
—2/x2J1 (x)dx | =
=0

0

4

= [HO ‘IaCTHM] =— | 2°J (x)
H

M
R! ’
= [B cuIty npu v = 2] = i Jy () — 2/ [.I'QJQ (x)} dr | =

k
0

T=HE R4 3 )
) =T (Mkjl (kx) — 2ppJ2 (Mk)) —

=0 Iuk‘

T <N?;§J1 () = 2 2% T (x)

2
= |B cuy (9.10) ipu v =1, J - —J + Ji =0 =
y (9.10) up > (k) P 1 (1) OE/:k)

= T T () (9.185)

HE

R
2
O/TJO (%) dr = {x = M]ZT] fk xJy (x)dx =

= [B CULILY , C. , npu v = 1} =

[le (:c)]/dx— 52- (:Ejl( )

Nk

Mk
R2

L=k RZ
== ):—le) (9.186)
My

R27T2
[Tostomy s p(r) = =T — A e ) _ <—T — Q—k> + ﬁ 72 noJtydaem

R R? R
. :Q.L./T;] (B ar - 2 (T 4F) ./TJ () dr =
"4k R2J2 () "\UR R2J2 () "R
0 0
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:Q. 2 .R4(M%_4)J1(M) 2(T+C%“_Izz) EJI(M):
4k R2J} (pin) i ! R2J}(tn) gm0
0 RQRENEE -4 )= AT ) A () 2 QR+ KT)
R2J¢ () Ay ks Jy ()
Takum odbpasom,
2 o= QR? + kT2 i )2 e
vt = - EE;Q%-; oy ()

7€ [y, — HOJIOXKUTE IbHBIe KOpHU ypaBHenust Jo(p) = 0, u, HakoHer, st hyHK-
mmn u(r, t) =T + w(r) + v(r, t) nomyaaem:
OTBert:

Q(R*—r?) 2 QR+ kTy? (eme)y [ Hal
) =T _ =z n .
ulri 8) =T+ —— ke T () JO( R )

TJIe [, — TTOJIOKUTEeIbHBIe KOpHU ypasuenust Jo(u) = 0.
Ne 780 a).

B navanronvit momenm sepemeru t = 0 memnepamypa beckoneunoti 00Ho-
podnoti mpybv, b < r < d pasna U. Hatimu pacnpedeserue memnepamy-
poe 6 mpybe npu t > 0 ecau noseprrnocmu mpydv, noddepircusaromcs npu
HYAEB0T MEMNEPATYPE.

3anmcaB 9TH yCJI0BUSI MaTeMaTHIeCKN, TOJIYINM 3a/1a4y:
Hatimu oepanuvennyro gyrxyuto u(r, t) ud ycaosud

w =a*-+-(ru,), + f(r, t), b<r<d, t>0;
{ u(r, 0) = p(r), b<r<d, (9.187)
u(b, t) = u(d, t) =0, t>0
npu f(r,t) =0 u p(r) =

Ilar 1. Hpe,Z[BapI/ITeJII)HbIe pDACCyKIeHUS
Eciim uckars pemienne 3ayiaqan (9.187)) B Buje

=) X(r)Tk(t), (9.188)

U TIPEJIOIOKUTE, 910 jist f (7, t) cripaBejIiBO aHAJOTHIHOE TIPEJICTABICHIE
PSAJIOM:

=3 Xy h(), (9.159)
k=...
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2.1 (ru,), + f, momyunm:

ZXk )T (t —azzr 8T<8Xi ) +ZX1; ) fi(t)

9TO PABEHCTBO 3aBEJIOMO BEPHO, €CJIN PsiJibl B JIEBOIl 1 IPaBOil 4acTsIX pPaBHbI
IIOYJIEHHO:

t0, ozictasuB ((9.188)) u (9.189) B ypasuenue u; = a

Xi()Th0) = % o (P

or ) Tut) + Xe()filt), Yk

[onemus nocieanee pasenctso Ha a?Xy,(r) Ty (t), nomyunm:

O O A G
CL2Tk (t) Xk (7’) .

JleBasi 4acTh 3aBUCUT TOJILKO OT t, IpaBasi — OT T, CJIJIOBATEIbHO PaBHbI OHU
MOI'yT OBITH TOJILKO B ciydae, korjga dA; € R :

OETACIIEIE 2 G )
a®T(t) X, (r) b

Taxum obpaszom, st dyuknnit Ty (t) moaydaem ypaBHeHune
T}, (t) + a® M Tr(t) = fi(t), (9.190)
a st pyukiwit X(r) — ypaBHeHue:
1 2 T@Xk(T)
r or or

KOTOPOE€ MBI IIEPEIINIIIEM B BHUIE:

D10 — B TouHOCTH ypaBHeHne beccenst n3 3agaan (9.17) ¢ v = 0. Boracau,
Kakmne Kpaesble yeioBust Ha X (1) cienytor u3 yeaouii 3agaan ((9.187)).
Yeqosust u(b, t) = 0 u u(d, t) = 0 upesparsaTcs B

Xu(b) =0,  Xu(d) = 0. (9.192)

IHIar 2. Pemienune 3asauu IItypma-JInyBusasa
st dyukumit Xy (r) Mot nostyanu 3agaay Lrypsya-JInysusis st ypashe-
nus beccensg c v =0

(TX/ (7’)) — A\ X (1), b<r<d;

X, (b) = 0, (9.193)
X (d) = 0.

)+MKA@=Q
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Bocronbsyemcest pesysratrom Teopemst 9.1] c. [121].
Obuiee pewenue ypasrenus Becceas (9.1))

2?2 (x) + 2Z' (2) + (2* — v*) Z(z) = 0 (9.1))
aadaemcs Hopmy.aoti

Z,(r) =c1J,(z) + caN,(x), v eR.

Harrre ypasnenue (rXﬁf(r))/ = — A\ X} (7) 0OBIIHOIT y2Ke 3aMeHO

T =/ LT, MNe = 32 =0

CBOJIUTCS K YPABHEHUIO
2?2 () + 2Z/ (z) + 2°Z(x) = 0,

koTopoe copnajaer ¢ ((9.1) npu v = 0. [Tosromy ero obiee perenne 3a1aeTcs
dopmyitoii

Xi(r) =ca1dy (\/)\7;{7) + o Ny (\/)Tkr> = c1Jo (p ) + coNo (g 7). (9.194)

B cuny kpaespix yenosuit Xg(b) = 0, Xj(b) = 0 umeenm

c1Jo (px b) 4 caNo (. b) = 0, (9.195)
c1Jy (,uk d) + co Ny (,uk d) = 0. '

Ecmn paccmarpuBars ((9.195) kax cucremy JMHEHHBIX ajareOpamdecKux ypas-
werwit (CJIAY) oTHOCHTETHHO MEPEMEHHBIX € WU C9, TO, YUUTHIBas, ITO HAC
UHTEPECYIOT HETPUBUAJIbHbBIE PEllleHUs

ek #0,

OlIpeaeJInNTEeJIb 9TOI CUCTEMBI JOJIZKEH PpaBHATHCA HYJIIO:

58 ((Z:Cbl)) %8 éﬁ’,j% = Jo (s b) No (pue d) — Jo (pu &) No (pur: b) = 0. (9.196)

Torna, permus cucremy ((9.195)), mosyunm
C1 = No (,uk b) ) Cy = —Jo (,uk b) . (9197)
Urak, npu g > 0, npu KOTOpbIX BBIMOJHEHO paeHcTBo ((9.196]), cymecTByer

HerpusrasibHoe perierne ((9.194)) zamaqu (9.193)):
X (r) = No (b b) Jo (pur7) — Jo (pur b) No (pure7) (9.198)

rJIe i) — TTOJIOKUTEeIbHBIE periennst ypasHenus ((9.196))

Jo (1 ) No (pur d) — Jo (p d) No (pr b) = 0.
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IMTar 3. Pazsioxkenue dbyuknwmii f(r, t) u ¢(r) B psg 10 COGCTBEHHBIM
dbyskmuam 3agaqu [Itypma-JInyBuiaasa
BorsgicanM, Kaxkue opMysibl OYIyT CIPaBeJIUBBI /11 KOI(PMUIINEHTOB pas3Jio-
Kenust GyHKIU () B psiji 110 cucTeMe cobcTBeHHbIX DyHKIM 3aaaqau [TITypma—

JIuysuist (9.193). B coorsercrsun ¢ reopewmoii 9.6 c. [125] dyukuus f(r, t)

paznaraercd B psji Pypbe

1) =3 AOX0) =3 filt) (No (1 B) o () — o (1 B) N (1 r>) ,
= = (9.199)
d
(1) = 2 . / rf(r X () dr =

<7’2 — Z—%) Z2(pr)

r=

T 2 (22(ud) + 2 (pid)) — 07 (Z2 (i) + 2% (pih)) / rf(r, X (r)dr.

Hasee, tax xkax X(r) = Ny (pur b) Jo (e ) — Jo (ux b) No (g ), T0

Z*(jupd) + Z'* (upd) = (No (2 b) Jo (pr d) — Jo (p1x b) No (s d)) +

\ 7

—0 B CI/IJI‘},/
+ pj, (No (b 0) Jo (pe d) = Jo (a1 ) No (e d)> -
= {B CHLITY No (pu b) = js EZ:Z; - No (Mkd)] =
P (ﬂﬁ:g) : (No (b d) I (g d) — Jo (pur @) Ny (ukd)> —

2 <J0(Mk:b)>2_‘Jo(Mkd) No (e d) |

B\ o (g d) Jo (. d) N (. d

N—

Z2 () + 277 (sd) = (No (12 b) Jo (pur ) — Jo (px b) No (i b)) +

\ 7

TV
=0 TOXKIACCTBCHHO

2
-+, <N0 (ke 0) Jo () — Jo (a1 ) No (i, b)) =

(
(

b
Mk

Jo
Jo
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[TockosbKy m3BecTHO paBeHcTBO (eM. yrBepxaenne (9. 1)) s Bpornckuana dyHk-
nnit beccens n Heitmana

_ | dv(x) Ny(x)|_ 2
W {J,, N, (I)—‘ J' () N (z) =z (9.12)
TO
& (ZQ(ukd) +Z” (,ukd)> y <Z2(,ukb) + 77 (ukb)) -
_ e (JedNT 4 44 T () = g Gud)
’ Jo(id) ) w22 Tph? | J3 (i d)
Urax,

) =32 Ae) (Mol d) o) = o () Mo ) ) @I99
k=1

d
B ™ Jg () .
fr(t) = 5 [Jg i b;)— I d)] /rf(r, )X (r) dr. (9.200)

Anasnornuano, jyist GyHKIWN (1) CHpaBeJIMBO PA3JIOKEHNE B Psijl

=Y o (No (e b) Jo (e ) — o (e b) No (1 7~>> (9.201)
k=1

¢ KoapduimenTaMu

7w J§ (g d)
J§ (i 0) — J§ (. d)

d
YK = o ] -/Tgp(r)X(T) dr. (9.202)
b

IITar 4. CocraBnenune u pemenne 3aaa4am s Ty (t)

Eciu uexombit uy (9.188)), c. 197 pewenust u(r, t) u pasnoxenue (9.201)

dbyHKIIN (7) MOACTABUTH B HAYAJIBHOE YCJIOBHE

u(r, 0) = o(r),

MOJIYINM, YTO 3TO HadaJbHOE yCJIOBHUE Oy/eT 3aBeJOMO BBITIOJHEHO, €CJI BCe
cjlaraeMble pdja B JICBOI 4aCTU OKarKyTCd PaBHbI COOTBETCTBYIOIIMM CJarae-
MBIM psijia B IPaBOil YaCTU, TO €CTh OYAYT BBIITOJHEHBI COOTHOIICHUST

Xi(r)Tr(0) = X (r).
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Taxum ob6pasom, mojrydaeM Hada bHbie yeaoBust Ha (yakimn T (t):

Tk(o) = k-

B coBokymHoCTH € oSty deHHbIM panee ypasaerneM (9.190)), c. (198 u yaurbiBas,

2
9TO A\ = [ﬁ] , TToJTydaeM 3aJtady Kormn:

R
{ Ty (1) + - To(t) = filD), (9.203)
T(0) = &
O61iee periexue COOTBETCTBYIOIIETO OJ[HOPOJIHOTO ypaBHEeHUsI
T'(t) + GQ%’“} T(t) = 0 umeer Bus

Too(t) = ce () !

Y100b! HAlITH YacTHOE pelleHre HeOHOPOIHOIO ypaBHEHUsI, BOCIIOJIb3YEeMCsl Me-
TOJIOM Bapualllyl MOCTOSHHBIX:

2
Bynem nckars pernenne ypasuenns T (t) + QQ%’“] Ty(t) = fr(t) B BUIE

T(t) = c(t)e (5,

[Togcrasus T(t) uckoMOro Bujia B ypaBHEHHE, TIOJYINM YCJIOBUE HA HEU3BECT-
HYytO T10Ka (PyHKIWO ¢(t):

1) = fi(t)eF)

Orcrona

1, nakownerr,
T Hgo(t) = cre () /fk(T)e_(%Ra) =7 dr. (9.204)

I3 mavgamnpuoro yeaosust Tx(0) = vpy mosmydaem, ITo

€1 = Pk-

Takum obpaszom, perrenne 3aa4qn ((9.203) numeer BuI:

t
TWﬁww*W”+/ﬁma%”W%a (9.205)
0
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rie fr(t) u g 3amaorca dopmytamu ((9.200) u ((9.202)).

OtBet B 00I1IIEM BU/IE:
t
t+/fk(7)€_( ES) (t—
0

X (No (11 0) Jo (pur. ) — Jo (pur b) No (Mkﬂ) ;

dr | x

u(r; t) = ore” F°)

k=1

T i) — TTOJIOKUTEIbHBIE perennust ypaBHenus ((9.196))

Jo (px b) No (e d) — Jo (e d) No (e 0) = 0,
a fr(t) u pp 3amatorca hopmymnamu ((9.200) u (9.202)):

d
_ m J§ (p d)
i) = T / rF(r, )X (r) dr. [©.200)
d
o 2J0 ,ukd

[TockosbKy B Hamiem caydae f(r, t) =0, a cp(r) = U, To HaM HaJI0 IIOCYUTATD

d
f?“go(r)X r) dr
b

/dTSO( U/dr (No prb) Jo (per) — Jo (ux b) No (M/ﬂ’)) dr —
b

b

d d
= UNp (1 b /TJO i dr—UJO(ukb)/rNo(,ukr)dr:
b

b
— v =mr, Bonry @9)] =

I pk d , I e d ,
= —No () / {az]l (5(:)] dx — —5Jo (pux b) / [a:Nl (;U)] dr =
H H
HE b i b
Ud

= — [ No (e 0) J1 (i d) — Jo (pur b)) Ny (e d) | —
L —— ——
=—J4(ux d) =—No(pr d)
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Ub
— — | No(pxd) Jy (g b) — Jo (pur ) Ny (pr 0) | =
—— —_——

Mk
=—Jo(1k b) =—N(px b)

= |:B cuny (9.196)  No (. b _ Jolud) - No (puk d)] =

o (urd)
_Ud o (uh)

e Jo (e d)

U (Jo (1) NG 1) = No (10 B) 3 (e ) ) -
)
)

<Jo (pr d) N (e d) — No (px d) Jo (px d) ) -

Mk
_Ud Jo(prd) Jo (g d) No (pux d) _Ub | o (b
e Jo(ued) | Jo(prd) Ng (k) I
~ [ @73 -
:gld.Jo(Mkb)_ 2 . 2 } 2U  Jo (e b) = Jo (g d)
[k Jo (. d)  mped Tub|  m Jo (. d) '
[TosTomy 151 KO3pPUIMEHTOB () TTOTydaeM (HPOPMYJIY:

d
m* J§ (Hk d)

TRGh - ] | X0

m Jg (Mk d) 2U o (g 0) — Jo (e d)
2 [J8 (b)) = J3 (e d) ] Wk Jo (pe d)
[ 1o dopmysie pazaoctu Kpajaparos a? — b? = (a —b)(a+b) = ]
= 1

a—b __ 1
= 222 a+b

Pk =

wU Jo (pr d)
w3 (Jo (e b) + Jo (pd) )

tak, MBI y2Ke TOTOBBI 3allNCATh
OTBer:

= Z ()pke_(ukil%a)zt <N0 (,LLk b) Jo (,Uk T’) — Joy (,Uk b) Ny (ﬂk T) > )

rJie fi — TOJIOZKuTebHbIe pertenust ypashenus ((9.196))
Jo (ke ) No (pu: d) — Jo (pur d) No (pr b) = 0,
a g 3a1a10TCcsd POPMYJIONL:
wU Jo (pr d)
pi (Jo (i b) + Jo (i d) )

Pk =
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Ne 781 a).

Cuumas navaisvhyro memnepamypa ooHopodnozo vyusumndpe 0 < r < R,
0 < ¢ <21, 0 < 2z < [ pasnoti nyato, onpedesums pacnpedenenue
memnepamypvt 6 yusundpe npu t > 0 daa cayyas, ko2da noseprHocmsy
yuaundpa noddeporcusaemces npu nocmosrnmnot memnepamype U .

3ammcaB 9TH yCJI0BUSI MAaTeMaTHIECKN, TOJIYINM 3a/1a4y:
Hatimu oepanuvennyro gyrxyuto u(r, z; t) us ycarosud

ut:aQ(%-(rur)r—l—uzz)—|—f(7“,z; t), O0<r<R, 0<z<l t>0;

u(r, z; 0) = p1(r, 2), 0<r<R, 0<z<lI
(0, z; t)| < oo, u(R,z;t)=U 0<z<l, t>0;
u(r, 0;t) =u(r, l; t) = U, 0<r<R, t>0

pu f(r,z;t) =0 u pi(r,z) = 0.

IIIar 0. I36aB1eHne OT HEOJTHOPOAHOCTH B KPAaeBbIX YCJIOBUSIX
[Tocko/ibKy Ha Bceil rpaHulie MUJINHIPA 3a1aHO OJIHO U TO »Ke ycjioBue I-ro poja
¢ yHKIHe, paBHOIl TOXKJIECTBEHHO KOHCTAHTE, €CTeCTBEHHO HCKATh pelleHne
JaHHOU 3324 B BUJIE:

u(r,z; t) =U +v(r, z; t), (9.206)

riae dyaknus v(r, z; t) ecTh pelrenne 3a1a9n

( Ut:a2 (%'(Tvr)r+vzz)+f(T>Z; t)a 0<r <R,
O<z<l, t>0;
< wu(r, z;0) = p(r, 2), 0<r<R, 0<z<lI;
[0(0, z; t)] < o0, v(R, z;t)=0 O0<z<l, t>0;
L v(r, 0;t) =v(r, [; t) =0, O0<r<R, t>0
(9.207)

mpu f(r,z; t) =0wu p(r,z) = =U.
Ilar 1. IIpeaBapureibHbIE PACCY2KIEeHUS
Eciu uckars pemienne 3aiaqun ((9.207)) B Buje

v(r, z; t) Z ZXk (2)Trn(t), (9.208)

k=...n=..

1

T0, ozictasus (9.208) B ypasuenue v; = a? - (; - (rvy), + UZZ) + f, nmomyaum:

> Xu(r)Zu(2) T, (t) =
= a? Z (% - (rX(r) Zn(2) + Xk(T)Z;;(Z)> T;m(t)JrZ X5 (1) 2 (2) frn(t).
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DTO paBEHCTBO 3aBEJIOMO BEPHO, €CJIN PsIAbl B JIEBOI U IPABOMl YaCTAX PABHBI
[TOYJICHHO:

X (r)Zn(2) Ty, (1) =

a?

= 7(7“X§€(r))/ Z(2) T () +a* X (1) 20 (2) T (1) + X (1) Zip fin (), VEk.

[TomesiuB mocse/iHee paBeHCTBO Ha a2Xk( V2, (2) T (1), oMy amM:
Tl fol) _ 3000 B
@* T (1) X(r) Z(z)

JleBast 4acTh 3aBHCHUT TOJILKO OT t, IIpaBas — OT 7" U Z, CJIeJIOBATEILHO PABHBI
OHM MOTYT OBITH TOJILKO B CJIydae, Korjaa JAx, € R :

T ()~ fult) _ L XL | Ze)
a?T,, (1) Xp(r) Z(z)

C apyroii cTopoHbI, cyMMa, JIpobeil, ojiHa U3 KOTOPBIX 3aBUCHUT TOJIBKO OT T, a
JIpyrast — TOJIBKO OT 2, MOYKET OBbITh KOHCTAHTOI B TOM U TOJBKO B TOM CJIydae,
ecJIn Kaykjiast U3 9TuX Jpobeii — KoHcTaHTa. To ecThb

— Nk -

3., v, €R: Mg+ Un = Nppy, | (9.209)

L (X () Z,(2)

= = Vp.
X 76
Takum obpazom, mist byuxmnit Ty, (), X(r) n Z(2) nomryaaem ypaBHeHUSA
n () + @ Xen T (1) = frn(2), (9.210)
1

— - (X)) + mX(r) =0, (9.211)
Z)(2) + viZy(z) = 0. (9.212)

Pagencrso ((9.211]) MbI nieperuiiieM B BUJIE:

- LX) = mXelr). (9213

910 — B TouHOCTH ypaBhenne Beccesss uz 3amaun (9.17) ¢ v = 0. Boracuum,
Kakie KpaeBble yejaoBus Ha X (r) ciaeayior u3 ycesosuit 3amaan (9.207)).
Yenosue |v(0, z; t)| < oo npeBparnTcs B

1 X%(+0)| < o0, (9.214)
a yesosue v(R, z; t) = 0 — B ycioBue

Xi(R) = 0. (9.215)
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IITar 2. Pemenne 3agaun IIrypma-JIlnyBusas aas X (r)
st byHKImit Xk( ) MBI HOﬂqu/mH sajady [rypma-Jluysumiis suga (9.17) ¢
A=, v=0, a=1upf=

{ - (TX' ()" = mrXi(r).
‘Xk(+0)| < 00, (9.216)
Xi(R)=0.

Bocmosbayemest pesysibrarom teopembi 9.3 c. [123)
Bce cobecmeennvie wucaa 3adavu IIImypma-/Iuysuiia neompuyamenvros u Kpam-
nocmu 1. Qucao n =0 ecmvb cobemeennoe wucao 3adavu IIImypma-JIuysuins
moezda u moavko mozda, xoeda v = a = 0, u emy coomeemcmesyem cobcmeeH-
nas pynryua v(x) = const.
B namewm ciyuae a = 1, nosromy sasada [rypma-Jluysumrs ((9.216]) mve-
eT TOJIbKO CTPOTO IMOJIOYKUTE/IbHBIE COOCTBEHHbIE 3HAUCHUs. UTOOBI UX HAlTH,
npuMennM teopemy [9.4] c. [123]
Bce nonootcumenvroie coocmeernmvie wucaa 3adavu [IImypma-Jluysuins u co-
0MBEMCMBYNULUE UM COODCMEBEHHBLE HYHKUUL UMEIOM 6UO:

(v)

()72 (v)
My T
) ‘]V b k E N?
2de [y, — KOPHU YPaBHEHUA,

) _ | He
aRJ, (1) + Bud, (1) = 0.

Ty

R

B namewm ciyuae v = 0, a = 1, 8 = 0, nosromy coOCTBEHHbIE YHCJIa U COO-
crBernble pyHKimn 3aaa4qn rypma-Jlnysumrs (9.216) numeror Bu;

2
Nk = Lk ) <]b Bz ) ke FQ)
%] () 0.217)
rje [ — KOPHU ypaBHEHMWsI Jo(p) = 0.

IMTar 3. Pemntenne 3aga4u LHTypma-JIHyBHJIJIﬂ ,LLJI;I Z (z)

Host dbysakrumit Z,(z) Mbl MOJTy9UIn ypaBHEHHe ) 2 (2) + vpZn(2) = 0.
JobaBuM K HeMy KpaeBble YCIOBUA, CICAYIONIIE N3 yC.HOBI/II/I

v(r,0;t) =v(r, ;1) =0, 0<r<R, t>0,
9TOOBI TTOTYYUTDH 3aa4y LITypma-JlmyBuiis:
{ 7! (z) + v,Z,(z) = 0.

Z,(0) =0, (9.218)
Z,(1) = 0.

DTy 3aJiady Mbl HEOJHOKPATHO PEIIaJii, BLIMUIIEM Pe3Y/IbTaT:
cobcTBeHHbBIE Uncia u cobcTBeHublie pyHKImN 3a0a49n L rypma-Jlunysuwis (9.218)
UMEIOT BUJT;

v, = (?)2 , Z.(2) = sin (WT”Z> . neN. (9.219)
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IITar 4. Pazsioxkenune dbyuknuii f(r, z; t) u ¢(r, z) B psij 10 cOOCTBEH-
HbIM GyHKmuam 3aaa4d [Irypma-JInyBuiiis

B coorsercrsuu ¢ Teopemoit [0.5] c. [124] bynkuus /1 f(r, z; t) paznaraercs B
psa Oypne

f(r,z; t) = zoo:f (25 t)Jo (M}]g) :

k=1
1 1 ’
_ KT
fk(z7t)_1 ? 1 02 9 ﬁ/f(TZt)J()(R)d
[am] #1025 g ™
\_....\,____;/ =0

Uraxk,

R
N 2 1 . LT
fk(za t) = ﬁ : J%(Mk) -/Tf(r,z, t)Jo (7) dr.
0

Anasnornano, jyist GyHKIWN (7, 2) CIpaBeInBO PA3JIOKEHNE B Psijl

— Z or(2)Jy (,u_kfr) ¢ Ko duimenTaMu
k=1 R

R
2 1 LiT
or(z) = 7 I : /rgo(r, 2)Jo (?) dr.
0

B cBoto ouepeib, kaxkaas us dbysknuit fi(z; t) n @g(2) MOTyT OBITH pasIoKe-

HBI B psijl 110 cobcTBeHHbIM (byHKIMAM 3aga4qu [rypma—/luysunis (9.218)), B
pesy/IbTaTe MoJrydaeM caeyomme npejicrasienns byukunit f(r, z; t) uw o(r, 2):

0= 5 foti () (7).

frn(t) = %%%/ /rf(r,z; t)Jo (%) dr | sin (WTW) dz.
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Uraxk,

| R
fin(t) = lR2J2 //rf r, 2 t) Jg( IZT) sin <7r7;z> drdz.  (9.220)
0 0

Anasnornano, jyist hyHKIWN (7, 2) CIpaBejJInBO PA3JIOKEHNE B Psiji

o(r, z Z OrnJo (%) sin <7mz> ¢ koabduimentamu  (9.221)
k,n=1
I R
Okn = ZRQJ2 //ﬂp r,z)Jo g’) sin (W7z> drdz. (9.222)
(1x)
0 0

IITar 5. CocTaBienue u pemierue 3agaun Jjs Ty, (t)
Ecom uexombrit i ((9.208), c. 205 permenust v(r, ) n paznoxenne ((9.221))
dbysknm @(r, 2) MOJCTABATL B HAYAJILHOE YCJIOBHE

v(r, z, 0) = p(r, 2),

MOJIYYMM, YTO 3TO HadaJbHOE YCJIoBHE OyJeT 3aBeJOMO BBIIIOJHEHO, €CJIN BCe
cjlaraeMble psijia B JIEBOI YacTU OKayKyTCsl paBHBI COOTBETCTBYIOIIUM CJlarae-
MBIM psijia B IIPaBOil YaCTU, TO €CTh OYIAYT BBIITOJHEHBI COOTHOIICHUSI

X5(1)Zn(2) Tin (0) = PrnZin (2) X (r).

Takum 06pazoM, mosydaeM HadaabHbIe yeroBus Ha dyHKIun Ty, (1):

B coBoOKyIHOCTH C T1TOJIyUe€HHBIM paHee ypaBHEHUEeM c. m oIy 9aeM
za1auay Korm:
T;m(t) + a2)‘/mTkn(t) = flm(t)
L 9.223
Oobmee pelenne COOTBETCTBYIOIIETO OJTHOPOJIHOI'O ypaBHEHUS

T'(t) + a’\,, T(t) = 0 umeer Buj

Too (t) = CGfaQ)\k”t.

Y100bI HallTH YacTHOE pelleHne HeOJHOPOIHOT'O YPaBHEHHS, BOCIIOIb3YeMCs Me-
TOJIOM Bapuallly MOCTOSHHBIX:

Bynem uckarn pemenue ypasuenus T) (1) + a? A Tin(t) = fin(t) B BuC
T(t) = c(t)e @At

[Togcrasus T(t) nckomoro Bujia B ypaBHEHHe, TOIYINM YCJIOBHE Ha HEH3BECT-
Hyt0 1oKa pyHKIO ¢(t):

() = frn(t)e® Mt
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Orcrona
— [ fule i 4o
0

U, nakowner,

t

T o (t) = cre™® ! / e~ @ Men(t=7) g (9.224)
0

3 naganproro yeaosus Ty, (0) = ¢k, moaydaeM, 910

C1 = Pkn-

Takum obpazom, pemierue 3aya4an ((9.223)) umeer Bu/I;

Thn(t) = rae " + / frn(r)e Mo =g, (9.225)

vie frn(t) u @ 3amatorcsa dpopmynamu (9.220) u (9.222)).
OTBeT B 00I111eM Buje:

50 t
oz )= D (e 4 / fral)e ez | gy (B ) sin (7).
k,n=1 0

rJe [t — TOJIOKUTeIbHbIe KopHU ypaBHenus Jo(p) = 0, A\g, = (%)2 + (”T”)?, a
frn(t) 1 @ 3amaorcs dbopmynamu (9.220) u (9.222)):

l

Frnlt) = ZRQJQ //rfrz tJo ) i (7”;2) drdz,  (9.220)

0
l

Okn = lR2J2 (ir) //Tgp T, Z) Jo kr) sin (m;z) drdz. (19.222))

[TockosbKy B Hammem ciaydae f(r,z; t) =0, a o(r,z) = —=U, 1o Bce fi, =0, a

R
JIJISl BBIYUCJIEHUS (PO, HAM HaJI0 HAlTU MHTerpaJl f rJo (“ ’“T) dr, KOTOPBIil MbI
0

yuke Bbranc/mn, permas Ne 779 (c. [196)):

R

HT R?
/TJ()( - )dr = ). (9-130)
0
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Torna misg @p, Mbl TTOJTydaeM

| R
LET\ . [TnZ
Okn = ZR2J2/Jk //rgpero >sm( l >d7“dz—
0 0

l
. ™=z
s (i i (5 -
0

l
AU / ™z AU [ < ™mz >
=— " . [ sin dz=——"—" . — [ —cos [—
Ly () / ( l ) Ly () 7 ( ! )

8U _ .
W -y = e n=2m—1;
T Jy () 0, n=2m, me&N.

z=0

Taxum obpazoM, MBI y2Ke 3HaeM (PYHKIIIIO
v(r,z; t) =

8U 1 a0 v (HETY <7T(2m — 1)2)
- e k<2m1“J( >sm —_—,
e (2m — 1) g J1 () ‘\'R [

rJe fi — TOJIOXKUTeIbHble KopHu ypashenus Jo(pu) = 0, a

2 (n2m-1))\>
Aem—1) = (%) +( (@ U) . Urax,

OTBer:
u(r,z; t) = U+
8U 1 Y 2 (T m(2m — 1)z
- (2m—1)a J ( ) —,
T k%; Cm — V() o/ z

rJe fi — TOJIOXKUTeIbHbIe KopHu ypasrenus Jo(pu) = 0, a
2 m(2m—1 2
Mem-1) = ()" + (—( T )) -

Ne 782 a).

Hauvaavnas — memnepamypa 6 00HOPOOHOM — KOHEUHOM — UUAUHODE
0<r <R 0< <2, 0< 2z <1 pasna A(R* — r?)z.
Onpedeaumdv  pacnpedeserue MmMeMnNepamypvl, 6 IMomM UuIuHIpe npPu
t > 0, ecau 60K08aA NOBEPTHOCNL U HUNCHEE OCHOBAHUE UUAUHOPA

noddepocusaromesa npu HYAe80T MEMNEPAMYPE, G BEPIHEEC OCHOBAHUE
MENAOU30NUPOEAHO.

Sammcas 3T ycJa0oBudAd MaTeMaTHU4I€CKHU, IIOJIYIUM 3ada4y:
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Hatimu ozpanuvennyro dynryuto u(r, z; t) us ycrosud

p

w=a? (L (ruy), +us.) + f(r,z; t),
0<r<R, O<z<l, t>0;
u(r, z; 0) = @(r, 2), 0<r<R, 0<z<l
< (0, z; t)| < oo, 0<z<l, t>0; (9.226)
u(R, z;t) =0, 0<z<l, t>0;
L u(r, 05 ) =wuy(r, ;) =0, 0<r<R, t>0

upu f(r,z; t) =0 u o(r, 2) = A(R? — r?)z.
Illar 1. IIpeaBapuTreibHbIe PacCyK/IeHUS
Ecim nckarp pemenne 3ayaqdn ((9.226) B Buje

u(r, z; t) Z Zxk (2)Thn(t), (9.227)

k=...n=..
T0, nojicrasus (9.227) B ypasnenue u; = a® - % - (ruy), + Uy, + f, moyanM:

> Xu(r)Zo(2) T, (t) =

kn=...

+ X (r)Zy(2) )Tkn ) + Z Xi(1)Zn(2) frn ().

kn=...

OTO PABEHCTBO 3aBEJIOMO BEPHO, €CJIN PsiJIbl B JIEBOI U NPaBOil JacTsIX pPaBHBI
MIOYJIEHHO:

Xi(r)Zo(2) T () = == - (1 X4(r)) Z(2) i (8)4

+ a? Xy (121 (2) Trn(t) + X (1) Zn frn(t), Yk

[TofesuB 1ocJie/iHee paBeHCTBO Ha a2Xk( VZ,,(2) Ty (t), momy mm:
T, ()~ filt) _ LX) Z)
a’Tpn(t) X (1) Z(z)

JleBasi 4acTh 3aBUCUT TOJILKO OT t, IpaBasi — OT 7" U Z, CJIeJJOBaTEeJIbHO PABHbI
OHM MOT'YT OBITH TOJIbKO B CJiydae, Korjaa JAx, € R :

Thult) — finlt) _ 1 O0X40)) | Za(s)
a2Tkn<t) Xk(T) Z(Z) kn-

C apyroii cTopoHbI, cyMMa, Jpobeil, oHa U3 KOTOPBIX 3aBUCHUT TOJILKO OT T, a
JIpyrasi — TOJIbKO OT Z, MOYKET ObITh KOHCTAaHTOI B TOM M TOJIbKO B TOM CJIydae,
ecIl KaxKJas U3 9TuUX JApobeil — KoHcTaHTa. 10 ecThb

3, vy R M + Vn = Agn, (9.228)
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LX) oz
Taxum obpasom, st cbyHKuHI‘/’I Tn(t), X(r) u Z(z2)
(

[oJiy4aeM ypaBHEHUA

(1) + P Xen T () = frn(2), (9.229)
1
— - (X)) + mX(r) =0, (9.230)
Zy(2) + viZn(2) = 0. (9.231)
Pagenctso ((9.230) mMbl mepernuiem B BUE:
1
=~ (X)) = mXi(r), (9.232)

910 — B TouHOCTH ypaBHeHue Beccenst n3 3agaan (9.17) ¢ v = 0. Borsacaum,
Kakmne Kpaesble yeioBust Ha X (1) cienytor u3 ycaouii 3agaan ((9.226]).
Yenosue |u(0, z; )| < oo nmpeBparuTcs B

1X,(+0)] < oo, (9.233)
a yeaosne u(R, z; t) = 0 — B ycioBue
X4 (R) = 0. (9.234)

IITar 2. Pemenne 3agaun IIrypma-JIlnyBusas aas X (r)
s dyuaxiwit Xy (r) mbr nostyanin 3agady Htypma-JInysumist suga (9.17) ¢
A=, v=0, a=1up=0:

{ — (rX(.(r)" = merXg(r).
1 X1 (40)] < o0,
Xp(R) =

Bocnosbsyemest pesyssratrom Teopemst [9.3) ¢. [123]

Bce cobecmeennvie wucaa 3adavu ILIImypma-/Iuysusia neompuyamenvros u Kpam-
nocmu 1. Qucao n =0 ecmvb cobemeserroe wucao 3adayy LImypma-JIuyeuniis
moezda u moavko moada, xoeda v = a =0, u emy coomeemcmasyem cobcmeeH-
nas Pynryua v(xr) = const.

B namewm ciydae o = 1, mosromy 3amada rypma-Jlnysumina ((9.235) nmeer
TOJILKO CTPOT'O MOJIOXKUTEJIbHbIE COOCTBEHHbIE 3HAYeHUs. UTOOBI UX HAWTH,

[Ipumenum teopemy [9.4] c. 123}

Bce  noaooicumenvrvie cobemeennvie  wucaa  3adavy  IIImypma-JTuysun-
AS U COOMBEMCMBYIOULUE UM CODCTNEENHBIE PYHKUUL UMEIOM 8UJ:
()

()72 (v)
My T
bl JV ) k‘ E N,
2de My~ — KOPHU YPAGHEHUSA

My~
aRJ, (1) + Bud, (1) =

(9.235)

ny) =

R
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B namewm ciayuae v =0, a = 1, 8 = 0, nosromy

cobcTBeHHbIE Uncia n cooctBennblie hyukyn 3aaaqu [Htypma-JInysumis (9.235))
UMEIOT BII:

2
Nk — bk ) JO Bt ) ke N7
CIRACS o
rjae [l — KOPHU ypaBHEHUA Jo(p) = 0.

ITlar 3. Pemienne 3apga4nu Illtypma-JInysunna nia Z (z)
Host dynxmmit Zy,(z) mbt nonyunn ypasnenne (9.231) Z!(2) + vpZ,(z) = 0.

JlobaBuM K HEMY KpaeBble YCJIOBU, CJEAYIONINe U3 yCJIOBI/II/I
u(r, 0;t) =u,(r, ;t) =0, 0<r<R, t>0,
qTOOBI 1OIYyYnTh 3aaa4y LTypma-JInyBuiis:
7" (2) +vpZy(z) = 0.
Z,(0)=0, (9.237)
Z (1) =0.
9Ty 3aJa1y Mbl HEOJIHOKPATHO PeIlaJsii, BBIIUIIEM Pe3y/ILTAT:

cobcTBeHHbIE Uncsa u cobcrBennbie dyukin 3aaaqu [Htypma-JInysumis (9.237))
UMEIOT BI/I:

vy = <7T(2”2—Z_1>>2 Z(2) = sin <7T(2”2—l_1)z> . neN. (9.238)

ITar 4. Pazsioxkenune dyukumit f(r,z; t) u ¢(r,z) B psj 10 cobCTBEH-
HbIM (pyukisaMm 3aga4d Irypma-JInyBuias

B coorsercrsun ¢ teopemoii 9.5, c. [124] bynxmusa /7 f(r, z; t) pasinaraerca B
psa Dypwe

k=1
1 1
fr(z; t) = . Sk
0 | 1 (- %) B
\‘,_2/ =0

Urak,
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Anajornano, jyist GyHknun (7, z) CrpaBe//TnBO Pa3IoKeHHe B PsiJl

Z or(z (,ukr) ¢ KoadpduimenTaMu

R
or(z) = % Jf(luk) -/Tgo(r 2)Jo (MR )dr

0

B cBoto ouepeib, kaxkaas usz byuknuit fiy(z; ) 1 @g(2) MOTYT OBITH pasIoKe-
HBI B psij 110 cobcTBeHHbIM (byHKIMAM 3aga4qu [rypma—/luysumnis (9.237), B
pesyJibTaTe ToJIydaeM CJeyonue npeacrasienns pyuknuit f(r, z; t) u o(r, 2):

(r 2 1) szlm v (,ukr) . (w(2n2l— l)z)’

k=1 n=1
R

R
B 2 2 . kT . (7m(2n—1)z
frn(t) = W e / /rf(r, z; t)Jy (?> dr | sin <2—l) dz.
0 \0

Nrax,

4

fin(t) = mx

//rf r, 2 tJo ’“T) sin ( (2”21_ D)z >d7°dz. (9.239)

Anasnornano, jyist GyHKIWN (7, 2) CIpaBeINBO PA3IOKEHNE B PIJL

= i i ornJo (%) sin <W> (9.240)

k=1 n=1
¢ Ko duimenTaMu
I R

m(2n — 1)z
Ckn = R2J2 (ir) //rgo T, %) JO ) ( 57 drdz. (9.241)

ITar 5. CoctaBienune u pemienne 3aaa4un s Ty, (1)
Ecim uckombrit B (9.227), c. 212 pemenust u(r, t) u pasznoxenue (9.240))
dbyuxImn (7, 2) MOJACTABUTH B HAYATILHOE YCJIOBHE

u(r, 0) = ¢(r, z),
HOJIYYHM, YTO 9TO HAYAJILHOE YCJIOBHE OYIET 3aBEJIOMO BBLIIOJHEHO, €CIH BCE

cjlaraemMble psijla B JIEBON YacTU OKayKyTCsl paBHBI COOTBETCTBYIOIIUM CJlarae-
MBIM psijia B IIPaBOii YaCTU, TO €CTh OY/IYT BBIITOJHEHBI COOTHOIICHUSI

X5 (1) 2y (2) Trn(0) = ppnZin(2) X (r).
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Taxum obpasom, mojiydaeM HadaabHble yeaoBus Ha by Th,(t):

B coBokymHOCTH ¢ 1OJTydeHHBIM paHee ypasHenuem ([9.229), c. , oJTy 4aeM
zajady Komm:
T;m(t) + a2)\knT;m(t) = f]m(t)
’ 9.242
Obree peleHue COOTBETCTBYIOIIETO OJIHOPO/IHOT'O ypaBHEHUsI

T'(t) + a* X\, T(t) = 0 unmeer Buj

Too (t) = Ce_az)\k”t.

Y100bI HaliTH YacTHOE pelleHne HeOJHOPOIHOT'O YPaBHEHMSI, BOCIIOJIb3YyeMCs Me-
TOJIOM Bapuallui MOCTOSHHbBIX:

Bynem nckarn pemenue ypasuenus T) (1) + a? A Tin(t) = fin(t) B BugC
T(t) = c(t)e @At

[Togcrasus T(t) uckoMoro Bujia B ypaBHeHUe, IIOJYIUM YCJIOBUE Ha HEN3BECT-
HYIO TIOKa (bYyHKIHO ¢(t):

(1) = fon(t)e® Mot
Orcrona

t
c(t) = /fkn(T)€a2A"’"TdT+C1-
0

U, naxowner,
t
T Hqo(t) = cre @t 4 / fkn(T)e_ag”\’m(t_T)dT. (9.243)
0

3 naganbroro yesaosust Ty, (0) = ¢, moydaeM, 910

C1 = Pkn-
Takum obpasom, perrenne 3aga4dn ((9.242) numeer BuI:

t
Th(t) = rne " + / fin(T)e M=) g, (9.244)
0

rie fin(t) u @r 3ama0rca Gopmyaamu (9.239) u (9.241)).
OTBer B 0GIIEM BU/IE:

u(r,z; t) =
t
= > on —1
— Z @kne—/\kna t + /fkn(T)e_)‘kna2(t_T)d7- Jo (%) sin (M) ,
k=1 n=1 0 R 21
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2 J—
rie fig — HoJIoKuTe/IbHble KopHE ypaBuenust Jo(p) = 0, A\g, = % -+ <7T 51

a fen(t) n g 3amarores dopmytavu (9.239) u (9.241)):

l

2n — 1)z
frn(t) = W //rf r,2; t) J0< ]k;) sin <%> drdz.
0
©.239)
I R (2n - 1)
per . [(7(2n—1)z
Opn = ZR2J2 ™ //7“90 )sm (T) drdz. (9.241)
0 0
[TockosbKy B HameM ciaydae f(r,z;t) = 0, a o(r,z) = A(R* — r?)z, To BCe
R
fin =0, & 17151 BBIMHCIICHUS )y, HAM HAJO Haifrn nurerpanst [ riJy (425) dr
0
R
u [rdy (%) dr. Mbl ux yxxe Hamm, pertas Ne 779 (c. (196)):
0
R
4(,2
3 UnT _ R (lun B 4)
/'I" Jo (?) dr = M—% J1 (,un), 9185
0
R =
/TJO <%) dr == Ji i) (0.186)

0
Haiijiem Tenepnh mnTerpal

l
2n — 1
/zsin (W) dz = [Ho ‘{aCTﬂM} =
0

L 21 cos m(2n —1)2\ |7
 w(2n—1) N 21

\

~—
=0

() = () [
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Torna misg @p, Mbl TTOJTydaeM

R
2n — 1
/rﬁp r, 2)Jo kr) sin m2n = 1)z drdz =
21
0

\N

Pkn = ZR2J2 ,LLk

0
4A ; l (2n — 1)
o a 2 2 kT i _
= IR (ar) /T’(R ) Jo ( = >dr /zsm ( 5 ) dz
0 0
— [B ety (0.185), (0.186)u 09.245[)} —
44 R? R* (pi —4)
- . [RrR.J Tk ) g C(—1)nH
LR2JE (k) ( e (k) = 1 ) |- (1)

y ( 21 )2 _ 16AR?(—1)"*! < 21 )2 _ GAAIR(—1)mH!
m(2n — 1) D \x@n—1)) ~ 7@n - D2hGunl
Taxum ob6pazoM, MbI y2Ke 3HaeM
OTsBer:

t
o0 oo
s 0= 305" (e [ 0|

k=1 n=1
2n — 1 64 Al R?
o () (T )
N\ (=t a7 [(HETY . <7r(2n—1)z>
x ety (10 gy (T2,
;;(%—1)%(%)@ "\R 2l
rjie [y — TOJIOXKHTeNbHbIe KOpHEW ypashenuss Jo(p) = 0, a
(2n 1)\?
Nien, = —I—( > .

Ne 782 6).

Havanvnas — memnepamypa 6  00HOPOOHOM — KOHEUHOM — UUAUHODE
0<r <R 0<¢<2r 0<z<Ipins A(R*— 1?)z. Onpe-
deaumo pacnpedeserue memnepamypov. 6 2mom yusundpe npu t > 0,
ECAU  GEPTHEE OCHOBANUE UUAUHOPA NOOJEPHCUBCAIOMCA NPU  HYAEEOT
MEMNEPAMYPE, HUNCHEE OCHOBAHUE MENAOUSOAUPOSAHO G HA 60K0801T
NOGEPTHOCTU NPOUCTOOUM MeENA00OMEN ¢ 6Hewnetl cpedoti, umerowet
HYAEEYI0 TEMNEPAYDY.

Samnmcas 3Tn ycJaoBuAd MaT€EMaTUYICCKHU, IIOJIYIUM 3ada49y:
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Hatimu ozpanuvennyro dynryuto u(r, z; t) us ycrosud
(

u = a’ (%-(rur)r—i—uzz)+f(r,z; t),
0<r<R, O<z<l, t>0;
u(r, z; 0) = @(r, 2), 0<r<R, 0<z<l
) (0, z; t)| < oo, O<z<l, t>0 (9.246)
ur(R, z;t) + hu(R, z;t) =0, 0<z<l, t>0
L us(r, 05 ) =wu(r, ;) =0, 0<r<R, t>0

upu f(r,z; t) =0 u o(r, 2) = A(R? — r?)z.
Illar 1. IIpeaBapuTreibHbIe PacCyK/IeHUS
Ecim nckarp perenne 3aaqdn ((9.246) B Buje

u(r, z; t) Z Zxk (2)Thn(t), (9.247)

k=...n=..
T0, nojicrasus (9.247) B ypasnenue u; = a® - % - (ruy), + Uy, + f, moyanM:

> Xu(r)Zo(2) T, (t) =

kn=...

+ X (r)Zy(2) )Tkn ) + Z Xi(1)Zn(2) frn ().

kn=...

OTO PABEHCTBO 3aBEJIOMO BEPHO, €CJIN PsiJIbl B JIEBOI U NPaBOil JacTsIX pPaBHBI
MIOYJIEHHO:

Xi(r)Zo(2) T () = == - (1 X4(r)) Z(2) i (8)4

+ a? Xy (121 (2) Trn(t) + X (1) Zn frn(t), Yk

[TofesuB 1ocJie/iHee paBeHCTBO Ha a2Xk( VZ,,(2) Ty (t), momy mm:
T, ()~ filt) _ LX) Z)
a’Tpn(t) X (1) Z(z)

JleBasi 4acTh 3aBUCUT TOJILKO OT t, IpaBasi — OT 7" U Z, CJIeJJOBaTEeJIbHO PABHbI
OHM MOT'YT OBITH TOJIbKO B CJiydae, Korjaa JAx, € R :

Thult) — finlt) _ 1 O0X40)) | Za(s)
a2Tkn<t) Xk(T) Z(Z) kn-

C apyroii cTopoHbI, cyMMa, Jpobeil, oHa U3 KOTOPBIX 3aBUCHUT TOJILKO OT T, a
JIpyrasi — TOJIbKO OT Z, MOYKET ObITh KOHCTAaHTOI B TOM M TOJIbKO B TOM CJIydae,
ecIl KaxKJas U3 9TuUX JApobeil — KoHcTaHTa. 10 ecThb

3, vy €R: Mk + Vn = Agp, W (9.248)

-219-



L (X () Z,,(2)

Taxum obpasom, st byunuit T, (), X(r) u Z(z) noaydaeM ypaBHEHUsI
i) + PN Trn(t) = frn(2), (9.249)
1
~- (rX,(r) + mXp(r) = 0, (9.250)
Z(2) + vpZn(z) = 0. (9.251)
Paenctso ((9.250]) MbI mepemnuiineM B BU/IE:
1
- (rX5.(r) = mXp(r). (9.252)

9to — B TouHOCTH ypaBHenue Beccens uz 3agaan (9.17) ¢ v = 0. Borachuwm,
Kakne Kpaesble ycaoBus Ha X (r) caeaytor u3 ycaosuit 3agaqm ((9.246)).
Yeaosue |u(0, z; t)| < oo mpespaTuTCs B

X4 (+0)] < o0, (9.253)
a yciosue u, (R, z; t) + hu(R, z; t) = 0 — B ycioBue
X.(R) + hX,(R) = 0. (9.254)

ITar 2. Pemenune 3agaun HIrypma-JInyBunnsa mus X (r)
Hst dynkimit Xy (1) Mbt nosayanmn 3agady Ltypma-Jlnysusns suga (9.17) c
A=, v=0, a=1u =0

{ — (rXj(r)) = nerX(r).
1 X% (+0)| < o0, (9.255)
X (R) + hXi(R).

Bocrosbayemest pesysibrarom Teopembl 9.3 c. [123)
Bce cobcmesernvie wucaa 3adawu LImypma-JIuysuiis neompuyamenvtt u Kpam-
nocmu 1. Hucao n =0 ecmvb cobemeernoe wucao 3adayy LImypma-JIuysuniis
mozada U moavko moada, koeda v =« =0, u emy coomsemcmeyem cobcmeeH-
nas Pynryua v(x) = const.
B namem ciyuae a = h > 0, nosromy 3ajada [rypma-Jlnysumiis ((9.255)) mwve-
€T TOJIBKO CTPOrO IOJIOKHUTEIbLHBIE COOCTBEHHbIE 3HAUYEHMSI. ITOOBI X HAiTH,
npumennM teopemy [9.4] c. [123]
Bce noaootcumenvrwvie cobcmseennvie wucaa 3adavwu IImypma-JTuysuirs u co-
0OMBEMCMBYULUE UM COOCMBEHHBIE HYHKUUU UMEIOM BUO:

(v)

()72 ()
My T
9 Jl/ ) k E N,
20e My~ — KOPHU YPAGHEHUSA

Fo
aRJ, () + Bu, (1) = 0.
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B namewm ciaydae v = 0, a = h, 8 = 1, nosromy

cobcTBeHHbIE Uncia n coobctBennblie hyukyn 3aaaqu [Htypma-JInysumis (9.255)
UMEIOT BII:

m=[4"  h(E), keN

rie g > 0 — xopuu ypasuenuss hRJy(p) + p Jy(p) =0 (9.256)
——

=—Ji(n)

IMTar 3. Pemenne 3aga4u LHTypma-JIHyBMJIJIﬂ ,LLJI;I Z (z)

Hst bysakimit Z,(2z) Mbl MOJTy9UIN ypaBHEHHE ) 2V (2) + vpZn(2) = 0.
JobaBuM K HeMy KPaeBbIe YCIOBUA, CICAYIONIIE N3 yCHOBI/II/I

u,(r,0;t) =wu(r,l;t) =0, 0<r<R, t>0,

9TOOLI MOy InTh 3a4a9y LITypma-JInysuiis:
Z)(2) +vpZy(z) = 0.
Z (0) =0, (9.257)
Z,(l)=0.

DTy 3a/a9y Mbl HEOJHOKPATHO PEIIa/ii, BBIIUIIEM Pe3yJbTaT:

cobcTBeHHbIe Uncsa u cobcrBennbie dyukun 3agaqu [LHtypma-JInysumis (9.257))
UMEIOT BUJT;

vy = (”(2"2—[_1)>2 Zn(2) = cos <W> . neN. (9.258)

IITar 4. Pazsioxkenune dbyukumii f(r, z; t) u ¢(r, 2) B psij 10 cOOCTBEH-
HbIM GyHKIuam 3aaa4d [Itypma-JInyBuiis

B coorsercTBum ¢ Teopemoii (9.5 ﬁ, c. [124) dyuxuust /7 f(r, z; t) paznaraercs B
psaa Oypne

Frz )= Sl 0 (57).

k=1
B cuny yenoBus Ha g,
hR
hRJo(pe) + prdo(pe) =0 = Jo() = — EJO(/%)-
1 1
[Tosromy  fr(z; t) = 5 7
] (- ) B w)
2
:{_ %Jo(#k)}

R
2
/ rf 2 00 () dr = 5 (2R ﬁei) 72 (uk)'/ A0z 0 () dr
0 0
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Uraxk,

R
247 s
t 0y (55) ar.
filz 1) = R? (R2R? + i) J§ (pur) O/Tf(r 00 (7)o
Ananornuno, ayisg dbyHkun @(r, z) ClpaBeInBo Pa3/IoKeHne B P/l
z) = i or(2)Jo (M) ¢ koaddunneHTaMu
k=1 R
204 i
_ M (/JdkT)
= J dr.
o) = | e () o

B cBoro ouepein, Kaxkaasa u3 dbysxiwmii fi(z; t) n @r(z) MOTyT OBITH pasiozxKe-
HBI B psijl 110 cobcTBeHHbIM (byHKImsM 3aa4qu [rypma—/luysumnis (9.257), B
pesyJibTaTe oIy daeM CJeyoniue npeacrasienns yuknuit f(r, z; t) u o(r, 2):

210 = 30 i) (247 con (T2,

k=1 n=1
202 2
() = Lz
folt) = peE iy B T
R /R
LT m(2n — 1)z
X rf(r, z; t)JO( I )dr cos | = dz.
0 \0
Urak,
4 2
fin(t) = al x

[R* (h?R? + ui) I (b

//rf T, 2; tJo kr) cos ( (2n2l_ Dz )deZ- (9.259)

Anasnornuno, jyist GyHKIwN (7, 2) CIpaBeji/InBO PA3JIOKEHNE B Psijl

Z Z Orno ( ) cos (7“2”2—;1)2> (9.260)

k=1 n=1
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¢ KoapduimeHnTaMu

X

X /Z/Rrgo(r, 2)Jo (,1%7’) cos <7T(2n2—l—1)z> drdz. (9.261)

IITar 5. CocrasjieHne u perienue 3agaan s Ty, (t)
Econ uckombiit sugy (9.247), c. 219 peutenns u(r, t) u pasinoxenue (9.260)

dbyuknnm @(r, z) MOJCTABUTL B HATAJILHOE YCJIOBHE

Pkn

U(T, 0) = QO(T7 Z)a

MOJIYINM, YTO 3TO HadaJbHOE yCJIOBUE Oy/eT 3aBeJOMO BBITIOJHEHO, €CJI BCe
cjlaraeMble pdja B JICBOI 4aCTU OKarKyTCd PaBHbI COOTBETCTBYIOIIMM CJarae-
MBIM psijia B IIPaBOil YaCTU, TO €CTh OYIAYT BBIITOJHEHBI COOTHOIICHUST

X5 (1) 2y (2) Trn(0) = prnZin(2) X (7).

Takum 06paszoM, mosydaeM HadaabHbIe yeroBus Ha dyHKIUn Ty, (1):

B coBokymHOCTH € 1TOJTydeHHBIM paHee ypaHenuem ([9.249), c. , [oJTy 4aeM
zajady Komm:

T;g (t) + CL2)\/.mT]m(t) = flm(t)
Obree peleHue COOTBETCTBYIOIIETO OJIHOPO/IHOT'O ypaBHEHUS

T'(t) + a* i, T(t) = 0 unmeer Buj

Too (t) = Ce_a2>\k”t.

Y10o0b! HAlITH YacTHOE pelleHe HeOTHOPOIHOIO yPaBHEHUsI, BOCIIOJIb3YEMCsl Me-
TOJIOM Bapuallii MOCTOSIHHbBIX:

Bynem uckars pemenue ypasuenus T) () + a* Mg, Trn(t) = frn(t) B BUIE
T(t) = c(t)e "Mt

[Togcrasus T(t) uckoMoro Bua B ypaBHEHUE, IIOJYIUM YCJIOBUE HA HEN3BECT-
HYTO TIOKa (byHKIHO ¢(t):

() = frn(t)e® Mt

Orcrona

¢
c(t) = /fkn(7)6a2)\k”7d7' + ¢1.
0
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U, nakowner,

t
T 1o (t) = cre™ Mt 4 / Frn(T)e @M= g, (9.263)
0

3 naganproro yeaosus Ty, (0) = @, moaydaeM, 910

C1 = Pkn-
Takum obpaszom, perrenne 3aja4qn ((9.262) umeer BuI:

Tia(t) = e " + / Frn(T)e M= (9.264)

rie fin(t) u @ 3amatorcsa dopmynamu (9.259) u (9.261)).
OTtBet B 00I11IEM BuU/E:

O o] ¢
.50 =33 (e[ e o
k=1 n=1 0
2 —1
X Jo (NRT) CO( : )
0,

,uk — mnoJioKuTebHble KopHU ypashenust hRJy(pn) + pJi(p) a
2
Aken = & + ( m(2n— 1)> , a fen(t) u @k 3amarorcs dhopmyaamu ((9.259 m m

HOCKOJIBKy B Haiem ciaydae f(r,z;t) =0, a o(r, 2)

rje

= A(R? — r?)z, o BCe
kg = 0, & JUIsl BBIYUCJICHUS Ok, HAM HaJ0 HallTu WHTerpasbl (s ciiydast
0
Jo(p) = 0 mbl ux 6pasu B Ne 779, c. [196))
R o i
/rgJo ,ukr = {LL’: %] :M—i-/x?’JO(I)daz:
0 0
= [B CUITY 7 c. , npn v = 1} =
R4 Kk /
=—- /:1:2 : [a:Jl (x)} dx = [HO ‘{aCTHM} =
H
0
R4 T=HEk K
= o 2*Jy (z) — 2/:5‘2J1 (x)dx | = [B CILTY npn v = 2} =
k x=0

0
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= % (szl (k) — Q(f [932]2 (x)}/dﬂf) =

}%4 3 ) T=E }%4 3 )
=—- <MkJ1 () —22°J5 (x) ) =0 (:ukjl (k) — 25 (Mk)) =
=0 k

A

Hy,

_ [ memny @10) mpn v =1, o () — 5T () + Jo (k) =0 ] _
B CUJLy YCJIOBUSI HA, [l peJr (pr) = hRJo(pur)

_ R*[pihR — (2hR — 1) |
Hi

Jo (pa) - (9.265)

M

R
O/TJO(%)CZT {xzﬁ%r] :%- xJy (x)dx =

= [B CULLY , C. , npu v = 1} =

Pk
]%2 [ ]/ }%2 <: $ZHJ%> }%2
= — - zh(z)| de=— - 2] (2 = —J1 () =
M% 1() u% 1()33:0 m 1( )
hR?
= {B CHIy ycioBus Ha fi,  prJi(pr) = hRJo(Hk)} = 7% (1) -
k

(9.266)

l

0/ 2 cos (W) dz = [0 wacran| =
- 2 . (Zsm <7T(2n2l— 1),2) ;;_ O/lsm <7T(2n2l— 1)z) dZ) )

2 2 2n —1
A gy (T D)z
m(2n — 1) m(2n — 1) 21

=1

- (ﬁ) (2= r(2n — 1) —4) . (9.267)
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Torna misg @p, Mbl TTOJTydaeM

Pkn =
Il R

4p? m(2n — 1)z B
=5 PR+ 12) T2 () //rcp T, Z) Jo )cos (—QZ drdz =
0 0

4Ap; /
= - r(R? — %) J dr x
IR (W2R? + p3) J¢ (1) / ( ™) °< R )

x / 2 cos (7“2”2—1_1)'2) dz = [B cuy (9.263), (0.266)u Q9.267D] _
0

_ 4413 y
TRE (2R + ) T (i)

X (RQ h—R?)Jo (k) — Ry — R — )| Jo (Mk)) X

T 11,

X (ﬁf C(2(=D)"7r(2n - 1) —4) =

_ A} R (2hR — 1i7) Jo () LY
IR (R2R? + i) J§ () s m(2n —1)
8AIR? (2hR — i) (=1)"*'w(2n — 1) — 2
(1) n(an — 1) — 4) = AL RE i) (D" w1 =2
pj, (W2 R? + ) Jo (k) m(2n — 1)
Taxum 0Opa3oM, MbI y2Ke 3HAeM

OTBer:
0.} (0.} t
510 = 35 (e [ e i |
0

k=1 n=1
2n —1
X Jo (%) oS (—W( n2l )Z> =

_ BAIR? i > (2hR — 7)) (-1)"'7(2n — 1) — 2)
n? i (RPR? + ) (2n — 1)2 o (1)

2 2 — 1
X @~ Mnd T <%> coS ( n )
0,

rje g — TOJIOKUTEeNbHbIe KOpHU ypasHenust hRJo(p) + ,LLJO( =
; N2
)\kn _ % + (7‘(‘(2727/1 1)) ‘

X
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Ne 783 a).

B noaybecrkoreurnom xpyeosom yusundpe 0 < r < R, 0 < z < o0 ume-
OMEA UCTNOYHUKU Hekomopozo 2a3a niomuocmu Ue™ % npuvem wa oc-
HOBAHUYU YUAUHOIPA KOHUEHMPAUUSL IMO020 2030 N0J0EPHCUBAEMCA PABHOT
Q. Onpedesumsv cmayuorapHoe pacnpeieseHue 2a3a 6 UUAUHOPE, eCAl
00K06aA NOGEPTHOCTNG YUAUHOPA 2A30HENDOHULAEMA.

3anucaB 9T YCJIOBUS MaTeMaTHIECKU, TOJIYIUM 3a/1a4y:
Hatimu oepanuuennyro gynxyuro u(r, z; t) uz ycrosud

(}- (rw), +uss) +Ue =0,  0<r<R, 0<z<oo;
[u(0, 2)| < oo, u(R,z)=0 0<2z<o0; (9.268)
u(r, 0) = @Q, 0<7r<R

IITar 0. NI36aBsieAne OT HEOJHOPOJHOCTH B KPAaeBOM YCJIOBUM

B nanHoil cuTyamum MOXKHO MOIpoboBaTh M306aBUTHCS CPa3y OT HEOTHOPOTHO-
CTU U B KPaeBOM YCJIOBUH, W B YPABHEHUHU, ITOCKOJBKY BCe (DYHKIIUU, JAIOIINE
9Ty HEOJHOPOHOCTD, 3aBUCAT TOJBKO OT 2. [loaTOoMy ecTecTBEHHO MCKATH pe-

mrenne 3agaqn ((9.268)) B Bue:
u(r, z) = w(z) +v(r, 2), (9.269)
rie dyHkius w(z) ecTh pelieHue 3ajadn

=0

17 \ _

= (rw,), +w..+Ue ™ =0, 0< 2z < o0;
lw(z)] < oo, 0< 2z < o0
w(0) = Q.

To ectb st byukiwm w(z) moaydaem HeoObIuHyIO 3agady Kommn (HyKHO 1Ba
HavYaJIbHBIX YCJIOBH, & B Heil TOJIbKO OJIHO, IJIIOC YCJIOBHE OIPAHIMYEHHOCTH ):

" _ —Qz .
ZJJ(((),;):—Q7 Ue™**, w(2)] < oo. 0<z< o0 (9.270)
Obiee perrenue oHOpojHOro ypastenus w”(z) = 0 umeer su |
Wo(z) = c1 + 22,
a JacTHOe pellleHne HeoJHOPOJHOro ypashenust w”(z) = —Ue™ % jierko cTpo-

UTCs B BUJIE KBA3UIIOJIMHOMA,
- —az
Wy (2) = ae™ .
[loacTaBiss NCKOMBII BUJL Wy, (2) B ypaBHenue, moaydaemM, 9To

U U

— Woo(2) = €1+ 2z — 96_

4= — oz

a?’

1B manHOM TpoCTefieM cayuae ero MOsKHO TIOJTyYHTh ABYKPATHBIM WHTETPHPOBAHMEM YDABHEHHUS IO Z, HO MbI TIPUBOIUM
obmuit crocob perreHus.

-227-



3 nagyajabHOro YCJIOBUA IIOJIydaeM:

U U
w0) =Q = CI—EZQ — 61:@4—@,
a U3 yCJIOBUA OI'DaHMYEHHOCTHU
Cy — 0.

Takum obpasom,

U U —az U —az
w(z)zEJrQ—@e :Q—i—@(l—e )

Berauras us 3amaan ((9.268)) samaqay (9.270), momyaaem, aro v(r, z) ects perie-
HHe 3a/a491

%'(TUT)T—i_UZZ:Oa O<T<R, 0<Z<OO,
[v(0, 2)| < o0, v.(R, 2)=0, 0< 2z < o0; (9.271)
v(r, z, 0) =0, 0<r<R.

Jannag 3aj1a4a OJHOPOJIHA, II03TOMY HABEPHAKA HMEET TPUBHAJILHOE PElIeHne
v(r, z) =0, 0<r<R, 0<z<oo.

Bosiee Toro, 1o pertenne ejuncrsenndl mosromy u(r, z) = w(z) u
OrsBer: u(r,z) =Q+ 4% (1—e %) .

Ne 784.

Jlea odunaroswvir yusurdpuveckur cmarana 0 < r < R, 0 < ¢ < 2m,
0 < 2z < I, coedunenmnvie BEPTHUMYU KPOMKAMU NPU NOMOWL NpeHedpe-
AHCUMO MOHKOU U3OAAUUOHHOT NPOKAAOKU, 00pa3yOm UUAUHOPULECKYIO
kopoory 0 < r < R, 0 < ¢ < 27w, 0 < 2z < 2. Hatimu pacnpedeserue
NOMEHUUANG IAEKMPOCNATMUYECKO20 NOAA SHYMPU IMOT KOPOOKU, ECAU
8CA NOBEPTHOCTND HUNCHE20 CIMAKAHA NOJDEPAHCUBAELTNCA NPU NOMEHUUANLE
V1, a eca nosepxrocmo sepxrezo cmakana — npu nomenyuaie Vs.

3anucaB 9TH YCJIOBUS MaTeMaTHIECKU, TOJIYIUM 3a/1a4y:
Hatimu oepanuuennyro gynxyuto u(r, z) us ycaoud

Auz%-(rur)r+uZZ:0, 0<r<R, 0<z<2

i, 0<z<l,
lu(0, 2)| < oo, u(R, Z):%(Z):{V; l<zz<2l; (9.272)
u(r, 0) =Vi, wu(r, 21) = Vs, 0<r<R.

IITar 0. I36aBieHUEe OT HEOJHOPOHOCTH B YaCTH KPaeBbIX yCJIOBUIA
3/1eCh €CTeCTBEHHO MCKaTh perierue 3aa4u (9.272) B Buje:

z 20 — 2
u(r, z) = =Voa+ ——Vi +v(r, 2), (9.273)
21 2l
1 MocTaTovHO BCIOMHHTH, K KaKUM 3aaadam ais dyakimit Zy, (z) IpUBeaeT ee decTHOE pemrenue meromom dypre:
{ZZ(Z):O, 0 < z < 003
Zk(D) = 0. |Zk(z)| < oo.

VY aTux 3a1a4v, KaK JIeTKO BHAETh, CYIIECTBYET TOJIbBKO TPUBUAJIBHOE PEIlleHUue.
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MOCKOJIbKY (PYHKITUS
z 20 — 2
= —V;
=) =gl t =

YAOBJIETBOPAECT KPac€BbIM YCJIOBUAM

n(0) =V, n(2l) ="Va.

Vi

Torpa dyHKIMs

— 5 (Va—W1), 0<z<l,

b(z) = i(2) —n(z) = (9.274)

22 (Vy — W), | <z <2l

ectb dymknmg kpaesoro yciosua  v(R, z) = (z), m Torma
v(r, z) = u(r, z) —n(z) ectb pererne 3a1a9n
%-(TUT)T-FUZZ:O, 0<r<R, 0<z<2
10(0, 2)| < oo, v(R, z)=1(2), 0 <z <2l
v(r, 0) =v(r, 21) =0, 0<r<R.
(9.275)

iput (7, z), onpeesenuoit B (9.274).
B Haimmx pykax 6bL1 BbIOOp: N30aBUTHCSA OT HEOJIHOPOJIHOCTH B KPAEBOM YCJIO-
sunt u( R, z) = 11(2) wm or neoguopoauocreit u(r, 0) = Vi, wu(r, 2l) = Va.
3aBUCUMOCTH OT TOIO, YTO MbI BbIOMpaeM, Mbl mojaydnM s3ajady LTypma—
Jluysuisg 6o st X (r), oo st Zy(z), 1 COOTBETCTBEHHO BHJI Psijia B
OTBeTe.
IITar 1. IlpeaBapuTesibHBIE PACCYKICHUS
Eciu uckars pemenne 3aia4un ((9.275) B Buje

v(r, 2) =Y Xp(r)Zi(2), (9.276)

T0, nojictaBus ((9.276]) B ypaBHeHue % - (rvy), + v, = 0, nmostyanM:

> (1 - (rX(r)) Zi(2) +Xk(r)z',;(z)) ~ 0.

r
k=...

DTO paBEeHCTBO 3aBEJOMO BEPHO, €CJIM BCE YJICHDBI PAJla B JIeBOil 9acTH paBHBI
HYJIIO:

1
o (rka(r))/ Zi(2) + Xp(r)Zi(z) = 0, Vk.

[TockostbKy cymma Jipo0eii, ojiHa U3 KOTOPBIX 3aBUCUT TOJIBKO OT 7, & APyras —
TOJIBKO OT 2, MOKeT ObITh HyJIEM B TOM U TOJIBKO B TOM CJIy4ae, eC/IU KazKast
13 9TUX JApobeil — oJHA 1 Ta »Ke KOHCTaHTa, HO ¢ Pa3HbIM 3HaKOM, To 3 A, € R :

P X)) Zi(z) .
X,.(r) Z(2) b
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Taxum obpaszom, s Gyuknnit X (r) u Z(z) mojaydaeM ypaBHEHUsI

L rX40) — MXlr) = 0 (9.277)

ZIkI(Z) + )\ka(z) = 0. (9.278)
Pagencrso ((9.277)) MbI niepernuiiieM B BU/JIe:

- X)) = M) (9.279)

DT0 — MOYTH B TOYHOCTHU ypaBHeHne beccesst n3 3amaqan (9.17)) ¢ v = 0, TobKO
3HAK Tepeji \x He TOT. BhIscHIM, KaKne KpaeBble yCaoBust Ha X (T) CJIeIyIOT 13

ycaoBuit 3ayaun ((9.275)).
Yeqosre |v(0, 2)| < 0o npeBpaTuTCda B

X4 (40)]| < o0, (9.280)

a yeqosue v(R, z) = ¥ (z) ¢ yaerom, aro st ¢(2) CHpaBeINBO PA3IIOKEHIIe

2) =) Zi(2), (9.281)
k=...

[IpeiJIeT B YCIOBUE

Xi(R) = 9. (9.282)
ITTar 2. Pemenue 3agauu Ilrypma-JInysumnnsa jajisa Zk(z)
s dynknuit Zg(z) Mbl TONyqnn ypaBHEHUE m ) Z(2) + M\eZi(2) = 0.

JlobGaBuM K HeMy KpaeBble YCJIOBUs, CJEJYIONINe U3 yCJA0Buil
v(r,0) =wv(r, 20) =0, 0<r <R,

9TOOBI TOTyIuTh 3aady [Irypma-JInyBuiis:

{ Z/(2) + M\Zi(2) = 0.
Z;(0) =0, (9.283)
Z;.(20) = 0.

DTy 3a/1a1y Mbl HEOJIHOKPATHO PEINIaJIN, BBIITUIIEM PE3YJIbTAT:
cobcTBeHHbBIE Uncia u cobcTBenublie pyHKIMN 3a0a49n L rypma-Jlnysuis (9.283)
UMEIOT BUJI:

k k
Mo =5k, = Zi(z)=sin [ 2),  keN.  (9.284)
21 21
I[Tar 3. Permenne 3agauu i Xy (r)
st d)yHKLu/H?I Xy (r) bt noayamin 3agaqay Hrypma-Jlnysmwis suga (9.17) ¢

A= %k, v=0, a=1upf =0, TOJIBKO ¢ HEOJHOPOIHbIM KPAEBbIM YCJIOBUEM:
— (rXi(r)) = —s2rX(r).
1 X (4+0)] < o0, (9.285)
Xi(R) = 1y
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[Tpusenem name ypasuerue — (rX/,(r)) = —s2rX;.(r) x suay (9.1). Crauana
[IEPEIIUIIEM €ro B BUJIE

asee B pe3yibraTe 3aMEHbI
x=1xr, Y(x)="Y(izxr)=X;(r)
Xj(r) = ixY'(x), Xi(r) = (i2)°Y"(2)

[IOJIyYUM, YTO

—rX(r) = X} (r) = (z‘%k)QrXW)

[IpEBPATUTCS B

COKPATUB Ha —i¢, 1I0JIydaeM ypaBHEHUE:
2Y"(x) +Y'(2) + 2Y(x) =0,

KOTOpOe ecTh B TouHoCTH ypasaerue Beccesst (9.1) ¢ v = 0.
Bocnostbsyemcest pesysibraroMm TeopeMsbr 9.1) c. [121],
Obwee pewenue ypasrenus Becceasn (9.1) 3adaemcs us popmyrofi

Z,(x) =c1dy(x) + caN, (), veR.
B namewm ciydae v = 0, a x = 13¢r, 109TOMY

Xy(r) = crJo(izer) + caNy(iser).

B cuiy kpaesoro yemosust | Xy (40)| < oo, mockobky No(+0i) = 0o, mosyda-
eM, 4To ¢y = 0, 1nmostomy

Xp(x) = erdo(izer) = {B cuny (9.7), c. npu v = O} = c1lo(ser).
Kpaesoe yciosue Xy (R) = 1) 1aeT HAM KOHCTAHTY Cy:

Uk

01[0(%R) = wk, - 1
Hakownerr, nosiydaem, ato pertennsimu 3aja4qn ((9.285)) ¢ HEOIHOPOJHBIM Kpae-
BBIM YCJIOBUEM SIBJISIIOTCSI (DYHKITUN:

Io(5e57) wk
X = —= = — k € N. 9.286
k(T) IO(%kR) ) rJae s 9] ) € ( )
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IMTar 4. Pazioxkenne GyHKIUN 1)(2) B psif MO COOCTBEHHBIM (DYHK-
musaM 3aga4uu Ltypma-JInyBusisa (9.283
Dyukius 1(z) MOKeT ObITh Pa3JIoXKeHa B Psijl 10 COOCTBEHHBIM (DYHKIISAM 3a-

naan [typma—/Inysumrs (9.283)) caemyronimm 06pa30ME|:

P(z) = Z Yy, sin (WQ—T;Z) ¢ Koaddunuenramn (9.287)
k=1
21 "
1
Yy = 7 /w(z) sin (%) dz. (9.288)
0
OTBeT B 0o0I1IeM Buje:
- Io(seer)
v(r, z) = ;Wc . m -sin (5g.2)

rje s = 7;—]; a Y 3agatorcst hopmysaamu (9.288)):

2
Yy, = % . /w(z) sin <7r2_kl,z) dz. (19.288)
0

[TockobKy B HallleM cirydae

— 5 (Va—W), 0<z<l,

(z) = hi(2) = n(z) = (9.274)

22 (Vy — VA), | <z <2l

TO HJIA BbIYUCJICHUA ¢k HaM Ha/lO HallTn NHTETrpaJibl

21
9 z=2l 9
/sin (g—?) dz = — W_lk cos <W2—klz> . = W_]l{; ((—1)k“L1 + cos <%k>> =
!

21(71+§€f1)m) b — 9m
%, k=2m —1.

21

z=2l
mkz
+ / COS (—) dz | =
z=0 2l

2
/ ) mkz 21 wkz
zsin| — |dz = — | —zcos| —
21 wk 21
0 0

21 pi1 o 20 . (Tkz
=— | 20(-1 — —
7T]€<l( ) +7Tksm<2l>> 40 k

HTomo6ubre 3aqa4m MbI perajn MHOTOKPATHO U MOAPO6GHO, cM., Hampumep, Ne 706, ITar 2 u Ilar 3, c. -
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Torma jist 1), MBI HOJIy9aeM

21

1 wk
=7 /¢(z) sin (2—;’> dz =
0

m k+1
B (412<—1:I§—1> ) _ 42D ) . k=2m,
- k+1
%.(21%_%)7 k=2m—1.

Taxum obpaszom,

Yy = (9.289)

Wrak, Mbl y2Ke 3HaeM (DYHKIINIIO

> ]b(J{kT)

v(r, z) = Zwk : LGaR) -sin (542) ,

k=1

rie s = 5, a iy sagaorca dopmytamu (9.289).
Ecyn niepeiitu B 9TOM psijie K CyMMUPOBAHUIO 110 17, OJIY UM

Vo — Vi = (=)™ Iy(seomr
v(r, z) = — Z ( m) . ]§(<%2mR))

- sin (509, 2) .

m=1

OTBeT:

u(r, Z):%VQ—F‘/?;VLZ(—UW'I()( ] ) -sin(ﬂmz).
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Ne 785.

B xoneunoti mpybe b <r <d,0< z <, 0< ¢ <21 natimu dymnrxyuro
u(r, z) u3 yeaosul:

Auz%-(rur)r—kuzzz(), 0<r<R, 0<z<l
u(b, z) =0, wu(d, z)="U, 0<z<l (9.290)
u(r, 0) = u(r, l) =0, b<r<d.

Illar 1. IIpeaBapuTreibHbIe PacCyKIeHUS
Eciin uckars pemenne 3ayiaqun ((9.290) B Buje

u(r, z) = Y Xi(r)Zi(2), (9.291)

To, nojcrasus (9.291)) B ypaBHenune % - (ruy), + v, = 0, nosyunM:

3 (1 X)) Zu(2) 4 Xk(r)zg(z)> o

A
k=...

DTO PaBEHCTBO 3aBEJIOMO BEPHO, €CJIU BCE UWJIEHbI pPsijla B JIEBOM YacTU pPaBHBI
HYJTIO:
1

o (rX,(r) Zp(2) + Xp(r)Zi(2) =0,  Vk.

[TockobKy cymMMa, JIpo0eil, ojHa 13 KOTOPBIX 3aBUCUT TOJIBKO OT 7, & Jpyras —
TOJIBKO OT 2, MOKET ObITh HyJIEM B TOM U TOJIBKO B TOM CJIy4ae, eC/IU KazKast
U3 9TUX JApodeil — oJIHA 1 Ta Ke KOHCTaHTa, HO ¢ PA3HbIM 3HaKOM, To 3 A, € R :

LX) Zye) _

— = — M.
Xi() 2z
Taxum obpaszom, st dyukunit X (r) u Z(z) nosydaeM ypaBHEHHUs
1
- (rX}.(r) — MXi(r) =0, (9.292)

Z(z) + M\eZy(2) = 0. (9.293)
Pasenctso ((9.292)) mMbl nepemnuiiem B BUJIE:

- X)) = M), (9.204)

D10 — noutu B TouHocTH ypasuenue beccesst u3 3aja4n (9.17) ¢ v = 0, TosibKoO
3HAK Iepe]l Ay He TOT. BhIsicHIM, Kakie KpaeBbie yeaoBust Ha X (1) CIeyIoT 3

yeaosuit 3ayauan ((9.290)).
Yenosue u(b, z) = 0 nmpeBpaTuTcs B

Xy (b) =0, (9.295)
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a yesosne u(d, z) = (z) = U ¢ yaerom, urto st ¥ (z) crpaBeiuBo pasJio-
JKEeHIe

Y(z) =) Zi(2), (9.296)
k=...

repeiger B ycjaoBue

X, (d) = . (9.297)

IMTar 2. Pemenne 3amayu IIrypma-JIuyBunmas gius Z(z)
Honst byuknuit Zy(z) mer nosyamn ypasuenne (9.293) Z7(2) + A\Zg(z) = 0.

JlobaBuM K HEMY KpaeBble YCJIOBU, CJEAYIONINE U3 YCAOBUIA
u(r, 0) =u(r, 1) =0, b<r<d,
YTOOBI MOy InTh 3a4a9y [IIrypma-JInysuis:

{ Z%(Z) + )\ka(z) = 0.
Z,(0) =0, (9.298)
Zi(l) = 0.

DTy 3a/1a9y Mbl HEOJHOKPATHO PEIIa/Ii, BBIIUIIEM Pe3yJIbTaT:
cobcTBeHHBbIE Uncsa u cobcrBennble dyukun 3agaqdu LLtypma-JInysumis (9.298))
UMEIOT BUJT;

mk mkz

e = Ji3, h= Zi(z) = sin (T) : k € N. (9.299)

ITar 3. Pemenne 3agaan juist X (r)
st dysaxrmit Xy (r) Mot nosgyanum 3agaay Lrypmva-Jlnysusis qyst ypasae-
nug beccens ¢ v =0

— <7”X§€(T))l = —\prXg(r), b<r<d,
X (b) = 0, (9.300)
X (d) = .

Bocmosbayemest pesyibrarom teopemsl [9.1] c. [121],
Obwee pewenue ypasnenua Becceas (9.1)

2?Y"(x) +2Y'(z) + (2 —v*) Y(z) =0 (9.1)
sadaemcs Popmy.aofi

Y, (x) =c1J,(x) + caNy (), veR.
Harte ypaBuenne (TX;C(T’))I = A\ Xy () 0OBIIHOI yrKe 3aMeHOi

mk

T ==\ T =i, e =

CBOOUTCA K YpaBHEHUIO

22Y"(z) + 2Y'(z) + 2°Y (x) = 0,
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koTopoe coBrajaet ¢ (9.1) npu v = 0. [Tosromy ero obiiee perienHne 3a1aeTcst
dopmyoii

Xy(r) = é1Jdy <\/—7)\kr> + ¢o Ny (\/TA;CT) = ¢1Jo (Gpg ) + 6 Ng (Gpg ) -

(9.301)

ITo onpenesnennio 0.2 a Tounee uz dopmya (9.5), (9.7), c. [120]
H(x) = J, (@) + iN,(x) ()
I(x)=e" %”Jy(z’x), K,(x) = e%i”H,Sl)(z’x) (9.7)

nojiydaeM, 4to npu v = 0
Ko(z) = "HV (i) = Jo(iz) + iNoliz) = No(iz) =i (Io(z) — Ko()).
Torna

1o (i) + CaNo (i r) = Cilo (px ) + icady (prr) — 1Ko (pr 1) -

[TosToMy, TIepeobO3HAYNB KOHCTAHThI

c1 = C1 + icCo, Cy = —1Ca,
u3 (9.301)) mosryamm:
Xy(r) =crdy (uer) + colo (ugr) - (9.302)
B cuy kpaesbix yenosnit Xy (b) =0, Xy (b) = ¢y nmeem
{ cilo (pu 0) + ca Ko (pu, b) :_O, (9.303)
cilo (pu d) + caKo (1 d) = .

Ec pacemarpusats ((9.303)) kak cucremy JIMHEHHBIX ajiredpanidecKux ypaBHe-
auit (CJIAY) oTHOCHTEIHLHO MEPEMEHHBIX ¢ U Co, TO B CJIydae, KOrja ee Olpe-
JIeJIUTeIb He PaBeH HYyJl

A= ‘ }8 gﬁ:% llgg ((Z:fz)) | = Io (i 0) Ko (p d) — Lo (p d) Ko (pur b) # 0,
(9.304)

3Ta CHCTeMa UMeeT e[MHCTBEHHOe pellieHne (ero MOYKHO HAlTH, HAIPUMED, 10
npasuty Kpamepa)

K 1
o = — rftolub) ‘X“’“ b oy = il liixb) Oi‘““ b), (9.305)
[TosTomy
To (1 0) Ko (pr ) — To (pa 1) Ko (1. D) Tk
Xk(r) =Yy - : = —.
Hr) = To (p1x b) Ko (pur d) — Lo (pr d) Ko (. b) S

LCnyyait A = 0 MBI PaCCMATPHBATE He GyIeM.
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OtBet B 00I11IEM BHUJE:

_ S _ To (pure b) Ko (prem) — Lo (pue ) Ko (pr b
#)= Z% b) Ko (pr d) — Io (pr d) Ko (pn b

e [y = “Tk a 1y 3aj1a10Tcsd POPMYJIaMU:

_ % . j () sin <7er2) dz. (9.306)
0

[TockosbKy B HamieMm ciydae t(z) = U, To [71s1 BBIYUCICHHST Y), Mbl OJTy IaeM

I I
— % . /lD(Z) sin (WT]CZ) dz = ? /sm <7rkz) dz =
0 0

_ mkz
R L

-sin (ugz) ,

~— | ~—

z=0
0 k=2m
2U ’ ’
R Ak N

Tak xKak Bce KOI(PMUIMEHTHI ¢ YeTHBIMI HOMEPAMU Y PSIIA

- Io( ,Ukb ) Ko () — Lo (i) Ko (i b)
Zw To (1 0) Ko (e d) — Io (i d) Ko (e 0) (1s2)

OKA3a/ICh PaBHBIMHU HYJIIO, YMECTHO IepeifiTH K CYMMHUPOBAHHUIO IO 1M, TIe
k=2m — 1:

OTBeT:

u(rr Z) — g i [O (IU‘Qm—l b) KO (,u2m—1 /r) — [0 (lu‘Qm—l 7”) KO (,LLQm—l b)
) (S Iy (,u2m—1 b) Ky (M2m_1 d) — Iy (M2m—1 d) Ky (M2m—1 b)

X

sin (pom-12)
2m —1

_ 7w(2m-1)
Lae tom—1 = i .

Ne 786 a).
Hatimu ecmayuonaproe pacnpedenenue memnepamypo, 6 00HOPOIHOM U~
AUHIpE

0 <r <R 0L ¢ <21 0 < 2z <1 daa caywan, xoeda nuschee
ocrosanue yusundpa umeem memnepamypy T, a ocmansvHas nosepr-
HOCMb — MEMNEPAMYPY, PASHYIN HYAIO.
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3anucaB 9TH YCJIOBUSI MaTeMaTHIECKU, TOJIYIUM 3a/1a4y:
Hatimu oepanuuennyro gynxyuro u(r, z) us ycaoud

Auz%-(rur)r+u2220, 0<r<R, O0<z<l
|u(0, 2)| < oo, u(R,z)=0 0<z<l; (9.307)
u(r, 0) =T, wu(r, 1) =0, 0<r<R.

Ilar 1. IlpeaBapuTeibHBIE PACCYKICHUS
Eciu uckars pemienne 3anaqan ((9.307)) B Buje

u(r, z) = Y Xi(r)Zi(2), (9.308)
k=

To, nozacrasus ((9.308) B ypaBHemue % - (ruy), + u,, = 0, nosrydnM:

A
k=...

DTO PaBEHCTBO 3aBEJIOMO BEPHO, €CJIM BCE UWIEHDbI pPsijla B JIEBOM YacTU paBHBI
HYJIIO:

LX) Ze() + XD =0, k.

[Togenus mocsenee paBencTBo Ha Xy (1) Zy(2), nosyanm:
1 /
LX) )
X (r) Zy(z)

Cymma apobeii, ojiHa U3 KOTOPBIX 3aBUCUT TOJILKO OT T, & JPyrasg — TOJbKO OT
Z, MOXKeT ObITh HYJIEM B TOM U TOJIbKO B TOM CJIydae, eCJIi KayKas U3 ITUX
JIpobeit — oJIMHAKOBbIE KOHCTAHThI C PA3HBIM 3HAKOM. 10 ecTb 3 A :

LX) Zi()
X (r) Zy()
Taxum obpaszom, s dyukunit Xy (r) u Zy(z) mosydaem ypaBHeHUsI

~ X))+ MWXi(r) =0 (9.309)

Z!(2) — MZi(2) = 0. (9.310)

= =\

Pagencrso ((9.309)) MbI niepernuiiieM B Bujie:

— X)) = AXelr). (9.311)

910 — B TouHOCTH ypaBHenue beccenst n3 3agaan (9.17) ¢ v = 0. Borsacaum,
KakKne Kpaesple ycaosus Ha X (r) cuaeaytor n3 yeaosuit 3aga4n ((9.307)).
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Yenosue |u(0, z)| < oo mpespaTuTes B

1 X% (40)| < o0, (9.312)
a ycaosue u(R, z) = 0 — B ycsioBue
X4 (R) = 0. (9.313)

IMTar 2. Pemenne 3amayu IIrypma-JIluysunias aius Xi(r)
st dynkimii Xy (1) Mbt nosyann 3agady Ltypma-Jlnysusis suga (9.17) c
A=A, v=0, a=1upg=0:

{ — (TX;C(T’))/ = A\ Xy (7).
1X,(+0)] < oo, (9.314)
X4(R) = 0.

Bocnosbzyemest pesyssratrom Teopemst [9.3) c. [123]
Bce cobecmeenmvie wucaa 3adavu IIImypma-JIuysuiia neompuyamenvros u Kpam-
nocmu 1. Queao A = 0 ecmov cobemeennoe vucao 3adavy LImypma-JIuysuniis
moezda u moavko moada, xoeda v = a =0, u emy coomeemcmasyem coocmeeH-
nas pynryua u(x) = const.
B namewm ciyuae o = 1, mosromy 3ayada [rypma-Jluysumrs (9.314]) mve-
€T TOJILKO CTPOTO IOJIOKUTEIbHBIE COOCTBEHHBIE 3HAaUeHNs. ITOOBI MX HaWTH,
npuMennM teopemy [9.4] c. [123]
Bce nonootcumenvnoie coocmeenmvie wucaa 3adavu [IImypma-Jluysuina u co-
0MEEMCMBYUUE UM COOCMBEHHBIE PYHKUUU UMEOM 6UO0:

(v)

()72 (v)
Ky T
; Jy : ke N,
2de [y, — KOPHU YPaBHEHUA,

i,
aRJ, (1) + Budd, (1) = 0.

R

A =

B namewm ciayuae v = 0, « = 1, § = 0, mosroMy coOCTBEHHBIE HYHCJIa U COD-
crBernble Gy 3aga4qn [rypma-Jluysumrs (9.314) numeror Bu;:

Ap =[] X (r) = Jo (45), keN,
k [R} k(1) U(R) (9.315)

rjae fp — KOPHU ypaBHEHUs Jo(p) = 0.
IMTar 3. Pemenne 3amacu qiist Zy(z)
Host bynknuit Zy(2) mer nostyuamin ypassenne (9.310) Z7(2) — A\pZg(2) = 0.
Benomuanm, uto A\ = [%] 2, 1 J100aBUM K HEMY KpaeBble YCJIOBHSI, CJIeIYIOIIIe

3 yeaosuit u(r, 0) =T =(r), u(r,l) =0, 0<r < R, 9T00bI TOJYIUTH
zagady Hltypma-JInyBusis:

0) = ¥y, | (9.316)
0



Obriee pemnterne ypasrenust Zj(z) — %%Zk(z) = 0 umeer BH/

Zi(z) = cish (%) + coch (%) .

3 kpaesoro yeioBust Zg(0) = ¢y cienyer, 9to ¢o = g, OTKYy/Ia

e (12 pe
Zi(z) —clsh< I ) +wkch( I ) .
Torna u3 kpaesoro ycjosust Zg(l) = 0 nosyuaem
ol
z z U ch (G
Zk(l) :Clsh Iu—k +¢kCh 'u—k :O’ — = — —R)
R R sh (M_kl
R
Takum odbpasom,
_ PR2Y o (P o (2
Zi(2) = U ch(R) cth(R>sh(R> . keN.  (9.317)

IITar 4. Paznoxkenue dyukimu ¢(r) B psif 10 COOCTBEHHBIM (hyHKITH-
aMm 3agaun llrypma—JIlnyBuins

B coorseTcTBUM ¢ TeopeMoi , c. [124] dynkuus ¢ (r) = T pasnaraercs B psij
Dypne

W(r) = e (%) , (9.318)
k=1
1 L
HET
vt ()
o | +4(- ) B
——— =0

OtBet B 0011IEM BHU/E:

2= 3w (57) (0 () e (%) 2 (%))
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rIe i — HOJIOKUTEIbHbIe KOpHN ypaBHenus Jy(u) = 0, a vy 3agatorcest hop-
MYJIAMU:

R

i = % - O/ ro(r)Jy (%) dr. (9.319)

[TockosbKy B Harmem ciaydae (r, z) =T, To 1/ 1 MBI MOy IaeM

R R

Y = R2J1§(,Uk) 0/ ¢( ) (M§T> dr = #j@ O/?”J() (M£T> dr =

Mk

i 2T
= [$:?i| m/xJo(x)dx |:BCI/UIYHpI/I V:O} =

123

2T 2T

[ n@ya nw| =B
= [ [zi(®)] do = 55— xJi (x =
it (1) : W3R ()

o it ()

o

=213t n () (@ () —en ()2 (%))

rJe fiy — MOJOKUTe/IbHBIe KopHE ypasHenus Jo(u) = 0.

10. IIpumenenue cepudecknx PyHKIUI

10.1. IToamaomsbl JIexkxanapa

Omnp. 10.1. ¥YpaBaenue Jlexxkanapa:

% [(1_35 )dZ;)] +Ay(z) =0, xe(-1,1). (10.1)
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Teopema 10.1.

ITyemwv oepanuvennasn dynruua y(x) Z 0 ecmov pewenue ypasuenusa (10.1]).
Toeda: 1. X=n(n+1), 2den=0,1,2,...;

2. Qynryus y(r) ABAAEMCA NOAUHOMOM CMENEHU T, HA3bIGACMYLM TOTAHO-
moM Jlexkanapa, u moorcem 6vimsv natidena no dpopmyste Poapuras:

y(w) = Pola) = g o[22 1)), (10.2)

Teopema 10.2 (pexyppenTHbIe HOPMYIIBI).
Hmerom mecmo caedyrouue coomHoueHus

(n+ 1)Pi(x) —z(2n+ 1)P(x) + nP—1(x) =0, n>1; (10.3)
P (x) =zP)(x) — nP,(z), n>1;, (10.4)
Pl(x)=xP,_(z) +nP _(x), n>1; (10.5)
PLy(r) — Py () = (20 -+ 1) Pa(a), n>1 (106
(1 —2H P (x) =nP,_1(x) — 2nP,(x), n>1. (10.7)

Kpowme nipuBeieHHBIX (hOPMYJT, TAKKE BECbMa, MTOJIE3HbBI CJICLYIONINE COOTHOIIIE-
HUST:

Pu(—2) = (~1)"Pu(z), P.(1)=1, Pu(—=1)=(-1)" nx=1; (10.8)

Pomni1(0) =0,  Pon(0) =

m > 0. (10.9)

Teopema 10.3 (opTOroHaJBHOCTH U HOpMa MOJTMHOMOB JIexKaHapa).

0, npu k # n;
2

pu k—m (10:10)

2k+17

(&@%&@»5/&@&@ﬁ:{

Teopema 10.4 (passioxKenue B psiji 10 TOJMHOMAM JIesKaHpa OT KOCUHYCOB).
yemw  f(0) € C?|0, 7.
Tozda f(0) pasaaeaemes na [0, 7] 6 caedyrowuti pad Oypve
7T

f(@):ikak(cosé), fo = 2k2+1/f(9)13k(cos9) sinfdg,  (10.11)
k=0 0

IIpu amom pad (10.11) cxodumea x f(0) pasnomepmo Ha 6cem cezmerme
[0, 7.
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BbHHHHeMﬁHepBbKBHeCKOﬂbKO IIOJIMHOMOB IkDKaHﬂpa/H HpHBeﬂeMﬁFpadﬂlKH

(puc :

32 —1 513 — 3x
Pyz) =1, P(zx)=2z, P(x)= 5 P3(x) = T; (10.12)
35z% — 3022 + 3 632> — 7023 + 15x
Py(z) = 2 , Ps(z) = 2 : (10.13)
23120 — 31524 + 1 2 _
Py(a) = 219 5ﬁ6+ 0os” =5 (10.14)

10.2. IIpucoenunennnie dynknuu Jlexxanapa

3J1ech MBI OyJieM paccMaTpuBaTh CJe/Iyloliee ypaBHeHe:

d [(1 —x%dy(sg)] + (A— m )y(:z:) —0, axe(=1,1). (10.15)

dx dx 1 — 22

Teopema 10.5.
ITycmo  oepanuvennan dynryua y(x) Z 0 ecmo pewenue ypasruenus (10.15)).
Toeda 1) AN=n(n+1), 2den =0, oo;

2)  Pynryus y(x),nasveaeman pucoeauuennom dynkmueit Jle-
KaHApa MopsaakKa k, moocem 6vimv natidena no gopmyie:

m d"P,(7)

y(z) = Pl(e) = (1-2%)* - —2=5 m=0m; (10.16)

3) npu smom pY (x) = P,(z) — noaunomwv Jeorcandpa, a P'(x) = 0
npu ecex m > n.
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Omnp. 10.2. Oyukiun

P (cos0) cos ke, P (cosf)sin ko, m=0,n, n=0,o00, (10.17)

Ha3bIBalOTCA C(Il)epI/I‘{eCKI/IMI/I rapMmOHHUKaMM!.

Teopema 10.6 (OpTOroHATBLHOCTH U HOpMa MPUCOEAUHEHHBIX dyHKIuit Jle-
JKAHJIPA).

(P (@), P'(x))

1
npu k # n;

07 )
= [ Pr@)P(t)dt = k)| 10.18
/ R { T Ek—mgw npu k= mn. ( )

Teopema 10.7 (pasjioxkenne B psiji 10 cHepUIECKUM FrapMOHIKAM ).
Iyemv g(0, ) € C%, 0 €0, 7], p €0, 27], g(0, v +27) = g(0, ¥).
Tozda g(0, @) pazaazaemces 6 caedyrowudi pad Dypve

f: —Pk (cos6)+

k=0

k
+ Z Pl (cos 0) (g cos(me) + Brm sin(mep)) |, (10.19)

m=1
2k+1 (k—m)! y
CHkm 2r (kK +m)!
2m m
X /dgp cos(myp) /g(@, @) P (cos 0) sin 6d#, (10.20)
0 0
2k+1 (k—m)!
B = ! )
o1 (k+m)!
/dg@ sin(mep /g (cos ) sin 6do, (10.21)
0

IIpu smom pad (10.19)) cxodumes x g(0, p) abcoarommo u pagHomepHO
na 6 € [0, ], p €0, 2.
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10.3. YpaBHenue Jlamaca B mape

Pacemorpum B chepraecknx KoopuHATax (puc. @

{ x = rsinfcosp,

y = rsinfsin g,
2z =rcosé.

ypasuenne Jlamnaca Au = 0. [Tockosbky B cdhepu-
YECKUX KOOPJIMHATAX

1
Au = = (TQuT)rnL

1 1
p (sin Oug),+

Puc.9. Cdepuueckne

. — U
7“2 S111 ']“2 Sin2 0 v KOOPIUHATHI

TO ypaBHenue Jlammaca npuHuIMaeT BUI:

1 ) 1
) (sm 91&9)9 + muw = 0. (1022)

Au = kS (7’2ur> +

r? r? sin

Bynem nckars perienne ((10.22) meTojioM pasjiejieHus nepeMeHHbIX.
IIIar 1. ITouck cepndecknx rapMoOHHUK

[lycts dynkims
U(r, 8, ¢) = X(r)Y (0, )
ecThb pemenne ypasuerus ((10.22)). Tora

L (2X() Y (0. o) +

. (sin 0Y (6, gp)){)X(T)Jr

1

+ me(Q, ©)X(r) = 0.

r2sinf

TTogemum 370 pasenctio Ha X(r)Y (60, ¢) u ymuoxum na r:

X(r) Y (9, ¢)

Tak Kax cjaeBa cTouT PYHKIINS, 3aBUCSINAS TOJIBLKO OT T, & cIIpaBa — QYHKIINSI,
3aBUCSIIIASA TOJIBKO OT 6§ U ¢, TO paBHBI OHI JIPYT ;prry MOT'YT OBITH TOJIBKO B
caydae, KOrja OHI — KOHCTaHTBI. TouHee, 3 \ €

(T’QX’(T’))/ Sme (sm Y (0, gp))e + sin%HYQD(p(e’ ©)

( 2X(r ))’ B sn9 (stYg(Q ))9 + ﬁwa? ©) _
X(r) Y (0, ») '
Orcroma ms X (r) mosytdaeM ypaBHEHIE
r?X"(r) + 2rX'(r) — AX(r) = 0, (10.23)
a i pyHKIM Y — ypaBHEHHe
= (SOY0(0, 9)) Y0 9) FAY(0, ) =0 (1024)
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Ecom pemenne ypasuenus ((10.24) uckarb B Bujie
Y (0, 0) = ©(6)®(p), (10.25)
TO TOJTYIIM

1
sin 6

(sin 9@’(9))' B(p) + —O(0)B"() + XO(1) () = 0.

e(0)®
[TogemmMm 9TO paBeHCTBO Ha %.

g (mo0'9) ey
o0 + Asin“ 0 = — B(p)

CuieBa cronT (QyHKIHNS, 3aBUCAIIAsd TOJBKO OT 6, a cipaBa — TOJIBKO OT ¢,
nosromy Jpu € R:

sin 6 (sin 0@’(9))' + (AsinZ0 — ) ©(6) =0, (10.26)
P"(p) + u®(p) =0 (10.27)

Ypasaenne ((10.27]) He0OXOAMMO JTOTIOJTHUTD YCJIOBUEM ITIEPUOINTHOCTH, TIOCKOTh-
Ky dbyuxiys U(r, 0, @), a crepoaresbio n dyukiws ® go/KHA OBITH HElpe-
peiBHOit. Torya st ®(p) norydaem 3a/1aqy:

3" B(p) =0,
[

Pemtim a1y 3amaay. O6mum perennem ypasuenust D (o) + u® () = 0 asig-
ercst (PyHKIINA

®(p) = c1sh (Bp) + cach (By) npn p=—3 <0
P(p) =1+ 2 mpn = 0;
D () = ¢ sin (Bp) + 3 cos (Byp) upu = 3* > 0.

Jlerko BujieTh, uto dyukimn ¢ sh (5¢) + o ch (By) nu npn Kakux ¢ 9 (kpome
c1 = co = 0) He yH0BICTBOPSIOT yesoBmio nepuognanoctn ®(p + 21) = ®(p).
B cBoto ouepeb, PYHKIMN ¢ + Co(p YJIOBJIETBOPSIOT YCJIOBUIO TIEPUOJIMIHOCTH
TOJIBKO 1IpU ¢co = 0.

B 1o ke Bpems dyukImst ¢ sin (G¢) + ¢o cos (8¢) yaoBieTBOpsieT 3TOMY YCII0-
BUIO TOIJIa U TOJILKO TOIJIA, KOIJIa

p=p3=m?  mcZ

Mgt OyjieM paccMaTpuBaTh TOJHKO m > 0, TaK KaK OTpuIlaTe/IbHble 3HAUCHUS
m He JaioT HOBBIX p mwin ®(p). A pasperas quciay m NpUHAMATH 3HAUTCHNE
m = 0, Mbl BK/09aeM GyHKiuo P () = const (gBJISAONLYI0CST HETPUBUAIBHBIM

perierneM pu A = 0) B 0611yto Gopmy/ty HerpuuaibHbix pereruii ((10.29).

-246-



Urak, ¢yrknus (10.25) ectsb perenne ((10.24]), To ectb siBjsiercs cepuaeckoii
dyHKIMEl TOrIa U TOJIHKO TOT/A, KOIIa

®(p) = 1 sin (my) + c2 cos (M) , m=0,1,2,..., (10.29)
a dyukimsa O(f) ectsb pereHne ypaBHeHUsT
/
sin 6 (Sin 0@’(9)) + (Asin? 0 — m?) ©() = 0. (10.30)
B ypasuenun ((10.30) cuenaem 3ameny nepemenoit x = cosf. Torma s
pyHKIIN
P(x) = P (cosf) = O(0)
OJIy daeM

O'(#) = —sinOP'(cos ), ®"(#) = sin” P"(cos ) — cos 0P (cos b)),

u ypasaenne ((10.30)) mpumer BuT;:

sin* 0P (z) — sin® @ cos 0P’ (x) — sin® § cos OP'(z) + (/\ sin® 6 — m2) P(z) = 0.

[epermiiem ero, Mmoje/nB cHada a Ha sin’ @, i ydarem, 4to

cosb = x, sin?f =1— a2 :
m2
(1 —2*)P"(z) — 20P'(x) + ()\ — 1 2) P(z) = 0.

—

IMosnyuennoe ypasuenue cosuagaet ¢ (10.15]), c.[243] ITosromy no reopenme [10.5]
c. [243, Bce orpaHUYeHHbIE PEIIeHHsT TOH 3a/a49l OIKIChIBAIOTC (DOpMYIaMu

A=nn+1), n=012 ...; (10.31)

Py = Pi(@) = (1 -a9)F - 00

[TosTomy Bce HeTpuBHa/ibHbie pemniennst ypasuerns ((10.30]) nmeror Bu

m =0, n. (10.32)

O, (0) = P*(cos0), n=0,00, m=0,n. (10.33)
Haxkomner, ¢ yaerom ({10.29)), mosrygaem, 4ro:

D yHKIHS
U(r, 0, ¢) = X(r)Y (0, ¢)

ecTh pertierne ypasraerus Jlammaca Toraa i TOJIbKO Tora, Korya dbyakimst X (717)
eCTh pellleHle ypaBHEeHUs

r? X" (r) 4+ 2rX'(r) — AX(r) = 0, (10.23)

mpu A =n(n+1), n=0, co, a pyukuus Y (0, p) umeer Buj

Y (0, ¢) = Y,(0, ¢) = P (cos0) (c1sin (mep) + ¢ cos (me)) ,
n=0,00, m=0,n. (10.34)
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ITTar 2. Pemenue ypaBaenus (|10.23))
Hannoe ypaBHeHHe eCTh ypaBHEHHE Diljiepa, MTOCKOJIbKY CTeleHb MHOKUTe el
T MpH BCeX Mpom3BOAHBIX GyHKInu X (1) paBHA MOPSIKY 9THX MPOU3BOTHBIX.

DT ypaBHEHUs PEIIAIOTCs MPU TOMOIIN 3aMEHbI
r=c¢, X(r)=X()=yt), rX@)=y®), rXr)=y"{t)-y).

Hawm ne najio paccMaTpuBaTh ciaydait r = —e! < 0, HOCKOJIbKY B Halllelt 3aj1a4e
r € (0, R). dns wosoit dyuximn y(t) ipu A =n(n+1), n =0, co nonydaem
ypaBHeHune

y'(8) + 9/ () = n(n+ Dy(t) = 0, n =0, .
XapaKTepI/ICTI/I‘{eCKOG ypaBHeHI/Ie JJId Hero uMeeT BU/

i+ —n(n+1)=0.

Ero xkopuu:
—1+vV1+4n2+4n -1+ (2n+1)
%1 _= = :er’
2 2
—1—V1+4n2+4n —1—-(2n+1)

u o0I1ee peleHne
y(t) _ Aent + Be*(nJrl)t.

= r, obiee pertenne ypasaenns (|10.23) mmeer Bu
X(r) = Ar" + Br~("+h,

Hy a mockonbKy Hac MHTEpPecyIOT TOJHLKO OTpaHUYeHHbIe peIieHus, TO KOTia
ypaBHEHUE PellaeTcs:

Orciofia, Tak Kak e

e B IIape, cojeprkalineM Hadaao KoopauHat, B = 0 u

Xu(r) =", n =0, oo, (10.35)
® BO BHEIITHOCTH IlIapa, CoJepzKaliero Hadajo koopaunat, A =0 u
1
X(r) = sl n =0, oo, (10.36)
® B IIAPOBOM CJIO€ C IIEHTPOM B HadaJjie koopjauHat, A, B # 0 u
X, (r) = Ar" 4+ Br~ (b, n =0, oco. (10.37)

IITar 3. O6miee penienne ypaBHeHud Jlamsaca B 1mmape

Hawm ocrasioch coctaBuTh 13 mosiyueHHbIx GyHKImit X, (13 paserctsa ((10.35)),
a takxke Y (0, ), n =0,00, m =0, n psa. [lockosbky m MeHseTCsI
B mipesiesiax oT 0 710 n MpW KaxKJIOM 7T, W TOJBKO N MeHseTcsa oT 0 10 00, TO
PsIJT MOYKHO COCTABHUTD TOJIHKO 110 M. 3aTO BHYTPHU Psijia 110 1 IPUIETCA CTaBUTH
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KOHEUHYIO CYMMY I10 1M, (DOPMUPYS JTUHEHHYI0 KOMONHAINIO BCEX C(hepIIECKIX
rapMOHNK CTEIICHU 1
OTBeT:

u(r, 8, ¢) = an("”) ZYmn(ea p) =

— i i~ zn: P (cos ) (Amn cos (mep) + By, sin (mcp)) . (10.38)
n=0 m=0

IITar 4. O6miee penienne ypaBHeHud Jlamjaca BHe 1mapa
CocraBum u3 mosydenubix ¢dyuknuit X, (u3 pasencrsa ((10.36])), a raxxke

Y,n(0, p), n=0,00, m=0,n psaui 3aech BcsI pasHUIA OT 3a/a91 BHYTPU

mapa COCTOUT B TOM, uTo (yHKInu X, (1) nmeror Buj (10.36)), a ne ((10.35)):
OrTBer:

QL(T, 0) 99) :E:: :E::-Srnqn =

— Z i Z P (cos0) ( mn €08 (M) + By, sin (mgp)) . (10.39)

IITar 5. O6miee penienne ypaBHeHud Jlamsaca B II1apoBOM cJioe
[TockombKy B mapoBoM cjoe Ry < r < Ro orpannyenHbIMU SBJIAIOTCHA Kak

dbyuxnun ((10.36)), Tax u byukyu (10.35)), psij HAJIO COCTABJIATD U3 T€X U JPY-
THX:

OTBeT:

u(r, 0, o) Z Z P (cos ) ( mn €08 (M) + By, sin (mgo)) +

n=0 m= O

+ Z g Z P (cos ) ( imn €08 (M) + Dy, sin (mgo)) . (10.40)
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10.4. Buyrpennss 3ajiava lupuxie niasa ypaBHeHud Jlansaca
Ne 793 a).

Pewumo 3adanwy Hupuxae oas ypasrernus Jlansaca enympu wapa padu-
yea R.

MaremaTudeckn 3T0 O3HAYAET 3a/aTY:
Hatimu ozpanuvennyro dynryuo u(r, 6, ¢) us yciosut

Au = 12 (7‘2ur) + m (sin 9ue>9 + muw =0,
0<r<R, 0<f<m 0<¢p<2m (10.41)
|u(0, 0, ¢)| < oo,
u(R, 0, o) = f(0, ¢).
Ilar 1. Pemenue ypaBaeHud Jlamsaca B 1mape
Ypapuennga Jlamnaca B mape Mbl yxKe pemmin B pazjese [10.3) n moxyauan

opmyiy

u(r, 0, ¢) = an ZYmn =

n=0
n

= Z "y P(cos ) (Amn cos (me) + By, sin (mep)) . (10.38)

n=0 m=0

IIlar 2. Mcnojsib30oBaHne KpaeBoOTro YCJIOBUSI
B nameii 3aja4e 100aBUI0CH KpaeBoe yCJI0BUE

U(R, 0, 90) - f(97 90)'

Ono no3BosiT HaM HaiiTi Ko3hdunueHTsl A,,, n B,, B dopmyie ((10.38]). ITo

teopeme [10.7] c. 244],
f(0, ¢) pazaazaemes 6 caedyrowuti pad Pypoe

= Z %Pk(cos )+

k=0

k
+ Z P (cos 0) (g, cos(mep) + B sin(me)) |, (10.19)

m=1
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2 s

i/dS@ COS(mSO)/f(Q, @) P{" (cos ) sin 0d0,

Y = o "k +m)
0 0
(10.20)
2m ™
2k+1 (k—m)!
Bim = 2;_ : Ekﬁ—zil /dgp sin(mgp)/f(@, @) P (cos 0) sin 8d6,
0 0
(10.20)

6 € [0, 7], ¢ €0,

IIpu smom pad (10.19) czodumes x f(6, p) abcoarommno u pasromepHo Ha
0, 27|.
[Tpupasusiem psizr (10.38), B3arsrit npu r = R, K psamy (10.19):

= Z R" Z P (cos ) (App cos (mp) + By, sin (myp)) =

oo

=2

—nOP (cosB) + Z P (cos 0) (anm cos(mp) + Bum sin(me)) | = f.

n=0 m=1
[Honmygaem ipu m = 0
—1 =0
~—~S= —~=
R"P,(cos®) | Agncos (0) + Bo,sin (0) | = TP . (cos @),
OTKY/I&
Agn = ;;;l, By, — 1IpousBoJIbHO, n =0, oo. (10.42)

Anajornano, npu m € N
R"P)"(cos 0) (Apn cos (my) + By, sin (my)) =
= P (c0s0) (apm cos(mp) + Bum sin(mep))

OTKY/Ia, B CHIJIy JINHE{HOiT He3aBucumocTn GyHKIuii sin (my) u cos (mey),

Anm /3nn1
fqﬂqn - ) lgn@n — )
R R

n=0,o00, meN. (10.43)

OTBeT:

u(r, 0, @) :i( ) Oéno P, (cos 0)+

n=0

+ Z P (cos 0) (apm cos(me) + Bum sin(me)) |, (10.44)

m=1
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rie P,(z) — nonuuomsl Jlexkanapa ((10.2)), a koaOUIUEHT vy U By OTIPE-
nenstiores n3 gopmya ((10.20) — (10.21)).

10.5. Buemnas 3amavya lupuxie ajs ypaBHenus Jlamiaca

Ne 793 6).

Pewumo 3adavy Tupuxae oan ypasnenus Jlanaaca ene wapa paduyca R.

MatemaTnydeckn 9TO o3HAYAET 3a/1a9Yy:
Hatmu ozpanuvennyro dynryuto u(r, 0, ¢) us yciosut

Au=5 (TQUT) + 72 sin 0 (Sil’l 97],9)9 + muw =0,
0<r<R, 0<fO<m 0<¢p<2m (10.45)
[u(o0, 0, @)| < oo,

u(R, 0, o) = f(0, »).

IITar 1. Pemenue ypaBaeHuda Jlamsaca B 1mmape
Ypapuenng Jlaminaca B mape Mbl yxKe pemmin B pazjese [10.3) u mogxydauan

opmyity

]2

u(r, 0, ) = > X,(r ZYm” =
0 -

o 1 m .
Z o P (cos 0) (A cos (me) + By, sin (mep)) . (10.39)

n=0 m=0

IIlIar 2. Vcnojsib30BaHne KpaeBoOTro YCJOBUS
B nameit 3aj1a1e 106aBMJI0CH KpaeBOe yCJIOBIE

u(R, 8, ¢) = f(0, ¢).
Ono nospoJsinT HaMm Haiitn Ko burmeraTol A,,, 1 B, B ¢dopmye m ITo

teopeme [10.7] c. 244],
f(0, ¢) pazaazaemes 6 caedyrowuti pad Pypoe

= Z %Pk(cos )+
k=0

k

+ Z Pl"(cos 8) (agy, cos(mp) + Brm sin(mey)) |, ((10.19)

m=1

-252-



2 s

i/dS@ COS(mSO)/f(Q, @) P{" (cos ) sin 0d0,

Y = o "k +m)
0 0
(10.20)
2m T
2k +1 —m)!
Brem = k2‘7|r' . EZ - Zi' /dgp sin(mgp)/f(@, ) P (cos @) sin 6d0,
0 0
[0.21)

IIpu smom pad (10.19) czodumes x f(6, p) abcoasrommno u pasromepHo Ha
0 €0, ], ¢ €0, 27].
[Tpupasusiem psiz (10.38), B3arsrit npu r = R, K psmy (10.19):

1 n
u(R, 0, 0) =) T Z P (cos 0) (App c0s (M) + Buy sin (mep)) =
n=0

(e.¢]

2|5

. (cosf) + Z P (cos 0) (apm cos(mep) + Bum sin(me)) | = f.

n=0 m=1
[Tonygaem ipum m = 0
=1 =0
1 — — a,
an(cos 6) | Aoncos (0) + Boyysin (0) | = TOPn(cos 0),
OTKY/I&
Agn = a”OR”“ By, — IpousBoJILHO, n =10, co. (10.46)
Anasiormano, upu m € N
1 .
= — D" (cos 0) (Amy, cos (mep) + Bry, sin (me)) =

= P (cos ) (apm cos(mp) + Bum sin(mey)) ,
OTKYJIa, B CUJIy JINHEHOW He3aBucuMocTH (DyHKIHNit sin (my) u cos (mep),
Apn = R B = Bun R, n=0,00, meN. (10.47)

OTBeT:

+ Z P (cos 0) (apm cos(me) + Bum sin(me)) |, (10.48)

m=1
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rie P,(z) — nonuuomsl Jlexkanapa ((10.2)), a koaOUIUEHT vy U By OTIPE-
nenstiores n3 gopmya ((10.20) — (10.21)).

10.6. IIpumepsl penienus 3aaa4
Ne 788 a).

Onpedeaums cmayuonaproe pacnpedeaenue memnepamypv, u(r, 0) 6 0o-
Hopodrom wape paduyca R ors cayvan, xoeda noseprnocms wapa umeem
MeMnepamypy:

u(R, 6) = £(0) = {

)

11, 0<¥6
o <6

<
15, <

3anucaB 9TU YCJIOBUS MaTEeMaTHIECKU, TOJIYIUM 3a/1a4y:
Hatimu oepanuuennyro gynxyuio u(r, 8) us ycaosud

. =0
Au= 5 (rur), + 2mp (Sin 9“‘))9 + g e = 0
0<r<R, 0<60<m; 10.49
| (0, 9)] < oc. o
T, 0<60<aq
u(R,G):f(Q):{TQ, a <0<

\

[ToBTOPUM € HEOOXOJUMBIMU YIIPOIICHUSME, BBI3BAHHBIMU TEM, UTO B HAIlEM
cjlydae ICKOMOe DelleHre He 3aBUCHUT OT ¢, maru 1 — 3 paszeda [10.3]
IITar 1. ITouck cepudyecknx rapMOHUK, HE 3aBUCIMINX OT

[Iycrs HKITIS
e by Ur. ) = X(r)Y(0)

€CTb pe€lleHrue ypaBHEHNA

Au—l

_7“2

(T2u,«)r - (Sin «9ua>9 = 0. (10.50)

r2sin 6

Tormna |
2X’ Y
r2 ( (r )) (0)+ r2sin
2

[Togesm sto pasencrso wa X(r)Y (0) u ymuoKuMm na r-:

(7“2X/(7“))/ B 51110 (sm QY/(9)>9
X(r) Y(0)
Tax Kak cjeBa cTOUT (PYHKIINS, 3aBUCAIIAs TOJBKO OT 7, a clipaBa — (PYHKIIUSI,

3aBUCSIIIAA TOJBKO OT 6, TO paBHBI OHU JIPYT J:prry MOTI'YT OBITH TOJIBKO B
caydae, Korja oHn — KoHcTaHThl. Tounee, 3 A € R

(TZX/<7“)), o smﬂ <Sln QY/(H))/ _
X(ry — Y@® 7

(sinfY'(6)) X(r) = 0.
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Orciona st X(r) mosiydaem ypaBHEHHE

r2X"(r) + 2rX'(r) — AX(r) = 0, (10.51)
a 11 pyHknuit Y — ypaBHeHUe

snll <sin 9Y’(9))' LAY (6) = 0.
TomuozkuM ma sin? 6:

sin? YY" (0) + sin 0 cos Y’ (0) + Asin? Y () = 0. (10.52)

B ypasuennn ((10.52)) cuenaem 3ameny mepemenoit © = cos . Torma mist hyHK-
o P(xz) = P (cosf) =Y (0)
10JIy YaeM

Y'(0) = —sin 0P (cos ), Y"(6) = sin? 0P"(cos §) — cos O P'(cos f),
11 ypaBHeHHe IPUMET B
sin* 0 P"(x) — sin® 0 cos OP'(z) — sin® § cos O P'(x) + Asin* P (z) = 0.
[lepernuirteM ero, mojens cHadasa Ha sin’ @, u yareMm, 4TO
cost = x, sin?0 =1 — 22 :
(1 —2*)P"(z) — 22P'(x) + AP(x) = 0.
IMosyuennoe ypasuenue cosuazaet ¢ (10.1]), ¢.[241] TTosromy no reopeme[10.1] c. 242

BCe OrPaHNYEHHbIE DEIIeHNs ITOl 3a/1a91 OIMUCHIBAIOTCsT (DOPMYJIaAMU
A=n(n+1), n=20,12,...; (10.53)
P(z) = P,(x) — nommnomsl Jlexkanapa. (10.54)

[TosToMy Bce HeTpuBHAJIBbHBIE OrpaHnYeHHbIe pererns ypasaenust ((10.52)) mwve-
10T BU/I

Y, (0) = P,(cosb), n =0, oo. (10.55)
Urak, ¢ yaerom (|10.51f), morygaem, 9To:

QyHKITIA
U(r, 0) = X(r)Y(0)

eCTb He3ABUCAIIIEE OT (0 OrPAHNYCHHOE HeTPUBUAILHOE penenne ypasaenus Jla-
mwiaca ((10.50) Torma u TosbKo Tor A, Korja (hyHKImst X (1) ecTh peleHne ypas-

HEHUST
P () + 20X (r) = AX(r) = 0, [1051)

mpu A =n(n+1), n =0, oo, a dysaxius Y (0) umeer Bu
Y(0) =Y,(0) = P,(cosh), n =0, oo. (10.56)
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ITTar 2. Pemtenue ypasuenus ((10.51))

Jannoe ypasHeHne ecTb ypaBHeHHe Jiljiepa, IIOCKOJIbKY CTelleHb MHOKNTeJel
7 IpU BCeX MPon3BOMHBIX (yHKINN X (7) paBHA MOPSIKY 9THX [POM3BOIHBIX.
DTu ypaBHEHHS PEIIAIOTCS IIPH OMOIIH 3aMeHbI

r=e, X(r)=X()=yt), X(r)=y@), X"(r)=y"{t)-y )

Hawm mne najio paccMaTpuBaTh ciaydait r = —e! < 0, HOCKOJIbKY B Halllelt 3aj1a4e
r € (0, R). s vosoit dyuximu y(t) ipu A =n(n+1), n =0, co nonydaem
ypaBHeHue

y'(8) + 9/ () = n(n+ Dy(t) = 0, n =0, .
XapaKTepucTuieckoe ypaBHeHne JI/Is Hero mMeeT B/

7+ —n(n+1)=0.

Ero xopum:
—1+V1+4n2+4n -1+ (2n+1)
%1: = :n,
2 2
—1—V1+4n2+4n —-1-(2n+1)

u o0Iee perieHne
y(t) = Ae™ 4 Be ("t
Orcrozna, Tak Kak €' = r, obuee pemenue ypashenus ((10.51)) umeer suj
X(r) = Ar" 4+ Br~ (b,
Hy a mockosibKy Hac HHTEPECYIOT TOJbKO OrpaHuYeHHbIe perteHust, To B = 0 n
Xn(r) =", n =0, oo. (10.57)

CocTaBuB U3 MOJTYIEHHBIX (DYHKITU PsiJT, TIOJTYIUM YTO HE3ABUCAIIEE OT  Orpa-
HIUYEeHHOEe HeTpUBHA/bHOE perenue ypasaenus Jlammaca ((10.50) nmeer Bu:

u(r, 0) =Y A X (r)Y,(0) =Y " Ay Py(cosf), A, €R. (10.58)
n=0 n=0

IIlIar 3. VcnoJjsib30Banne KpaeBOTro YCJOBUS
st naxozkjieHust KoadpuinenTos A, HCIOJIb3YEeM KpaeBoe yCJIOBHe

u(R,0) = f(0).

[To Teopewme [10.7], c. 244]
f(0, ¢) pazaazaemes 6 caedyrowuti pad Pypoe

q(0, @) = Z %Pk(cos 0)+
k=0

o

k
+ Z P (cos 0) (g, cos(mep) + B sin(my)) |, (10.19)

m=1
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2k+1 (k—m)!
Qe = 21_ -Ek+z;/dgp cos(me /g " (cos @) sin 6d#,
0
(110.20)
2k+1 (k—m)!
Brm = 21_ : Ek+:;; /dgp sin(mep /g " (cos 6) sin 6d#,
0
(10.21])

IIpu amom pad (10.19)) cxodumes x f(0, p) abcoarommno u pasHomepHO Ha
0 € [0, 7], ¢ €0, 27].
[Tockosibky B Harem ciydae dyukims f(6) He 3aBucur ot @, TO

2k+1 (k—m)!

m — : X
O"“ or  (k+m)

7\

-
™

“or
X /f(ﬁ) P (cos0) sin 0df - /cos(mgo)dgp =0, m # 0,
0

0

_2k+1 (k—m)
B = == e m)

™

27
X /f(@) Pl (cos @) sinfdf - /sm me)dp = 0.
0 0

7

-~

Haiinem ayy:

=27
~ =

2m
2 1 k!
k;_ k! /f ) Pi (cos0) sin0df - /dgp =
7r

0

ko =

= (2k+1) / f(0) Py, (cos ) sin 6d6.
0
[IpupaBaUBas psijibl

oo

u(R, 0) = iAnR”Pn(cos 0) = Z %Pk(cos 0) = f(0),
n=0

k=0
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BUIUM, 9YTO OHM paBHBI, €CJI

s

(071 o 2n +1
2R"  2Rn

A, =

0

OTtBet B 00I11IEM BHU/JE:

= i A X, (1Y, Z A,r"Py(cosb),
n=0

2n+1
A, =
2R"

/ f(0) P, (cos @) sin 0db.

0

I{aNIOCTaﬂOCbIﬂﬂqHCHMTb.Aﬂ B JaHHOM KOHKPETHOM CJiy4dae, KOI'Za

_ [T, 0<0<a;
JORSE Sy P
[TockombKy
/T1 ) (cos ) sin 0df = [x = coS 0} =-T / P, (z)dxr =
0 1

/ f(6) P, (cos ) sin 6d6.

(10.59)

(10.60)

= [HO dopmyie (10.6) (2n+1)P,(z) = P, (x) — P _4(z) n > 1} =

1

/ (@) — Py (2)) do =

COoS

T;
S (Bu@) ~ Pa@) | = [0 dopwyae (T0F) By(1) =
T
5 j_ 1 (Py_1(cosa) — Pyii(cosa))

/ T5 P, (cos ) sin 0df = [aHaﬂoquo} =

(0%
IT=COS ¥

Con+1

(Poi1(z) — Poa(2))

rz=—1

:[noqmprmqmmgp_34—1):(—1w,7z>1}::

o+ 1
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—

S
\Y%
=



«

/T1P0 (cos ) sin Odo = {Po(x) = 1} =

@ 0=«

:T1/sin0d9 = —T} cos®
0

=T (1 —cosa), n = 0;
=0

™

/TQPO (cos ) sin Odo = {Po(x) = 1} =

(0%
™

0=m
:TQ/sinQdez—TQCOSQ =T (1 +cosa), n =0,
0=a
IOJTY 4aeM
2 1
A, = Z;rn /f (cos ) sin0df =
22"1%21 - 220 (P (cosa) — Py (cosa)) npu n > 1;
5 (T + T+ (T — Th) cos(a)), npu n = 0.
Ortser:
T, +1¢ Ty —T;
u(r, 0) = 1 + Ty + ( 22 1)008(04)Jr
Ty — T~ n
2 5 : ; (Pys1(cosa) — P,_1(cos ) (%) P,(cos @),

riae P, (x) — nomuomsr Jlexkanapa (10.2)).
Ne 788 6).

Onpedeaums cmayuonaproe pacnpedeaenue memnepamypv, u(r, 0) 6 00-
Hnopodrnom wape paduyca R ors cayuan, xoz2da wap nazpesaemcs n.ao-
CKONAPANLCALHOM NOMOKOM MENAG MAOMHOCU ¢, NA0GHOUWUM HA €20
NOGEPTHOCDL CEEPTY, U omdaem MeENA0 co 6Cell C60ell NOGEPTHOCU 6
OKpYIAHCAIULYI0 CPEdy 6 PE3YALMAME KOHBEKMUCHO20 Mensoobmena. Tem-
nepamypa cpedv, pasra T’

BaﬂﬂcanﬂﬂlyCﬂOBHﬂﬁMaTeMaTquCKH,HOHYQHNISaﬂanZ
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Hatmu ozparnuvennyro dynryuto u(r, 0) us ycaosud

( =0
2 1 . 1~~~ _
Au:—(r ur) —|—m <Slﬂ9U9)0+mu<p<p —0,
0<r<R, 0<b<m;

7\

7

VANA
ﬁlwlﬁ

lu(0, 0)] < oo,
cosf + hT, 0o
u-(R, 0) + hu(R, 0) = {;%T Y

\

(10.61)
IIlar 0. Buna penienusi u ynpomnieHne KpaeBoro yCJ0OBuUs
Jlerko yopaTh B KpaeBoM ycJIOBUM Bblparkenue h’l', ecim UCKaThb peleHune 3a-
naqn ((10.61) B Bujte

u(r, 0) =T +v(r, 0). (10.62)
Torma v(r, ) ecTb, OUEBHIHO, PEIIEHIEe CIIEIYIONIEH 3aa4n:
(

A= (120,), + g (sinfus) =0, 0<r<R 0<0<m

cos 6,

o O
VANW/AN

7
0

IN N
3 1013

Y

0, 9)]
vr(R, 0) + hv(R, 6) = f(6) = { ;

(10.63)
[Tosropum mocsioBHo mmarn 1 — 2 HoMepa N 788 a).
IITar 1. ITouck cpepndecknx TapMOHUK, HE 3aBUCAIIAX OT

[TycTs dynkims
U(r, 0) = X(r)Y(0)
eCTh pellenne ypaBHeHUsI

1
Av = p= (rzvr)r +

1
'9):. 10.64
7’2311’10(8111 Vg , 0 (10.64)

Torna |
r2X’ Y (0) +
7"2( (r )) (9) r2 sin
2

[Togesmm sro pasencrso Ha X(r)Y (6) n ymuoxuM Ha 77

(TQX’(T’))/ B sirlle (Sin 6Y'(9))

X(r) Y ()

Tax kKak cjaeBa cTOUT (PYHKINS, 3aBUCAIIIas TOJBKO OT T, a clipaBa — (PYHKIUSI,
3aBUCAINAs TOJHKO OT 6, TO paBHBI OHU JIPYT APYTY MOLYT ObITH TOJILKO B
caydae, KOrja OHM — KOHCTaHTHI. Tounee, 3 X €

/
(TQXI(T)), s1n9 <Sln QY/(Q)) \
X(r) o Y@® 7
Orcroma st X(r) mosydaeM ypaBHeH1e

r2X"(r) 4+ 2rX'(r) — AX(r) = 0, (10.65)

(sin GY’(Q))/X(T) 0.

0
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a s pyuknuit Y — ypaBHenune
1
sin

(sin 9Y’(9)>/ LAY (9) = 0.

JloMHOKIM Ha sin? 6:
sin?@Y" () 4 sin§ cos Y’ (0) 4+ Asin? Y (9) = 0. (10.66)

B ypasuenun (10.66|) cienaem 3ameny nepemenoit © = cos . Torma st hyHK-
82031

P(z) = P(cosf) =Y(0)

OJIy IaeM

Y'(0) = —sinOP'(cosh), Y"(6) = sin? 0P"(cos §) — cos O P'(cos f),
u ypastenne ((10.66|) mpumer Bu:

sin® 0P (z) — sin® @ cos OP'(x) — sin® § cos OP' () + Asin? OP(z) = 0.
[lepemuenm ero, moenB cHadala Ha sin? @, u ydareMm, 4To

cost =, sin?f =1—a?:
(1 — 2?)P"(z) — 22P'(z) + AP(x) = 0.

H%‘IGHHOG ypasrenne cosnagaer ¢ (10.1)), c. [241] Tlosromy mo Teopeme m,

c. 242], Bce orpaHnveHHbIe pellieHnst STON 3a/a4l OMICHIBAIOTCA POPMYJIAMI
A=n(n+1), n=20,12,...; (10.67)
P(x) = P,(x) — nosunombl Jlexanpa. (10.68)

[TosToMy Bce HeTpUBHAIBLHBIE OTpaHNYeHHbIe pererns ypasaenns ((10.66|) mve-
10T BH]I

Y, (0) = P,(cosb), n =0, oo. (10.69)
Urak, ¢ yaerom (|10.65)), mosydaem, 9To:

DOyHKIISA
U(r, 0) = X(r)Y(6)

eCcThb HE3aBUCHAINIEE OT ¢ OPAHNYEHHOE HeTPUBHAJILHOE pelienne ypasHenus Jla-
miaca ((10.64]) Torga u TosbKo TorIa, Korjaa (hyHKinsg X (1) ecTh pelieHne ypas-

HeHH
r2X"(r) 4+ 2rX'(r) — AX(r) = 0, (10.65))
mpu A =n(n+1), n=0, co, a yuknusa Y (f) numeer Bu
Y(0) =Y,(0) = P,(cosh), n =0, oo. (10.70)

ITar 2. Pemenne ypasuenus ((10.65)

JlanHoe ypaBHEHHE €CTh yPaBHEHNE JilIepa, MOCKOIbKY CTeIIeHb MHOXKUTE/ICH
r npu BCeX Npou3BOAHbIX GyHKinu X (1) paBHA MOPSJKY 9TUX MPOU3BOIHbIX.
DTU ypaBHEHUsT PEIIaroTcst IPK TTOMOIIN 3aMEeHbI

r=e, X(r)=X(e)=y), rX'(r)=y@1), rX"(r)=y"{t) -y 1)
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Hawm He Hajl0 paccMaTpuBaTh ciaydail 1 = —e! < 0, HOCKOJIbKY B Halleil 3a/1aue
r € (0, R). s nosoit dyukiun y(t) npu A =n(n+ 1), n =0, co noayaem
ypaBHeHue

y'(t) +y'(t) —n(n+ 1y(t) =0, n=0, cc.
XapaKTepucTuieckoe ypaBHeHue Jijisi Hero uMeeT BU/I

i+ —n(n+1)=0.

Ero xopuu:
—1+V1+4n2+4n -1+ (2n+1)
%1 p— = = n’
2 2
—1—V1+4n2+4n —1—-(2n+1)

u o0I1ee pereHne
y(t) = Ae" 4+ Be ("D,

Orcroza, Tak Kak €' = r, obuee pemenue ypastenus ((10.65)) umeer suj
X(r) = Ar" + Br~("+h),
Hy a mockosibKy Hac HHTEPECYIOT TOJbKO OrpaHHYeHHbIe perneHnst, To B = 0 n
Xnp(r) =", n =0, co. (10.71)

CocTaBuB U3 MOy IeHHBIX (DYHKIINN PsiJl, TIOJYIUM UTO HE3ABUCSATIIIEE OT (0 OTPa-
HIYIEeHHOEe HeTpUBHAJIbHOE perenue ypasaenus Jlammaca ((10.64) nmeer Bu:

v(r, 0) = > AXa(r)Y,(0) =Y A" Py(cosf), A, R, (10.72)
n=0 n=0

ITar 3. cnosib30BaHue KpaeBOTrO yCJIOBUS
st naxorkgeHunst KoadduineHTos A, HCIOJIb3yeM KpaeBoe yCJIOBHe

v (R,0) + hv(R,0) = f(0).
ITo Teopeme [10.7], c. 244}

f(0, @) pasaaeaemes 6 caedyrowuti pad Pypoe

(0.9]

o)
g8, p) = Z %Pk(cos 0)+
k=0

k
+ Z Pl (cos 0) (e cos(me) + Brm sin(mep)) |, (10.19)

m=1
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2k+1 (k—m)!
Qe = 21_ -Ek+z;/dgp cos(me /g " (cos @) sin 6d#,
0
(110.20)
2k+1 (k—m)!
Brm = 21_ : Ek+:;; /dgp sin(mep /g " (cos 6) sin 6d#,
0
(10.21])

IIpu amom pad (10.19)) cxodumes x f(0, p) abcoarommno u pasHomepHO Ha
0 € [0, 7], ¢ €0, 27].
[Tockosibky B Harem ciydae dyukims f(6) He 3aBucur ot @, TO

2k+1 (k—m)!

m — : X
O"“ or  (k+m)

7\

-
™

“or
X /f(ﬁ) P (cos0) sin 0df - /cos(mgo)dgp =0, m # 0,
0

0

_2k+1 (k—m)
B = == e m)

™

27
X /f(@) Pl (cos @) sinfdf - /sm me)dp = 0.
0 0

7

-~

Haiinem ayy:

=27
~ =

2m
2 1 k!
k;_ k! /f ) Pi (cos0) sin0df - /dgp =
7r

0

ko =

™

= (2k + 1)/f(0) Py (cos 0) sin 0d6.
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[IpupaBauBas psjibl

0 (Ro6) + ho(R.0) = hAg+ 3 (55 + 1) AR P (cos ) =

n=1

= ago
:;7 w(cos0) = f(0),

BuaUM, 9YTO OHM paBHBbI, €CJIM IIDU BCEX T, = 0,

O
Q0 2n +1
A, = — 9) sin 06.
2(n+hR)R™ _ 2(n+hR)R / (cos ) sin
0

OTBer B 00O1IIEM BHJIE:

= Z A X, (MY, Z Apr"Py(cosb), (10.73)
n=0

s

2n+1 '
2(n+ hR) R* ! /f(e) P, (cos @) sin d6. (10.74)

0

A, =

Hawm ocrasioch BeraucnTh A, B JaHHOM KOHKPETHOM CJIydae, KOrja

1o -1

cos 6, 0<0<
, T<h<

O

[TockombKy

/Pn (cos ) sin dl = [a: = COSQ} = —/Pn () dx =

= {10 doparyre () (20 +1)Py(x) = Bly(2) = P (x) m

1} -
Poa(z) — Py ()

_ >1. (10.75
o+ 1 teoom (10.75)

WV

TO IpU N = 2

S
o[

1
cos 0P, (cosf) sin 0df = [w = COS 0} = /an () dx = {HO ‘laCTﬂM} =

z (Ppi1(x) — Pyo1(x)) 1 . B
N +1 O/(Pn—l—l(l') _Pn—l(x)) dr =

2n+ 1
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= [T&K kak P,(1) =1 u B cuy npu (n+ 1) u (n — 1)} =
1 (Pn+2($) — Pu(z)  Pu(z) - Pn2($)>

r=1

T o+l on + 3 om — 1

=0

B cuny pasencrsa P,(1) = 1 u dopmya (10.9):
_ _ (=D (@2m)!
P2m+1(0) = 0, Pgm(O) = 22m(m!)2 y m > 0 109
nojiydaeMm ipu n = 2m+ 1, m = 0:
g
/ €08 0 Py, 11 (cos @) sin 0dl =
0
1 Pont3(®) — Poms1(x)  Pomr1(z) — Pama1(2) o _ 0
dm + 3 dm +5 dm + 1 —
a opu n = 2m, TaK Kak
(2m+1)(2m + 2) 2m + 1
Popnin(0) = — Py (0) = — =T~ p(0), (1076
2+2<) 4(m+1)2 2() 2(m+1) 2() ( )
2m? 2m
Py 5(0) = — (0) = — - Py, (0), 10.77
TIMEEM:
/ cos 0 Py, (cos ) sin 0df =
0

1 (P2m+2(93) — Po(z)  Pon(x) — Pomo

T dm o1 dm + 3 dm — 1
B 1 Pont2(0) = Pom(0)  Po(0) — Poyn 2(0 _
4dm + 1 dm + 3 4m — 1

= [B cuy ((10.76]) n GlO.??D} =

 Pyn(0) 1 o 2mtl ] L m B
4m+1 [4m +3 2(m + 1) 4m —1 2m—1/)|

_ Pyy,(0) 1 dm43 1 dm—1)
C4m+1 [4m+3 2m+1)  4m—1 2m—1]
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_ Poy(0) 1 N 1 B
Cdm+1[2(m+1)  2m—1]
 P,(0) dm+1 B Ps,,,(0)
S dm+1 2m+1D@2m—1)  2(m+1)(2m —1)
Taxum obpaszom, ipu n > 2

2n+1
A, = 2 (n+ hR) R 1/f ), (cos ) sin 0df =
g 2n + 1 L/ |
“ Pn =
k 2(n+ hR) R-1 cos(6) P, (cos @) sin 6df

0

&S] 5:)

{ n=2m+1, m3>1;
= 4m+1 Py, (0) o
ko 2(2m+h};)R2m*1 ' 2(m+21)(2mf1)7 n=2m, m=1.

Haitnem reneps Ag n Aj.

1 i 1 p
—h/f(e) Py (cos ) sin 0do = o /%Cosesin 0dl =
0 0
2n10=3%
_ g cos 0 _q
2hk 2 |, 4hk
_ L/ﬂf(e) P (cos ) sin 0df =
"7 2(1+hR) ! =
0
3 o
3 q4 2, 3q cos3 0|2 q
=— [ = 0 sin 0df == — : S a—
%1+hR%{kC% o S+ hR)k 3 |, 2011 hR)k
Uraxk,
o + 1 [
Q(n—l—hR)R”—l/f( ) P, (cos f) sin
0
ﬁa n = 0;
__ 9 n =1
) e ;
R n=2m+1, m>1;
m Pgm 0
% ' 2(2mfh};r)£z2mfl ' 2(m+1)((2y)n71)7 n=2m, m=1.
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[logcrasss naiinenusie A, B (10.73)
=Y AX,(r)Y, Z Anr™ Py (cos ), (10.73)
n=0

u Beriomunass, 1o u(r, 0) =T + v(r, 0), noaydaem

OTBert:
u(r, 0) =T + 44 d -1 cos 0+
’ 4hk (1 + hR)k
qR & (4m + 1) Py, (0) 2"
i 2k = (2m + hR) (2m — 1)(2m + 2) (R) om (008 6)

rie P,(z) — mosmHOMBI ﬂeyKaHﬂpa (10.2]).
Ne 788 n).

Onpedeaums cmayuonaproe pacnpedeaenue memnepamypv, u(r, 0) 6 oo-
Hopodrom wape paduyca R oan caywan, xoeda 6 wape npoucrodum 00s-
emMHoe MENA0BBLIEAEHUE C NAOMHOCTDIO (), G HG NOBEPTHOCTIU — KOHBEK-
MUBHBLT MENA00OMEH MO 3AKOHY

ur(R, 0) + hu(R, 0) = f1(0) =T + cosb.

3anucaB 9T YCJIOBUS MaTeMaTHIECKU, TOJIYIUM 3a/1a4y:
Hatimu oepanuvennyro gynxyuio u(r, 8) us ycaosud

Au + ¢ =3 (T2u7“)r + Tgslma (sin9u9>9 + % =0,

0<r<R, 0<8<m; (10.78)
1u(0, 6)] < oo,
ur-(R, 0) + hu(R, 0) = f1(0) =T + cosé.

IIIar 0. Bua peutenust u n3dbapjieHNe OT HEOIHOPOJIHOCTH
B ypaBHEHUN
[TorrpoOyem yOpaTh HEOJHOPOJHOCTH B YPaBHEHUH, [IPEJICTABUB PEIeHne 3a,/1a-

u (10.78) B BUJIE

u(r, 0) = w(r) +ov(r, §) = Ar* + B +v(r, 0), (10.79)
riie w(r) = Ar? + B ecTb pellienue 3a/1auu
1
Aw + % = = (r*w) + % = 0w'(R) + hw(R) = T. (10.80)
r
st w(r) = Ar? + B ypasuenue (10.80)) oznauaer:
2 Q Q
2A+ - - 2Ar = — = A=——.
TRt Ty T 6
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Torna

Q
= B.
w(r) 6/<3T +
Haiinem koncranty B u3 kpaesoro ycsosust w'(R) + hw(R) =T
Q Qh s Q L, @ T
R— —R*+Bh=T B=-"*X _x
T — ok Taen
Taxkum obpaszomMm,
_ Qi Q T
w(r)—6k(R )+3th+h
OTKY/1a
Q o Q T
u(r, §) = o (R*—r?) + T AR +v(r, 6), (10.81)

rie v(r, ) ecThb pereHne CJieyIone 3a1adm:

Av = 2(r2v7~) + (sin9v9)9:0, 0<r<R, 0<0<m;
[0(0, 0)] <
v-(R, 0) + hv(R 0) = f(0) = cos@.

(10.82)
ITTar 1. Pemenne 3aza4n ((10.82)

D1y 3aaay Mbl yke permin B Ne 788 6) (c.[259)). Bocmosbzyemest pesyibraTom.
OTBeT B 00I11IeM Buje:

= i A X, (r)Y Z Apr" P, (cosb), (10.83)

2 1
A, = > +nh_]; T /f , (cos 6) sin 8d6, n=0,o00.  (10.84)

HamMm ocrasioch BbIYMCINTD An B JaHHOM KOHKPETHOM CJIy4da€, KOI'Zla

f(0) = cos?b.
11 3mech BaxkHO 3amMeTuThb, uro dynkiws f(0) = Pi(cosf), a moanHoMbI
P,(x) mpyr npyry oproronasbhbl (Teopema (10.3), mosromy
Ay=0 n#l (10.85)
Ocrajioch HANTH
3 f 3 cos® 0 "
A= — 20sinfdf = ——— - | — =
: 2(1+hR)/COS o 2(1+ hR) < 3 )920
0
3 2 1
- 2(1+hR) 3 1+hR
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Taxum obpaszom, st v(r, ) or Beero psja ((10.83) ocTasoch TOJIBKO OJHO CJla-
raemoe:

rcos 6
0) = AyrP, ) = ———.
v(r, ) 17 Py (cos ) T hR
Benommnast, 1To
Q ;9 9 Q T
) = —=— (R*— — R+ — 0 10.81
U(T’, ) 6k ( r ) + 3kh + h +'U(7“7 )7 ‘-’
OJIy IaeM
OTsBer:
Q 9 Q T  rcost
) = —=— (R* — —— R+ -+ —.
u(r, 0) = g (B =) g Rt b s
Ne 789.

Onpedeaumnv cmayuonaproe pacnpedeserue memnepamypu, u(r, 6) 6 me-
A€, UMENWEM Gopmy nososurb, wapa paduyca R, ecau chepuveckan
wacms €20 epanuybe umeem memnepamypy 1, a maockoe conosanue —
HYAEGYIO.

3amucaB 3TH yCJIOBHUSA MaTeMaTUIeCKU, TOJYINM 3a/1ady:
Hatimu oepanuvennyro gyrxyuro u(r, 6) us yeaosud

[ Au= 7,% (r2ur)r + iy (Sin Que)e =0,
O0<r<R, 0<0<g;
4 [u(0, 8)] < oo, (10.86)
T, 0<0<Z;
u(R, 0)=fi(0) =3 o, h=1. ?

IIIar 0. CBeneHne K 3ajade B IIape

[TockoJbKy cyIecTBerHast J1jist Harero perienns Teopema[10.7] c. 244] o pas-
JIOXKeHU PYHKIUHN B psiJi 110 cpeprmIecKuM TrapMOHUKaM paboTaeT B IIape, a y
HAC B JIAaHHOM 3ajiade — MOJIyIIapre, HaI0 MOMBITATHCS CBECTH 33J1a9y K aHaJI0-
IMYHON 3a/1a4e B IIape.

DTO HECJIOXKHO CJie/laTh, €CJU BCIIOMHUTH, KaK B IOJ0OHON CHUTyallud MbI
MOCTYIIAIN C YPABHEHUSIMU TEILIONPOBOIHOCTH U KOJeOaHMiT Ha IOJIyIIPSMOIN,
KOI'/JIa. METOIOM ITPOIOJIXKEHMIA J1001peIe/sin (DYHKINKN HavdabHbIX YCJIO-
BIIT Ha JIEBYIO IOJIYIIPSIMYIO:

HEYETHBIM 00pa30M, ecjin Kpaesoe yejosue 66110 I-ro pojga u(0, t) = 0, u
JeTHBIM 00pa30M, ecjin Kpaesoe ycjaosue 66110 11-ro pona u, (0, t) = 0.

B nmameit 3ajja1e TemmnepaTypa OCHOBAHUA PaBHA HYJIO, TO3TOMY IO aHAJIO-
I'UU C [IEPBBIM CJIy4YaeM U3 MeTOJla MPOJI0JKeHni, Oy/1eM mcKaTh dyHKITUIO

u(r, §) KaK pereHune cjeayroleil 3a1a49u B I1ape:

19ToT MoAXO0/ ABIAETCA BEChbMa €CTECTBEHHBIM M C (DU3UUECKONH TOUYKH 3PEHHsl: TIOCKOJILKY HAC HHTEPECYeT CTAIHOHADHOe
pacupejesieHue TeMIepaTypbl, TO eCTh COCTOsTHIE, B KOTOPOM ITIap OKarKeTCsl, KOT/1a BCe TEIJIOBbIE IIPOIECChI IIepeCTaHy T MEHSAThH
€ro TeMIieparypy, TO H3 COOOparkeHni CUMMETPHH Ha cedeHun O = % YCTaHOBUTCA TeMIlepaTypa, paBHas CpPeJHEMY 3HAUCHUIO

TeMIIEPATYp BepxHeil u HUKHel mosycdep.
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Au T2ur> +#<sin9ue> =0, 0<r<R, 0<0<m
{ [u(0, 9)] < (10.87)
: 0<6<3;
u(R, ) = <> A DY S
\
ITlar 1. Pemmenne 3ama4qn ((10.87))

D1y 3ajmady Mbl yKe permun B Ne 788 a), em. ((10.49), c. 254 Bocnosbayemcest
PE3YJILTATOM.
Pemrenuem 3a 1aun

Au = (r2ur)r+m<sin9u@>9:(), 0<r<R, 0<0<m;
w0, Of oo 0<0<
) ~ Oé;
u, o) =10 ={ 7" LTHTS
(10.49)
ABJIAETC DYHKIHSI
ulr, o) = DALt (B T eosle)
15 — T - r\"
5 nz_:l (Pys1(cosa) — P,_1(cosa)) (E> P,(cos @), (10.88)

rie P,(x) — mommuomer Jlexanapa ((10.2).
B namem cirydae

T1:T, TQZ—T, o =

1I09TOMY

_TZ 0 1(0) — Py 1 (0)) (E)" Py (cos ). (10.89)

[Ipumenus dpopmyiry - ;

_ _ (=DmEm)!
Popi1(0) =0,  Po,(0) = Pt " >0, (10.9)
OJIy4aeM, ITOo
(2m 4+ 1)(2m + 2) 2m +1
2-‘1-2() 4(m+1)2 2 () 2(m+1) 2 ()
(10.76])
1 TOTJIa
Pn+1(0) - Pn—l(o) =
0 n=72m, m2=1I;
T (5 2 1) P(0) = — 2P (0) m=2m 1, m>0,
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u pasenctso ([10.89) mpeobpasyercst B
OrTBer:

Z ;lz 1 Z m(0) (}%) o Popia(cos ),

rie P, (x) — nomuomsr Jlexkanapa (10.2)).
Ne 792 a).

Konuyenmpauus nexomopozo 2asa na epanuye chepuyeckozo cocyda padu-
yca R ¢ yenmpom 6 nauanse xoopdunam pasna f(0). Onpedeaums cma-
YUOHAPHOE PACNPEJENEHUE KOHUENMPAUUY OGHHO020 2030 GHYMPU IMO20
cocyda.

MatemaTnyeckn 9T0 03Ha4YaeT YACTHBIN cjydail BHyTpeHHe# 3ajaun Inpux-
e ([10.41):
Hatimu oepanuuennyro gynxyuio u(r, 8) us ycaosud

Au=2 (), + wh (sinbus) =0, 0<r<R 0<f<m
[u(0, 8)] < oo,

u(R, 6) = £(0).

[Tockosibky B HOMepe Ne 793 a) mbl periiun 6ostee ob1yto 3ajgaay ((10.41)), c. [250),
BOCIIOJIb3YEMCsI €€ Pe3yJIbTATOM:

u(r, 0, @) :i( ) Oéno P, (cos 0)+

n=0
+ Z P (cos 0) (cpm cos(me) + Bumsin(me)) |, (10.44)
m=1

riae P,(x) — nonmuromer Jlexkannpa ((10.2), a koadbdumuenTsr gy, 1 By OTpe-
nenstrores n3 gopmya ((10.20) — (10.21)):

2m s
2n+1 (n—m)! ,
nm — : ) }321 )
o ST " /dgp cos(m) / f(0, @) P (cos®) sin 6df
0 0
) ] ( )| 2m s
n+ n—m m .
Bom = ) /dgp sm(mgp)/f(@ @) P (cos 0) sin 0d6.

o

0
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[To reopewme [10.4] c. 242, dysakumo f(0) va 6 € [0, 7] MOXKHO HpeICTABUTH
caeytomuM psijioM Dypbe 110 nosmHoMaM Jlexamnpa:

2k +1

0) = i frPr(cosh), fr = /f(@)Pk(cos 0)sinfdh.  (10.11])
k=0

[TosTomy 3 rpannanoro yeaosus u(R, 6) = f(6) nonydaem paBeHCTBO PsIJIOB

u(R, 6, ¢) =:j§é (;%)7l a;°f>(cose)+-

n=0

+ Z P (cos 0) (aum cos(me) + B, sin(mep)) Z fuPn(cosh) = f(6),

m=1

KOTOPOE 3aBEAOMO BEPHO, €CJIN PAAbI 110 UHACKCY 71 PaBHbBI ITOYJIEHHO:

?Pn(cos 6) + z”: P (cos 0) (anm cos(mep) + Bum sin(me)) = frPn(cosb).

m=1
DTN yKe paBeHCTBa, B CBOIO 0U€PE/Ib, BBIITOIHSIIOTCS, €CIIH
ano
B3 = fn, anpu m > 0 Bce apy = Bum = 0.

OTBeT:

u(r, §) = §§ (£)" fuPu(cos ).

- (10.90)
= 2t f f(0)P,(cos ) sin 0db,

rie P, (x) — noamHOMBI ﬂeyKaH;Lpa (110.2)).

Ne 792 6).

Konuenmpauua nexomopozo 2a3a na epanuye chepuseckozo cocyda padu-
yca R ¢ yenmpom 6 nauane xkoopdurnam pasua f(0). Onpedesums cmayu-
onaproe pacnpedeserue KOHUENMPAUUY 01020 2436 6HE IM020 COCYIa.

MaremaTudecknm 9TO  O3HadaeT YacTHBIM  cjaydail  BHemmHell  3aadn
Hupuxiie ((10.45):
Hatimu oepanuvennyro gyrryuro u(r, 6) us yeaosud

Au = %2 (T2UT)7« + (Sin 9u9>9 =0,

r2sin 0

R<r<oo, 0<6<m;
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[Tockosbky B HOMepe Ne 793 6) mbl 9Ty Gosiee obrmyio 3azgaqay ((10.45), c. 252
PEIINIIN, BOCIOIL3YEMCS €€ Pe3YJIbTATOM:

o0 n+1
2L(Ta 97 99) - :E:: <:£?:> E%;g 71(CCE39)-+

T
n=0

+ Z P (cos 0) (apm cos(mp) + Bumsin(mep)) |, (10.48))

m=1

rie P,(z) — nonmuuomsr Jlexkanapa ((10.2)), a kodDUIUEHTB (tyyyy U By OTIPE-
JIeJIAIOTC U3 POPMYJI

™

27
2n+1 (n—m)! _
— . P 10.2
o = g s [ cos(mg) [ (0. 0) Py (cost)sinoas, ({00
0 0
2 ] ( )' 2m ™
n —+ n—m)! ) m .
Bom = SR T /dgp sm(mgp)/f(@, @) P (cos 6) sin 0d6.

o

0

(10-21)

[To reopewme [10.4] c. 242, dynkumo f(0) na 6 € [0, 7] MOXKHO HpeICTABUTE
caeyiomuM psijioM Dypbe 1o nosmHoMaM Jlexamnipa:

2k

F0)=>_ fiPilcost),  fr=
k=0

2“ / F£(0) Py(cos 0) sin 6d6.  (T0.11)
0

[Tosromy u3 rpanngnoro yeaosus u( R, 6) = f(0) nosydaem paBeHCTBO psiJIoB

< /R\"" | a
u(R, 0, p) = Z (E) TnoPn(cos )+

n=0

+ Z P (cos 0) (apm cos(me) + Bum sin(me)) | =

m=1
(0.9]
=Y faPu(cos) = f(0),
n=0
KOTOPOE 3aBEJIOMO BEPHO, €CJIH PsA/Ibl [0 MHJIEKCY 7 PABHBI [OWJIEHHO:
n
?Pn(cos 6) + Z P (cos 0) (anm cos(m) + Bum sin(me)) = f,Pn(cosb).

m=1
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z9TMﬁHﬁ3paB6HCTBa,B CBOIO O4Y€epe/b, BBIIIOJIHAKOTCA, €CJ/Id

%:fn, a upu m > 0 Bce  um = Bum = 0.
OTBerT:
u(r, 0) = S (B)" £, Pu(cos ),
n=0 (10.91)

Jn= 2”Hff( ) Py(cos 6) sin 0d6,

rie P,(x) — nomrnomber Jlexxanapa ((10.2)).
Ne 790 a).

Iocmpoums dynryuro u(r, 0), capmonuneckyro 6 wape paduyca R, u ydo-
BACMBOPAIOULYIO KPAEBOMY YCAOBUN):

u(R, 0) = f(0) = 3+ 5cos? 0.

3amnucaB 9T YCJIOBUS MaTeMaTHIECKU, TOJYIUM 3a/1a4y:
Hatmu ozpanuvennyro dynryuro u(r, 0) ud yeaosud

( =

< 0<r<R, 0<O<m (10.92)
(0, 0)] < oo,
u(R, 0) = f(0) =3+ 5cos”0.

IHTar 1. Pemenne B obmiemMm Buje
Jlannas 3ajlada ecTh YacTHBI ciydail 3ajaqu, perrennoil Hamu B Ne 792 a)
(c. 271)). Bocrosbayemcst pes3yibTaToM.

Iee periieHne BHyTpeHHel 3aga4qu Jlupuxiie, He 3aBucsiiee oT ¢:

u(r, 0) = i( ) fruPp(cosB), 2n+1/f . (cos 6) sin 0d0,

n=0
(110.90))
rie P,(x) — nomnomer Jlexxanapa ((10.2)).
TTockosbKy Jannast HaM ynkuust f(0) = 3 + 5cos? 6, Kak JIerko BUeThb, €CTh
JIHelHast KoMOnHaIus 1o nHOMOB FPy(cos 0) u Pg(cos 0):

3cos?l —1

Py(cosh) =1 i Py(cosf) = [B cuty dopmyast ((10. 12] 5 :
1+ 2P 0 14 10
+ 2P5{cosf) = —Py(cos ) +— 3 Py(cosf),

— f(0) = 34+5cos*0 = 3+5 5 3
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TO KO3 DUIUEHTH f,, MOXKHO HAITH cpa3y, He BLIUUC/IAST NHTEIPAJIOB:

% n = 0;
14 10 N
f(0) = EPQ(COS 0)+— 3 Py(cos) = fo=< 7 n=2;
0 n=1 n=3.
Takum obpasom,
14 107
u(r, 0) = gPo(cos 0) + WPQ(COS 0) =
_E—F 10r* 3cos®0—1 14 5_7“2+5 T—QCOS29
3 3R? 2 3 3R R?
OTBert:
14 1 14 2 2
u(r, 0) = gpo(cos 0) + %PQ(COS 0) = 3 % +5- % cos? 0,

rie P,(x) — nommnomer Jlexkanapa ((10.2)).
Ne 790 B).

Ilocmpoumv dynryuro u(r, 0), eapmonuyeckyro 6 wape paduyca R, u ydo-
BAEMBOPANULYIO KPALBOMY YCAOBUIO:

u(R, 0) = f(0) = 3cos®§ — cos .

3anucaB 9T yCJI0BUST MATEeMaTHIECKU, TOJIYIUM 3a/1a4y:
Hatimu oepanuuennyro gynxyuio u(r, 0) us ycaosud

/ =0

Au = %2 (TQUT)r - m (sin (‘)u@)H + m@ =0,

. 0<r<R, 0<0<m; (10.93)
[u(0, 0)] < oo,
uw(R, 0) = f(0) = 3cos® 0 — cosd.

IHTar 1. Pemmenne B obImieM Bue
Jlannast 3ajia9a ecThb JacTHbIH ciaydail 3ajaqu, pemieHHoil Hamu B No 792 a)
(c. [271]). Bocmosbayenmcest pesyibraToM.

1ee penieHne BHyTpeHHel 3ajauu Jnpuxie, He 3aBUCIIIEE OT (p:

u(r, 0) = i( > fnPn(cos @), 2n+1/f . (cos 0) sin 0d0,

n=0
(10-90)
rie P, (x) — nomuomsr Jlexkanapa ((10.2)).
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TTockosbKy pannas Ham dbynxuus f(0) = 3 cos® § — cos 0, Kak Jierko BujeTh,
ecTh JimHefiHasg KoMmbunarms noanaoMoB Py (cos ) u Py(cos 6):

Pi(cosf) = cos @ i Ps(cosf) = [B CuJIy m} 2cos 5 Jcos ;

6 Hcos®0 —3cosh 9

—  f(6) = 3cos’ G—COSH——COSQ—i—g 5 —|—5C089:
4 6
= 5P1(cos 6) + 5P3(cos 0),
TO KO3PDUIUEHTHI f,, MOXKHO HAITH Cpa3y, HEe BbIUNC/IsAsl HHTEIPAJIOB:

4 _ 1.
A 6 5 n = 1,
f(o) = 5P1(cos 6) + ng(cos ) = fu=46 n=3;

6 n=0, n=2 n=4

Taxum obpazom,

(r, 0) = i P(cos@)+6 3P(cos@) i L cos 0+
s R 5 R 5 R
+§ 7* 5cos’f —3cos QR
5 R3 2
4 r 9 7 r’
_<3.E_S.R3>cosﬁ+3 = cos> @.
4 6 r’
Orset: u(r, 0)25 % (COSQ)—I—E ﬁpg(cose)
4 9 78 re
:(g%—g ;3>0059—|—3 i cos 9

rae P,(x) — mommuomer Jlexanapa ((10.2).
Ne 791 a).

Hocmpoums dynryuio u(r, 0), eapmonuyeckyro ene wapa paduyca R, u
YD0BAEMBOPAIOULYIO KPAEBOMY YCAOBUNO:

u(R, 0) = f(0) = 2cosf — cos® 6.

3anmcaB 3TH yCJIOBHUS MaTeMaTUIeCKHU, TOJIYINM 3a/1ady:
Hatmu ozpanuvennyro dynryuro u(r, 0) us ycaosud

Au = T% (rzur) + L (sin 9ua> + — T =0,
r 0

r2sin @ r2sin?f = PP
9 R<r<oo, 0<6<m; (10.94)
[u(0, 0)] < oo,
L w(R, 0) = f(0) =2cosf — cos® 0.
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Illar 1. Pemmenue B obOIiiemM Buae

Jlannas 3ajlada ecTh YacTHBIH coydail 3ajgaqu, perrernoit Hamun B Ne 792 6)
(c. [272). Bocrosbayemest pe3yibTaToM.

OO6miee pernenue BHyTpeHHell 3agadyn Jlupuxiie, He 3aBUCHINEE OT :

o0 n—+1
u(r, 0) = Z (E> fnP,(cos @), _on + ! /f . (cos 0) sin 0d0,

r
n=0

(10.91)
rie P,(x) — nomrnomer Jlexxanapa ((10.2)).

T[TockosbKy jannas HaM gyukius f(0) = 2cosf — cos® §, Kak JIerko BujeTh,
ecTh JimHefinasg kombunarmst noanaoMoB Fy(cosf), Py(cosf) n Py(cos):

Py(cos ) =1, Pi(cosf) =cosf  m

3cos?l — 1

Py(cosf) = [B ety popMyJIbI 10.12} = 5 :

2 20—-1 1
— f(0) = 2cosf — cos® 9—2(3039—g 3(3()8#_52

1 2
= _— gPo(cos ) + 2Py (cos ) — §P2(COS 0),

TO KO3 DUIMeHTs f, MOXKHO HATH cpas3y, He BBIUUC/Isisl HHTEIPAJIOB:

—% n = 0;
1 2 )2 n =1;
f(@)——gPo(Cose)ﬂLQPl(COSQ)_§P2(COSH) = =93 2 n=2;
0 ’ n}Si
Takum obpasom,
1 R R? 2 R?
u(r, 9):—§ —Py(cos ) +2 - —Pl(COSQ)— 3 —P2(0059)
r
1R Lo, ECOSQ—Z R_3 3(:0829—1_
T 37 2 3 7 2 B
1 R (R R? R
:5.7<ﬁ—1>—|—2 T—QCOSQ—T—3 cos” 6.
OrtBer:
1 ’ 2 R
u(r, 9):—§-§P0(COSQ>+2 —2P1(C089)— 3 R;]32(005‘9)
r
1 R (R R R
:5.7<ﬁ_1>—|—2 74—2008.0—74—3 cos” 0,
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rie P,(x) — nomnomer Jlexxanapa ((10.2)).
Ne 791 B).

Iocmpoumv dynryuio u(r, 0), eapmornuyeckyro ene wapa paduyca R, u
YD0BAEMBOPAIOULYIO KPAEBOMY YCAOBUNO:

u(R, 0) = f(0) = 3+ 2cos* 0.

3anucaB 9TU YCJIOBUS MaTeMaTHIECKU, TOJIYIUM 3a/1a4y:
Hatimu oepanuuennyro gynxyuto u(r, 8) us ycaosud

( =0
Au = T% (TQUT)r + m (sin Hua)e + m’@ =0,

\ R<r<oo, 0<6<m; (10.95)
1u(0, 8)] < oo,
u(R, 0) = f(0) =3+ 2cos? .

IHTar 1. Pemmrenue B obIrieM Bue
Jlammas 3a/1ava ecTh YaCTHBIN ciaydail 3ajaqan, perennoil Hamu B No Ne 792 6)

(c. [272)). Bocmosb3yemcest pesyibTaToM.
O6I1mee perreHue BHyTpeHHel 3agauu JIupuxie, He 3aBucdiee oT (:

00 n+1
u(r, 0) = Z <E> JnPrn(cosb), I _on + ! /f . (cos @) sin 6d6,

r
n=0

rie P,(x) — momuomer Jlexanapa ((10.2).
[Tockobky jannast Ham dyHKiua f(0) = 3+ 2 cos? f, Kak J1erko BUJIeTh, €CTh
JHeliHasT KoMOuHaIust ToJimHOMOB FPy(cos 0) u Pg(cos 0):

3 0—1
Py(cosf) =1, u Py(cost) = [B ety (popMyJIbI 1' %,
4 3 6—1 2 11 4
— f(0) = 3+2cos® 0 = 3+ L—i—— = — Py(cos 0)+=Ps(cos ),
3 2 3 3 3
10 KO3(hMUIUEHTDI f,, MOKHO HAHTH cpa3y, He BBIUUC/IAT UHTErPAJIOB:
11 4 i noy
. = )0 n=1;
f(0) = 3 Py(cos ) + 3Pg(cos 0) — Jn=14 1 n—2
8 n > 3.

Takum obpasom,

11 R 4 R3
( — —P()(COSQ)—f—g —P2

0) =
_ 1 E 4 R3 3cos? 9—1_
3 r

3 3 2

|
w|._| /\
ﬂlba
VR
—_
—_
|
[\)
| =
o
N—
_|_
[\)
E
(@)
@)
n
[
>



OTBeT:

3

11 4
u(r, 0) = g-gPo(cos 0)+-- R;Pg(cos ) =

3 rd r? r3

QJ|I—‘

2 3
E(ll—Q £>+2£cos 0,
r

rie P,(x) — momuomer Jlexanapa ((10.2).

10.7. YpaBHeHUE TEIJIONPOBO/HOCTU B c(hepruIeCKNX KOOPAMHATAX

Hatmu pewenue u(r, 0, p; t) ypasnenus menionpogodrocmu 6 chepue-
CKUT KOOPOUHAMAL C KPAEGHLMU YCAOBUAMU HA Chepe:

o1 (.2 I Y _1_ =0:
Ut a ( 2 (T UT) + 72 sin (Sln 91&9)9 + r2sin29u%0) o O’ (1096)
OCU(R, 0, o) ) + 6UT(R7 87 ¥; t) =0.

Ilar 1. Buag yacTHBIX pelleHuil u IIpeiBapuTeibHbIe PacCyKIeHUS
Haiiem Bce pemtennst 3aaqan ((10.96)), mmerore Bu

Ur, 0, ¢; t) = T()X(r)Y (0, ¢). (10.97)
[Toncrasus (10.97) B ypasuenne U, — a?AU = 0, nosydnm:

T'()X(r)Y (0, 0) = T(t) -

r2 (TQX/(T))/Y(97 90)+

1 . 1
+ e (sm 9Y9>9X(T) + @YWX(T) = 0.

ITonenm 510 pasenctso Ha Beipazkenne a?T (¢)X(r)Y (6, ¢). [oayunm

T'(t) 1 (7‘2X’(7°)), = 9 (sm@Yg) —I—ﬁYW _
ST 2| X)) Y. 9) =U

[lepBast ApoOL 3aBUCUT TOJLKO OT €, a BCe OCTAJIbHOE BhIparKeHHe — TOJIBKO OT
r, 0 m . [losToMy HX pasHOCTH MOXKETb ObITH HYJIEeM B TOM H TOJIBKO B TOM
ciaydae, korja 3 A € R Takas, 4rTo:

T/(t) B 1 (T2X/(T))/ sm9 (Slﬂ@Yg) + Sml HY

= — -\
2T 2| X0 Y0, 2)
Orcioa Mbl mojtydaeM ypasaerue st Ty, (1):
T/(t) + AT(t) = 0 (10.98)
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1 paBeHCTBO, cBsa3biBatomiee X (r) u Y (6, ¢):

1 (s 1
(TZX/(T))_/ |+ sin <Sm 9Y9)9 g Yo
X(r) Y (0, ¢)

Bripazkenne B cKOOKax 3aBUCUT TOJILKO OT 7, & IOC/Ie/IHss JIPOOb — TOJBKO OT
0 1 . 97O BO3IMOKHO TOJIBKO B ciaydae, Korja J » € R Takas, 9To:

XY wo (00%0), Yo
X(r) Y (6, ¢)
Otcrofia Mbl oIy 9aeM ypaBHeHust 11t Xy, (7):
(r*X'(r) + (Ar® =) X =0 (10.99)
s Y (6, ¢):
Sir1149 (sin 9Y9)9 + ﬁYWP + %Y (0, ¢) = 0. (10.100)

IHlar 2. Cdhepuieckue rapMOHUKU
(110.100])

Ecnu pemenne ypaBHeHus HCKaTh B BUJIEC
Y (6, ) = ©(0)® (). (10.101)
TO IIOJIy YUM

1
sin 6

©(0)2" () + 20(0)2(p) = 0.

(sin 9@’(9))' B(y) +

sin® 6
SIOLICN

IIOﬂGHHleTO paB€HCTBO Ha 20

sin 0 (sin 99/(9)) + xsin®f = — 2
O(0) ®(p)

CuieBa cronT (PyHKINS, 3aBUCAIIAsd TOJIBKO OT 6, a cipaBa — TOJIBKO OT ¢,
nosromy Jpu € R :

sind (sin60/(6)) + (>+sin®0 — 1) ©(0) =0, (10.102)
() + u®(p) = 0. (10.103)

Ypapaenne (|10.103]) He0OXOMMMO HIOMOJHUTH YCJIOBHEM IIEPUOIANIHOCTH, IIO-
ckosibky dyukius U(r, 0, ), a ciegoBarensro u dyukims ® mo/mkHa ObITH
werpepbiBHOit. Torma mist ®(¢) moydaem 3ajady:

ol ®(¢) = 0,
(Zama
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Permum o1y 3a1aay. O6imum perennesm ypasaenust ®” () + u® () = 0 sapisa-
eTcst PyHKINs

®(p) = c1sh (By) + cach (By) npn  pu=—0F*<0;
P(p) = c1 + cap npu p = 0;
®(p) = c18in (By) + co cos (By) upu  p= %> 0.

Jlerko Bujers, uto dbyukmun ¢ sh (Bp) + cach (By) n ¢ + cop HEU pH Ka-
Knx c19 (kpome ¢; = ¢ = 0) He yIOBJIETBOPSIOT YCJOBHIO MEPHOAUTHOCTH
P(p+27m) = P(p).

B To ke Bpems dyukius c;sin (f¢) + cocos ([¢) yaoBIETBOPSET STOMY
YCJIOBUIO TOI'JIA U TOJILKO TOTJA, KO

w=[3*=m? m € Z.

Urak, dysxnus (10.101)) ects pemenne ((10.100)), To ecth siBisiercst cepude-
CKOIl (pyHKIIEil, Toria 1 TOJIBKO TOI/a, KOIJa

®(p) = 1 sin (myp) + co cos (my) , m=0,1,2,..., (10.105)
a pyukiust O(f) ectb perenne ypaBHEHUs
/
sin 6 (Sin 9@'(9)) + (3¢sin*@ — m*) ©(6) = 0. (10.106)
B ypasuenun ((10.106) cuemaem 3ameny nepemenoit @ = cos@. Torma s
VHKIIIH
P(x) = P (cosf) = O(0)
OJIy YaeM

O'(#) = —sinOP'(cos ), ®”(#) = sin® P"(cos §) — cos OP'(cos ),
u ypasaenne (10.106]) npumer Bu:
sin* 0P (z) — sin” @ cos 0P’ (z) — sin® @ cos 0P’ (z) + (5¢sin® 0 — m?*) P(z) = 0.
[lepenmimen ero, mojie/nB cHaua/Ia Ha sin® 6, 1 yareMm, 4To

cosf = x, sin?f =1—2°:
2
(1 —2*P"(x) — 20P'(x) + (% — 1Tx2> P(z)=0.

ITosyuennoe ypasuenne cosuaaaer ¢ (10.15]), ¢.[243] TTosromy no reopeme [10.5]

c. [243] Bce orpanuueHHble peleHns 3TOH 3a/1a4l OIUCHIBAIOTCA (DOPMYJIAMU
= =k(k+1), k=0,1,2,...; (10.107)
m dek(a:)

P(z) = P(z) = (1—2%)* m =0, k. (10.108)

dxm

[Tosromy Bce HeTpuBmasbHble pertennst ypapaennus (10.106) nmeror Bu

O (0) = Pl"(cos ), k=0,00, m=0,n. (10.109)
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Hakounerr, ¢ yaerom ((10.105)), cocTapiissi JMHENHHYI0 KOMOMHAIUIO BCEX pellie-
HUIT, 3aBUCAIIUX OT K, TI0JIyIaeM, UTO:

Oyuxmus ((10.101]) ecrs pemtenne ((10.100]) Tormga n TOJIBKO TOTIA, KOTJIa

s, =k(k+1), k=0, oo, (10.107)

= Z (Agm sin (mp) 4+ Biy, cos (my)) P (cos 6), k

m=0

0, co. (10.110)

IMTar 3. Pemenne 3amauu qiis X(r)
s dynaximii X (7) MbI Oy IITH YPABHEHIE

rX"(r) +2rX'(r) + (M? — 34) X = 0. (110.99))
[Tpusejiem ero K Bujy ypasHenusi Beccejis
1%
')+ + (A= 5 ) ) =0
Ipu IoMomu 3aMeHbl IIEPEMEHHDbIX:!

X(r) M —

\/F | / i /
X - y\%) B y2(:§)’ X"(r) = ¥ () y(r), 3ylr)

Torya ypasuenne ((10.99) npumer Bu1

> (72 (:y”(r) -ty 31{”;“)) ¥

+ 2r (y'(r) — M) + (Ar® = 5q,) y(r) ) = 0.

2r

YIpocTuM ero:

Py(r) — /() + () + 20/ () — () + (W = 54) y(r) = 0.

Haxkowner, npuBejem 110/ 100HbIE U TTOJIYUNM:

r?y" (r) + ry (r) + (Ar2 - <%k + i)) y(r) = 0.

[Tomesium ypaBHenne Ha 7 u yarem, 9to s = k(k + 1), u ciegoBaresibHo

(2k+1)* = <k+%>2.

I

(%ﬁi) :i[4k(k+1)+1]:
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Jobasus Kpaesoe yciosue, cieytoiee us U (R, 0, ¢; t)+6U. (R, 0, ¢; t) = 0,
TIOJTY YHIM:
ry"(r) +y'(r)+ [ Ar — —(ktz) ) y(r) = 0;
ay(R) + By (R) =0

Bocmnosbsyemest pesyiabraroM ciaeacrsus [9.1] c. [121]
Obwee pewenue ypasuernus Beccean (9.1)) sadaemces wascdot us popmya

(10.111)

Z,(v) = c1J,(x) + &N, (2) = esHV (2) + e H (2), v EeR.
Z,(x) = csJy(x) + cgJ_n(T) vl

[TockobKy B Hallem ciaydae vV = k + %, yJ100HEee BOCIIOJIH30BATHCs TOCIe THE

dopmyoit:
y(r) = csJy1(r) +ced p1(r).

U, mockoIbKy MBI Bce paBHO TI037Ke TIpejicTaBiM obiree pemnierne 3aaaqu ((10.96))
B BH/JIe Psijia O JIMHEHHO He3aBUCHMbIM perennsaM 3a1a4 it X (1), Y (6, ),
BBITHIIEM CHCTEMY JINHeHo He3aBucuMbix perrennii (10.111)):

y(r) € {Jk+; (%) }Oo : (10.112)

k=—o00

IJIe [k, — HOJIOYKUTEIbHBIE KOPHU PaccMaTpuBaeMoro npu Kaxjaom k = 0, oo

ypaBHEHUsI
aRJ 1 (p) + ﬁ,uJ,’H%(,u) = 0. (10.113)

Takum odbpasomMm,

perenusAMI 3a1a49u Jyist X (1) sABJIsioTCs

\ _[@r X (T)_M k= "o oo. ncN
kn R ) kn \/77 ) ) ) )
(10.114)
TIE [l — TOJIOYKUTEIbHBIE KOPHHU yPaBHEHMUSI
aRJ 1 (p) + ﬁ,LLJI/€+%(/L) = 0. (10.113)
IMTar 4. CocraBjienune odOitero perrenust 3aga4du ((10.96))
Ocrasoch BermoMHUTH ypasHenue jijist pyuknuit T(t):
12
T'(t) + AT(t) =0, A=A\ = —2 (10.98))

R%’

OO1muM perieHreM 9TOro ypaBHeHUsT SBJISICTCS

T]m(?f) = Cpp€ R .
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Mg y2Ke MOyKeM, HaKOHEIl, BbiucaTh Bee pererus ((10.96), mmerorue B (10.97))
Ulr, 0, ¢; 1) = T(OX(1)Y (6, )

2 J 1 HknT
U(r, 0, 3 t) = cppe 1 - %-

k
> (Agm sin (mp) 4+ By, cos (mep)) Pl*(cos) k= 0;
m=0
*Y =
> (Agm sin (myp) + By, cos (mep)) P (cosd) k= —1<0.
m=0

(10.115)

CocraBuM JIMHEHHYIO KOMOMHAITIIO BCeX JMHeiHo HesaBncnMbIx pertennii ((10.96)),
VIUTBIBasI, 9TO UHJEKCHI K, 1M U 1 MEHSIOTCS B TIpeJiesax:

k= —o0, 400, n =1, +oo, m =0, n.

[omyunum
OTsBer:

00 o) W2 Jk+l (/11}?7’)
U(?", 0? ¥, t) - Z chnei Ft : 27.

k=—oc0 n=1

k
> (Agm sin (mp) 4+ By, cos (mep)) Pl*(cos) k= 0;
m=0
*Y =
> (Agm sin (mp) + By, cos (mep)) P (cosl)  k=—1<0,
m=0
(10.116)
JIE [l — HOJIOKUTEJIbHBIE KODHU YPABHEHUs

10.8. 3amaua 06 ocTbIBaHUM IIIapa

Hailmlﬂ ozparuennyro dynryuio u(r, 0, ¢; t) us ycrosud

( ut — a’ (rl2 (T2ur)r + r2sin 6 (Sil’l 91&9)9 + muw) - O’
rel0, R), 0€(0,7), p€l0,2nm), t>0; 117
u(r, 8, @; 0) =(r, 0, 9); (10.117)
[u(0, 9, ¢; t)| < oo,
| au(R, 0, ¢; t) + Pu,(R, 0, p; t) = 0.

o\

! Biuskuit npumep ects B [1], Ne 794 6).
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IITar 1. Pentenne ypaBHeHUs C KPaeBbIM yCJOBHUEM, OTPaAaHUYEHHOE B
mape
B pesy/brare npejbyiyIiero myHkKTa, HaM U3BECTHO, YTO pellleHre ypaBHEeHUs
u; — a*’Au = 0 ¢ xkpaesbim yenosueMm au(R, 0, ;1) + Bu.(R, 0, ¢;t) = 0
sagaercsa Gopmyaamu ((10.116]) u (10.113)).

YuursiBas, aro GyHKiws u(r, 0, ¢; t) no/mkaa 66T orpanudera npu r = 0,

a pyHxImm Jk+% (“’E”) =0 r’“i) npu r — +0, moaydaem, 9To

crn =0 npu k < 0.

[Tosromy dyHKIMSA, yI0BIETBOPAIONasl IepBbIM TpeM paseHncTBaMm u3 (10.117)),
JIOJIZKHA UMEThb BUJL;

=SS e e et G
- kn
k=0 n=1 V/F

X Z (Agm sin (mp) + B cos (me)) P (cos @), (10.118)
m=0

1€ [bkn — TOJIOZKUTEIBHBIE KOPHY yPABHEHMS
aRJy () + 5MJ//€+%(M) = 0. (10.119)

Ilar 2. Paznoxenune (pyHKINM IPAHUITHOTIO YCJIOBUS B P/
[IpescraBum GyHKINIO HadabHOrO yCaoBust (r, 6, ¢) B BUjE CJIEIYIONIEro

pana:

WK

Vip(r, 0, ) =

k=0 n

nT
/Py () >

1

= |

X (Crm sin (mp) + Diy, cos (mep)) P (cos ). (10.120)

3
|
o

Bsenem obosnagenmus:

{ Wk = T gy L (“228) Py"(cos 6) sin 0 sin (mep)

T (£52) P (cos ) sin 6 cos (mep) .

(10.121)

Homuoxkus psizi (10.120]) Ha

aiji = 1Jiy1 (MZ—}%T) P!(cos 6) sin 0 sin (1)

u nipounTerpuposas 1o r € (0, R), mo § € (0, w) u no ¢ € (0, 27), nosryanm:

.. 2
(Vr, aiji) = di;Ci - ’ Jir1 (%T)H 1P| lsin () |* (10.122)
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Awnasnornano, gomuoKUB psaj (10.120]) Ha

i
biji = 1Jiy1 (M}%

) P!(cos#) sin 6 cos (1)

u ipourTerpuposas 1o r € (0, R), mo 6 € (0, ) u no ¢ € (0, 27), nosydnm:

Hij

s ( RT

(Vr, biji) = dijDy -

) 1K@ - lleos )1

(10.123)

B o6enx dbopmymnax (10.122) u (10.122)) npucyrcTByeT 0MHAKOBBIT MHOKHUTETH

LigT\ || 2
it = ||y (B25) | IR @ leos () =
g |2 2
= ey (BED) [ 1P @I - sim o)1
st mopmst sin(lg) n cos(ly) Jerko Moy IaloTcst BhIPAZKeHIsT
. , [ eN;
Jsin (i) |” = lleos (k) I = { 52 1 S
ITo dbopmynd| ms unrerpana Jlommens [9.14] c. [122]
2 . 1\ 2
HigT R L e (i+3) 2
Ty (M) = [J (1 )} o (R - T (i)
i 2 [Mz‘j]z B
[TockosbKy HPimH[Q_Ll] =557 % o dbopmyuie ((10.18)), c. [244] o
(T 2 2 1+ ]
53 |:Ji,+§ (Mz'j)} +3 (RQ - (M) ? Ths (i) | %
2 . (i+m)! .
=1 . 2z'+1( G )m' w10 (10.124)
2 it+1
L [JZ'/+% (Mz’j)} +3 <R2 Tl J2 (Mz‘j) X
- X 5o - 2m, 0.

1Hal’[01\/IHI/H\/I7 9TO KBaJApaTOM HOPMBbI EbyHKL[I/II‘/JI Beccens saBnsitercs BbIpazKeHUe

R
O = [

0

[ 741 (

-286-

HiknT
R

y (

) dr.



Takum obpazom, st KoaphuuenToB diy,, Crm 1 Dy pasnoxenust ((10.120))
mbl, B ety ((10.122) — ((10.124), mosyaaem:

(

dk‘nckm — e, almm)a

Yknm

Y

Yknm
([ 2| 7 2 2 (’ﬁL%)Q 2 ]
B e (k;—i—m)' B
Venm = 4§ - ) X Gy MEN
2 9 (k+3) 2
o]+ (- 520 2 ]
\ \ X %, m = 0

ITar 3. Mcnoab30Banne HAYaJIbHOTO YCJIOBUHA
[Ipupasusiem psn

k=0 n=1 \/F
k
X Z (Agm sin (my) + By, cos (my)) P (cosd), (10.118)
m=0
B3sIThIi 1ipu ¢ = 0 K psijty
'r 9 sp = ZdeanJr (,u’kn7"> %
k=0 n=1
k
X Z (Ckm sin (m) + Dy, cos (myp)) P (cos6). (10.120)
m=0

1 TOJIyIUM, ITO J111 KOIMMOUINEHTOB Cppy Agry 1 Cpeyy By, BBITTOJTHEHBI pABEHCTBA
4

Ck:nAkm - dkanzm = (\/;,Zflgfjnm)a
Ckanm - dknka - (\/;;Z:nl::nm)v
(] 2 [ 7 12 s ()7 ]
B e (k+m)' B
ST X 5E1 " (hem)l” €Ny
" [ 12 k1)
B iy G | (R2 - ([ukn]z Ty (tn) | X
L 9 J
\ \ X ghy1r m=10




OTMeTnM, 9TO HOCKOIBKY Qjnm U Dppm MOXKHO IIPEACTABUTHL B BUJE IIPOU3BE/IE-
HU
.

Alenn, = TJ/H_% <%)fﬁ(cos 0) sin 6 sin (mgp)j = Sk (7)PEm (0, ©),

-~

_ =Pkm
=Skn

2T\ .
Drenm = T Jj11 <%)fk (cos @) sin 0 cos (mgol = Sk (1) qem (0, @),

-~

\ kn
R2 J/ ( ) ? + R2 (k + %)2 J2 ( ) ﬂ-
nm — 1 n - . 9 1 n : X
Tk k+1 Mk [,u]m]2 k+1 Mk 2% + 1
- (bt _
+m
€
—GQkn

To paBeHcTBa ((10.126)) MO3BOJISIIOT OJHO3HAYTHO ONpPEAEIUTbH KOI(MMOUIINEHTHI
Ckn, Akm n Bkm-

OTBerT:
oo o0 HinT
A
7“ 9 QO, E 5 Ckn€ R? - TX
T

k=0 n=1
k
X Z (Agm sin (mp) + B, cos (my)) P (cos6), (10.118))
rae Ugn — HOJIOZKUTEJIbHBIC KOPHU YPaBHEHUA
aRJy 1 (1) + Bpdy 1 (1) = 0, (10.119)

a KO3pPUIMUeHTwI CppAgm 1 Crp Bl HAXOIITCT 13 (hOPMY.T
(

U 2w
Ck;nAk;m = ,ykl fde f dg@ T§¢(T, (97 QO)X
0 0

WET) Pl"(cos ) sin @ sin (my) ,

X Jpy

R T 2
CinBlm = Wﬁ(}fdr()fd@{dgo rgw(r, 6, ©)x

N[ =

R2\J L ( ? o (k1) o ]
Vinm = 4 , X 211%1 Eztg:’ m € N;
R? [J (ukn)] + <R2 _ ([’Zzz ) J,f+% (1) | %
\ \ - X 2/3117 m=0.
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11. domosinenne K paspaeiy 4. duddepenimpoBanme o606eHHBIX
dbyukimit

Omp. 11.1. ITpousBoaHOiIT OT 0606IIeHHOI byHKIUN f(T) MO IEepeMeH-
HOW x; HasbiBaeTcss oboOmieHHast pyukims f'(x), Takas 910 151 J11000I

OECKOHETHO TIaJIKON (PUHUTHOMN ((X) BLIIOJIHIETCA PABEHCTBO:

[ @@=~ [ e’

R’n Rn

(910 pasencTso nosyumioch onl s f(x), ecan 6u1 ona Obuia uz C1(R™), u
+0o0o

ecsi Obl jyist Hee cxopuiicst 6b1 [ | f(x)|de, upu oMoy 0jHOKpaTHOro HHTe-
—0o0

PPUPOBAHISI [0 YACTSIM. )

HuddepennnanbabimM oneparopom D ot 06obientoi dynkuuu f(x)

Ha3bIBAETCS OIepaTop, cradaiuii 0b6obiienHoit Gyukimu f(xr) B cooTBeTCTBIE

00O00ILICHHY IO d)yHKumo Df(x), Takyto 4ato jjisi 1060l GECKOHEYHO TJia/ji-

KOl GUHUTHOM () BBIMOIHSIETCST PABEHCTBO:

/Df (@)do = [ f@)D"pla)d

rae D* — quddepennuabhblii oneparop, conpsikenubiit K D. (Ecau 661 f(x)

obuta n3 C°°(R™), mpu MOMOIIN HHTEPUPOBAHMUST TI0 9ACTSIM BCE MTPOM3BOJIHBIE,

KOTOpbIe orieparop D Geper ot f(x), mepekupiBaioTest Ha (), U 0Ty IaeTCst
*

D p(x).) .

Hamnpumep, ortepatop, conmpsizkeHHBIN K oniepaTopy Jlamnaca, aTo omepatop Jla-

1iaca.

ITpnmep 11.1. PacemorpuM pyHKIMIO X9BHCaiijia:

ﬂ@z{?j TS0 (11.1)

1 HalijieM ee IPOU3BOJIHYIO KaK IIPOU3BOJIHYI0 0000IIEHHO! (DYHKIINN.
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+00

[ 7wz = [ @) = [s eury @TD) =

—0Q

= [B custy unuraocT (1), @(+00) = 0} = ¢(0).

Taxum obpasom, jijist 060 (bUHITHON GECKOHETHO TIaKON (),

/ I (@)p(x)dz = (0).

Ho 510 paBeHCTBO COBIaaeT ¢ paBeHCTBOM, onpeesstonumM (). [Tosromy,

f(x) = 8(x).

Sameuanue 11.1.

[Ipu jokaszarTe/ibCTBE paBEHCTB u MbI HAUYMHAJIN ¢ (POPMAJILHOIO IIPU-
MeHeHus1 onpejiesienns d-pyuxmun. OHAKO, CTPOro TOBOPsi, HAJI0 OBLIO CHAYA-
na BBectu onpeesenne (L1.1)) quddepenimanbaoro oneparopa ot 0606IIEHHOIH
dbyuknnu (BeJb B 006enx 3aja4ax y HAC MO 3HAKOM HHTErpasia CTOSIT POU3-
BOJIHBIE Pa3PBIBHLIX (DYHKIUI, 1 HEOOXOUMO OIKUCATH, YTO MbI IO/l 9THM IIO-
HIMaeM). BMecTo 9T0ro Mbl B KayKJIOM U3 9THX MPUMEPOB MPOBEIN JeHCTBIS,
KOTOpPBIe M3HAYAIbHO U JIeryin B 0CHOBY onpeesenust ((11.1)): mepedpocun mpo-
U3BOJIHBIE ¢ 0000IIEHHOI (DYHKIMN Ha OECKOHETHO IIaJIKYI0 (hUHUTHYIO ().
OTO WLTIOCTPATUBHBIIN 10/1X01. OH He BIIOJIHE TPABOMOYHBI, HO OoJiee HaIJIsA/I-
HBII1.
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12. TomosiHenue K pa3zjeny [9. [TogpoGHO o uInHAPUIECKUX
dbyskmuax. Hekoroprbie noka3zaTesibCcTBa

12.1. OmnpenesieHne U B3aMMOCBsI3b [UJINHIPUYECKUX DYHKITUI

Omnp. 12.1. YpaBuenne
2 (2) + a2/ (@) + (1 — V) Z(a) =0,  we(0,1),  (121)

HasbiBaeTcs ypaBHenuem beccesis.
Besikoe perienne ypapHenusi beccelist Ha3bIBaeTCsl NUJIMHAPUIECKONH DYHKITUEN.

Omnp. 12.2. Oyukius

i ['(k + v + 1)k (g)%w (122)

k=0

HasbiBaeTca pyHKIueii Beccens mopsiaka v. OHa gBisieTcs perreHnem
ypasHuenusi beccest (12.1)).

Ecrpb n apyrue nummHjipudeckue pyHKITUN.

Omnp. 12.3. Pysknun HeiimaHa:

N, (z) = Sm(lm) (@) cos(rv) — Jo(x)],  vEZo  (12.3)
No(x) = - a‘]a”f”) _ (= )najé—"y(”") L onez. (24
Oynakun Xaukess I-ro poma u 1I-ro pozaa:
HWY(z) = J,(x) 4+ iN, (), (12.5)
HP(z) = J,(z) — iN,(z). (12.6)

MomndunnpoBannbie dyHknuu beccesnst 1 XaHKeis:

I(z) = e 2VJ,(ix), K, (z) = e2"HWV (iz). (12.7)
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Teopema 12.1.

Dyndamermanvryro cucmemy pewernut (PCP) ypasrernus Beccean (12.1)) 06-
pasyem Kaxcoas u3 nap GyHKyU:

W), N(@)},  {HD (@), HO(2) }

u, 6 cayuae, kozda v &7 {J,(x), J_,(x)}
(npun € Z Jon(z) = (=1)"J,).

CanencrBue 12.1.
Obwee pewenue ypasnenun Beccean (12.1)) sadaemes xaocdot uz dopmya

Z,(x) = c1],(x) + N, (2) = esHV (2) + e H (x), v ER.
Z,(x) = c5dy(x) + cJ-n(T) v

12.2. PekyppeHTHbIe HOPMYJIbI JJI MUJIAHIPUIECKUX (PYyHKITUI

Hna dynknmit Beccens n Helimana nMeror MecTo cjeyronue peKyppeHTHbIe
(bOpMyﬂbIHZ

7! (2) = Zo1(z) — gZ,,(x), Z!(2) = —Zos1(2) + gZ,,(:z:). (12.8)
I/IX MO2KHO TaK2zKe II€EpEIINCaTb B BUJEC:
2Z,] (z) = 2"Z,_1(z), [27Z,) (2) = —27"Z, 1 (2).  (129)

Ecyn u3 Bropoii dhopmyiibl (12.8)) BeIYecTb MEPBYIO, MOTYUUM EIIe OHO COOT-
HOILICHHE:

2v
Zy—i-l(x) — ?Zy(.f) + Zy_l(.%') =0. (1210)
st dyakiuit Beccesist 1 Helimana ¢ 11e71091CI€HHBIM TIOPSIIKOM V = n € Z

BEpPHO PABEHCTBO
Z_,(x)=(=1)"Z,(x), n € 2. (12.11)

Kpowme nipuBejieHHBIX (DOPMYJI, HAM TaKyKe OHAJI00UTCA COOTHOIICHUE, U3 KO-
TOPOr0 YACTUIHO CJIEJIyeT YTBepkKieHue Teopembl [12.1]

VrBepxkenne 12.1 (Bporckuan dyukimit Beccens u Heiimana).

J,(x) N,(x 2
N - 1212)

™

USHIEE

1Cm. [B], c. 56, 79. Ormerum, uro B »10ii KHHMre dyuknun Helimana ofo3Hadalorcss Kak Y, WM, TOYHEe
Ny(z) =Re Yo (2) . Omnpepnenenne Y, cm. 3], c. 76.

z=x
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12.3. Nurerpanbpubie popmyibl auas pyukiumii Beccens

MmeroT MecTo cieyroniue nHTerpaabable (POPMYIIbL:

Nurerpasnbt JIommens

/ £, () J, (Bt)dt =

X

= —— 7 (onyH(osz')Ju(ﬁx) - 5Jy(oz:z:)Jy+1(ﬁx)> , a3, (12.13)

[e(ten) -

= %2 (aJ;(ax))2 +% (5132 - ;—z) (J,,(ax)>2, v>—1. (12.14)

Huke, B myHKTax 3 1 2 joKa3aTebCTBa TeopeMbl [12.11] 6yyT BbIBeIcHBI OoJIee
obrue hopMyJIbl

b ) . b
/TZ(NkT)Z(NmT‘)dT _ 7 () 2 () = i Z{p05) 2 o))

[2, — 12
a

a.
)

(12.15)

b

1Z(ur) |2 = / rZ () dr =

[

rie Z(x) — npousBoJibHBIE PellleHus ypaBHeHusi Becceis

(zZ") + (x - ”—2> Z = 0.

X

() ()

r=a

12.4. IloBenenmne pyukiuii Beccenss m Heitmana

[Tpusesem wist npumepa gynkuun Jo(z), Ji(z), Ji(z) n J_1(z). Us onpe-
nestenns [12.2] mosrygaem:

S (1) T\ O~ (=DF o~ (ZD)F
JO(x):Zr(HOH)k!'(i) =2 (k;!)2'(§) =2 __2"’“°k'

k=0




- - (__1>k 2k+1
- z% 2k + 22

Ji(z) = i@ y (k i_llfﬂ - <g>2k+é _ {r (n+ %) _ (2 —2711)!!\/%] _

k2k+1 2 0 —1 k
Z $2k+1 _ “ Z ( ) L2kt
=V 2rr 2 2R (2% + 1)K T 2= (2k + D)N(2k)!

x
k=0
2 = (—1)F 2
=4/ — Z ( g2t = sin
mx = (2k + 1)! X

l\)\»—t

D=3t -in g <f>2” -[r (n+%> s b

k:O

\/ > EY -
22k( 2k—1 k! T 2k—1 H (2k)1

_ \/%kf; ((;k;! L2 = \/%-cosx.

A npumenus K HafiieHHBIM J, 1 (x) dopmyasr (12.9)), momyanm:

n |2 i1 d \"sinx
Joy(@) = (=1) —( ) ,

2 T xdx x

2 1 d \" coszx

J 1 =4/ =22 .
- 4() T (:cdx) T
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Ha puc. (10| u [11| mpuBeens! rpadukn HEKOTOPBIX PYHKITUI.

N

Puc. 10. ®Oyskiun Beccensa

05\ “&) N Nx) Nyx) N T T T
\\\\\\\\\\\\\\\\

. X\\\\\\\\

N T RSANY
\\\\I\Vﬂ\?\\ -

\ \X\S\W\\T\ \\\\\\—

P EEEREEN
N T LY
\\\\\\\\\\\\\\
i AV NN R R R RN
N AR RSN RN RN
A RN AR AR RE R
1 2 3 4 5 6 7 3 9 10

Puc. 11. PDymkmunm Heiimana

SameTnum, 4TO

L0y =1,  Ji(0) =0.

[TosTomy muOr A TOBOPAT, |TO Jy(2) ecTh anasor cosx, a Ji(x) — anasor sin z,
TOJIBKO SIN T U COS T — PEIeHns yPABHEHUsT

Z"(z)+ Z(z) =0,

B TO BpeMms Kak yukimn Jo(z) n Ji(x) — pemenust ypapnenuii

2?72/ (7) + 2Z/ (z) + 2*Z(z) = 0
2?2 (x) + 2Z' (z) + (2* — 1) Z(z) = 0.
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_ ]2 _ /2
[Tockonbky J L= \/7psinz, a J_ 1=/ 75cos, dbynxnmn J 1 B OKPECTHOCTH
HYJIST BEJIyT cebsi CJIeJIYIONIUM 0Opa30oM:

J1(+0) =0, J_ 1(4+0) = +o0.

T2

3BecTHO acmMmmoTH4ecKoe mopejaenne gpyuknnii beccesst npu x — 400:

Jy(aj):\/%cos@:—%—g>+g<x_g), r — +00.

To ectb, He cTporo rosopst, pyHkun beccesa yobiBaoT Ha OECKOHETHOCTH KaK
cos(z+w)

const - Tz

Teopema 12.2 (moBejieHne B OKPECTHOCTH HYJIS ).

0, v<0, vz,
J(+0) =< T AT N,(+0) = 0, v ER.
0, v > 0;

Joxazameavcmeo. llpun v > —1 mo dopmyne (12.2) bynkmnus Beccres semer

cedbda Kak xv:
J(xr) =0 (2"), r — +0.

Orcrona caeayioT COOTHOIIEHUsT

00, -1 <v <0
J,(+0) = ¢ 1, v =0;
0, v > 0.
N3 dopmyist (12.10) cremyer, aro npu v € (=2, —1)
2 1
Jy — MJV—’-:[ P ‘]V+2 — Q(xy) , €T — —'—0

Aunasiornano, npu v € (=3, —2)
J,=0 ("), x— 40

1 Tak JaJjee. [109ToMy, clpaBe/InBo COOTHOIIEHHe
J,(+0) =00, v<0, ve&Z.
Coornomtenue J,(+0) =0, v <0, v € Z cpasy cieiyer u3 popmysibt (12.11))
J_n(z) = (=1)"J, (), nez

u nokazanuoro J,(+0) = 0 upu v > 0.
[Tepeitnem x dpopmyne N, (+0) =oc0, v R, z — +0.
[Tycts cnavana v ¢ Z. Torpa u3 npencrasienus (|12.3))
1

N,(z) = (o) [J,(x) cos(mv) — J_,(x)], ve&Z
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cJIeJIyeT, 4TO 1Ipu

(x7"), r — 40,

v >0 o
Ny(z) =0 ("), r — +0.

—
v <0 —

B obonx caygasx N, (+0) = oo, r — 0.
n €

Dopmyty N, (40) = oo, € 7 noKayKeM P MOMOIIH [IPeICTaB/ICHIST

Nol) = (~1)'N () = 2Ju(x) (5 +C) -

6 S @) ) )

[Ipn n = 0 mosry4yaem, 9TO TJIaBHOE cjaraeMoe — IepBoe, 1

No(r) = O (Inx), r — +0, — No(+0) =
IIpu n € N rraBHOe ciiaraemoe — TpeTbe, OTKY/Ia

Ny(r) =0 (:1:_”) , x — +0, — N,(+0) =

[Ipu (—n) € N wucnonbzyem paserctso N, (x) = (—1)"N_,(x) u mokazanHoe
COOTHOIIEHUE JIJTsl HATYDAJILHBIX 1.

12.5. CkaJjisipHoe nmpou3BeeHne, OPTOrOHAJIBHOCTb 1 HopMma dyukiuii Beccesist

Omnp. 12.4. CkajasgapHbBIM ITPOU3BEAE€HNEM Ha IIPOCTPAHCTBE PEICHU ypaB-

HeHusi beccesst Mbl OyeM Ha3bIBATDH CJIeIYIOIIee CKaJIIPHOe IIpOou3BeieHne B Lo
C BECOM ZI:

1

(u, v) = /xu(w)v(x)dx (12.17)
0

OyHKINN, CKaJIsipHOe TPON3Be/IeHIe KOTOPBIX PABHO HYJIIO, Mbl Oy/1eM Ha3bIBATD
OPTOTOHAJIBHBIMMU.
Hopwmoii dyukimn u(x) Mbl Oy/ieM HA3BIBATH THCIIO

1

|u|| = (u, u) = /qu(a:)dx. (12.18)

0

Beejsiem takxke obosHadenne: L, (u) jist CIIyIONEro omepaTopa:

L,(u) = —(zu") + —u.
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Teopema 12.3.

Uycmb YUCNo vV > —1, a Yucaa U1 U (o — &GﬁcmGU’In@./L’beL@ KOPHU YPaBHEHUA
ad,(p) + Bpd,(n) =0,  a, 320, a+3>0.

Tozda pynxuyuu J,(pnx) u J,(pex) opmozonanviiol:

rJ, (1) J, (pez)de = 0, g1 # 2,

o —

2

1
1 v
1 ()| z/ uwdw—[ﬂmm?+5@—;9dﬂm>

Teopema 12.4 (anasor reopembl B.A. Crekiiosa).

Hyemv  dynwyus u(x) € C*(0, 1], maxas wmo L\”/(g) € Ly(0, 1), ydosae-

meopam eparuinsim yerosuam  |[u(+0)| < ooy au(l)+ fu’(l) = 0.
Toeda: 1. B cayuae |+ |v| > 0, dynruua /x u(x) passazaemes na un-
mepsase (0, 1) 6 pad Qypve

e.¢]

VE ulw) = 3 a i T i),

k=1

(u, Ju(u%$)> (u Jy(uzw))

v __ —
ap = = ,

v 2 V2 v
IG5l L) + 4 (1= 223) ()

ede i, — xopru ypaswenus o J, (p)+0pd, () =0, o, 820, a+p>0.

2. B caywae o = v = 0, dynxyus /T u(x) pasaazaemcs na unmepsane
(0, 1) 6 pad @ypve

VE u(x) = apV/T + > ap/z Jo () | (12.19)
k=1

) 1
= ru(x)dx, agz 5 5 [ zu(x)Jo (urx) do.
2 [t [ e)T + o el ! A

0

ede [, — noaoorcumenvhvie kopru ypasruenus Jy(p) = 0.
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12.6. Bagauum Itypma-JIuyBuiias s ypasHenus Beccesst Ha [0, 1]

Omnp. 12.5. Yepes M wmbl Oyjiem 0003HaYATh CIEIYIONINI Kaace PyHKIUIL:

u(z) € C*(0, 1]; L\V/(g) € Ly(0, 1).

Banadeii [Iltypma-JInyBusinsa s ypaBuenusi Beccesns na [0, 1] mbr
OyeM Ha3bIBaTh 3a/1a4y:
Hatimu wucaa A u pynxyuu 0 Z u(x) € M u3 yenoswuii:

—(wu’)’—i—”;u:)\xu, re(0,1), v=0
|u(+0)] < oo; (12.20)
au(l) + fu’(1) =0, a, 320, a+p>0.

[Tpu sTom dyukun v % 0 Ha3BIBAIOTCSI COOCTBEHHBIMHU (DYHKITUAMU 3a,/1a-
qu IlItypma-JInyBusiis, a yncia A — COOCTBEHHBIMHU YHUCJIAMU 330291
HITtypma-JInyBusis.

Teopema 12.5.

Y1B. 1. Bece coocmesernvie wucaa 3adavu  IlImypma-JTuysusia neompuya-
MEALHDL U UMENOM, KPAMHOCMDY 1.

YT1B. 2. Jucao X = 0 ecmv cobemeennoe wucao 3adawu HImypma-JTuysunis
mozda u moavko mozada, koeda v = o = 0, u emy coomeemcmeyem coo-
cmeennan gynryua u(x) = const.

Teopema 12.6.

Bce nonootcumenvnoie coocmeenmvie wucaa 3adayvu LIImypma-Jluysuira u co-
omeemcmsyruue UM cobcmeertvle GYHKUUL UMEOM 6UO0:

2
)\](:) = { ,(:)} : J, (u,g'/)x) , keN,

ede ,u,(:) — KOPHU YPASHEHUA

ad,(p) + B, (1) = 0.

Jlokazamenvemso.
Bo-niepBbix, mockosibKy dbyHkImn J, () — ecTh pelienns ypaBHeHUs
2 J"(x) + xJ'(z) + (2* — v*) J(z) = 0,
to dyaKIwn J,((x) — ecTh perennst ypaBHeHns

2?2 J" (pz) + xJ'(pz) + (pPa® — v?) J(uz) = 0.
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TTogemum ero Ha (—x) u nepeneceM ciaraemoe (—uxJ(4x)) B IpaByto 4acThb:

—aJ" (px) — J'(px) + V;J () = pPxd (p).

OO0beIMHNB 2 NEPBBIX CJIaraeMbIX, MOJIYINM:

— (] (px)) + V;J (nx) = pPxd (ux).

Taxum obpaszom, dyukmus J,(px) ectb perieHie ypaBHEHHsI
2

—(zu”) + V;u = \zu

C COOCTBEHHLIM 3HaueHueM \ = ji2.

Bo-Bropbix, nmokazkem, 9ro J,((x) yJI0BI€TBOPSIET EPBOMY KPAEBOMY YCJIO-
Buto. [lockobKy, 1o onpeaenennto [12.2) mpu v > —1

(="

© )\ 2k+v
Tolw) = ;; T(k+v+ Dkl (5) ’

TO

1
 2T(v+1)

B-rperbux, mokazkem, 910 J,((x) yIOBIETBOPSIET BTOPOMY KDPAEBOMY YCJIO-
Bu10. II0CKOJILKY TO, YTO [iy YJOBIETBOPSET yPABHEHUIO

o, (o) + Brod,(po) =0,

PaBHOCUJIBHO YCJIOBHIO (JOCTATOYHO CJIEJIATH 3aMEHY MePeMeHHO §y = 1)

o)

J, () 2’ + 0 (2°7) =0 (2"), r — 0.

(QJy(y) + 0 =0,

Y=Ho
10 Kaxkjasi u3 gyHkuuii J,(pr) yuaoBaerBopsieT BTOPOMY KPAeBOMY YCJIOBHIO
au(l) + fu'(1) = 0.

(v)

Taxkum obpazom, Bce pyHKIIN J, (uk x) SIBJISTIOTCST perniernsiMu 3a1aqu ((12.20))
(v)

C COOTBETCTBYIOIIINMUA COOCTBEHHBIMI 3HAUCHUSIMI uk .

Octasioch yoeauThest, 4To Kaxkaoe pernierue 3aja4dn ((12.20) ectb yHKITHS

Jy (u,iy)x), e :“1(:) — kopuu ypasuerns «J, () + Bud) (1) = 0.

2

O6uee pewenne ypasuenus 122" (x) +xZ/ (x) + (22 — v?) Z(z) = 0 1o cuex-

CTBUIO (c. [292), nmeer Buj
Z,(x) =c1d,(x) + coN,(z), veR.
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(oY - Vo = 12 }
HOSTUOMy obmiee pemenne ypapuenus —(zu’) + Zu = p | B ey paccyx
JIeHUil B HadaJie JJAHHOTO JI0KA3aTeILCTBA, NMeeT BUJ

uy(x) = e1J, (px) + coN, (ux), veR.
[Ipu srom dynkimu N, (+0) = oo (cm. Teopemy [12.2] c. [296)). CienoaresbHo,

pemenne 3aa4n ((12.20]), B cury 1mepBoro KpaeBoro yCJoBUsI MOyKET UMETh B/
TOJIbKO

uy(x) = a1, (px).
Hakowner, nojcrasisst J,((42) BO Bropoe Kpaesoe ycJoBue
au(l) + fu'(1) = 0,

Imojgy4dacM, 49T0

alt,(p) + B8J,(1) = 0.

12.7. Bagaunm Irypma-JIuysuiiis qisi ypasaenusi Beccesst Ha [0, R]

Omnp. 12.6. 3agaueit [IItypma-J/InyBusis nnsa ypaBHenusi beccens Ha

[0, R] mbl Oymem HasbiBaTh 3aa1y: Hatmu wucaa X u gpynruuu 0 Z u(r) € M
113 YCJIOBUIL:

2

—(ru’) 4+ “u = Aru, re (0, R), v=0;
|u(+0)] < oo; (12.21)
au(R) + fu'(R) = 0, a, 320, a+p5>0.

[Tpu sTom dyuakun u % 0 Ha3BIBAIOTCSI COOCTBEHHBIMHU (DYHKITMAMUA 33a,/1a-
g [Itypma-JImyBuiis, a ducia A — COOCTBEHHBIMH YHCJIAMU 331291
HIrypma-JInyBusiis.

Omnepatop JieBoit yactn ypasuenus 3ajaun [Htypma-JInyBuisa Mbl cHoBa Oy-

J1eM 0003HavYaTh TakK:

1/2

L,(u)=—(ru’) + .

[lepedopmymupyem OCHOBHBIE I HAIINX HYZKJ TEOPEMbI JIJIs OTPe3Ka He
€JIMHUIHON JyHbL. [T 3TOr0 Ceaem 3amMeny nepemMennofi v = 5, 1 € (0, R).

Torna ms Gyaknnm o(r) = u (%) CIIpaBeINBA TeopeMa.

IMer paccmarpuBaeM TobKO A = p? > 0, TTOCKOMBKY B CHITY T€OPEMBbI OTPUIATEIbHBIX COOCTBEHHBIX 3HAYECHUI 3a1a19a
MIrypma-JInysumsa (12.20) He umeer.
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Teopema 12.7.
Y1B. 1. Qynruua /T ©(r) pasaazaemes 6 pad Oypve na unmepsane (0, R)

Zak\/_J (“’“r) (12.22)
R
ag:%w(uz)h%(ll =) 72 / e (%) o

[u 5
> 0 — xopnu ypasnernua R J,(u) + Bud, (1) = 0.

ede ul(:)

Yr1B. 2. B cayuae a = v = 0, dynxyua /1 p(r) pasaczaemes 6 pad Dypve
na unmepsane (0, R)

VT o(r) = agV/r + Zak\/_ Jo (%) : (12.23)

R
2 LiT
o= g5 [retian, o= ooty (M)
R? / o () R / ( R )

ede [, — noaoorcumenvhwvie kKopru ypasnenus Ji(p) = 0.

Teopema 12.8.

Y1B. 1. Bece coboecmesernvie wucaa 3adavu  IlImypma-JTuysuiia neompuya-
MEALHDL U UMEIOM KPaAmHocmoy 1.

YT1B. 2. Jucao A = 0 ecmv cobemeennoe wucao 3adavu HImypma-/Tuysunis
moeda u moavko moeda, koeda v = o = 0, u emy coomeemcmayem coo-
cmeennan gynkyua u(r) = const.

Teopema 12.9.

Bce noaoosicumenvnvie coocmeennvie wucaa 3adavy [IImypma-/Tuysuiirs u co-
omeemcmsyrouue um cobcmeaermvle GYHKUUL UMEOM 6UO:

)72 (v)
Mg T
Jy : k€N,
(v)

Hr_
266!@: — NOAOHCUMENADHDBLE KOPHU YPABGHEHUA

R
aR J, () + Bpd, (1) = 0.

AW =
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Joxazamervcmso.
2
B ypasnenuun —(ru’)’ 4+ “u = A\ru cuenaem 3aMemy HepeMeHHOR

r = Rux, u(r) = u(Rz) = w(x).

Torna
dw dxr w'(x) d(Rw'(z)) der w"(z)
/ _ e er " _ R
ER A R A de  dr  R?
OTKY/Ia
1 / \/
(ru”) =ru"(r) +u'(r) = Rx - wPEQx) + w}(;) = (Mll_i) )
[Tosyuum ypaBHeHne
AV l/2 2
— (zw ") + —w= (AR?)zw. (12.24)
R,,/_/
A

Kpaesoe ycnosue |u(40)| < oo npesparntcs B

|w(+0)| < oo, (12.25)
a kpaesoe yciaosre au(R) + fu'(R) = 0 npumer Bu
aw(l) + %w'(l) = 0. (12.26)

[To Teopeme [12.6] 3amaga (12.24)) — (12.26) nmeer cremyiomme cobGCTBeHHbIE
qucaa u QyHKIIN:

2

(v)
ML ) JI/ (,LLI(:)CC) ) k€ N;

N (v v : v
W=l = |

e ,u,(:) — KopHU ypaBHeHust ., (p) + %,LLJL(;L) = 0.

Jlesasi BO BceX 9TUX BbIParKeHUAX 00OpaHyIo 3aMeHy IepeMeHHO 1 (DyHKINNN

noJiyuaeM TpedyeMoe yTBep: K IeHne. []
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12.8. Bagauu ltypma-JInyBusnas nis ypaBaenusi Beccess Ha [a, b

Teopema 12.10 (anasor teopembl B.A. Crekona).

w <
Hyemo {Z1}32, — opmozonasvhas cucmema cobemseennos Gyrrkuul, 3adau
HImypma—/Tuysuiira.

Tozda Vf(x) € C?a, b], ydosaemeopaoweti kpaesoim ycaosusam, I{cg}e; :

f=Y cnZ(x)
k=1

npuiem nocaednut pad crodumes x f(x) abcoarommo u pasHOMEPHO Ha
la, b], a dan ¢ eepro npedcmasaenue

fbxf(x)Zk(:U)da:

Teopema 12.11.
ITycmo  pynryus Z(x) ecmv pewenue na npomescymre x € (a, b) ypasrenus
2?2+ 2Z' + (2* — V) Z =0,
[ — NOAOIACUMENLHBLE DEULEHUA YPAGHEHUA

ary (pa) + b, (pa) onNy (pa) + BipNy (pa) | _ (12.27)
asd, () + Bopd! (1ud)  aaN, (11 b) + Bopu N, (1 b) . '

Toeda: 1. Kaoicdan uz gynrkuyut Xi(r) = Z(uxr), k = 1, oo asasemcea
pewenuem 3adayu [HImypma—/Tuysuiirs

—0X%>Y+2Xu> 12rX (1), a<r<b;
a1 Xy (a )+51X’( )
Xy (b) + 32X ( )
(

IIpu amom Ppymruyua Xi(r) umeem sud

(12.28)

Xi(r) = (alNu (1 @) + BrpweN,, (e a)) Jo () —

- (M (2 @) + Bugn T, () ) N, uer).
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|©°

Jlokasamenvcmeo.
1. a). [Ipoeepum BhimoHeHNE ypaBHenus. B cury coorromennit Xy (r) = Z(uyr)
VT = [4,7 TIOJTy9aeM:

X}, (r) = e (pr), Xy (r) = piZ" (per)

11, TIOJICTABJISIAA 9TU BLIPAYKEHUsI B ypaBHEHUE — (rXﬁf(T))/—FVTQX;C(T) = p3rXy(r),

TO €CTb 5

v
—rXG(r) = Xj(r) + —Xy(r) = pprXp(r),
[IOJIy 4aeM:

X V2 X
L 27 () — wZ (@) + P2 () = i T Zu(a).
Mk T ok

JIOMHOXKUB 9TO paBEeHCTBO Ha ﬁ, noJiyauM, 910 Bee Zig () yIOBIETBOPSIOT

yPaBHEHUIO

o?Z + 2Z) + (x2—y2) Z, =0, k=1, oo.

[Tocko/TbKY Mpoje/laHHbIe ollepallui 00paTHMbI, TO IIpu Beex k = 1, 00 dpyHK-
mn Xi(r) = Z(urr) ectsb pernenusi ypashennst u3 s3ajaqdn [rypma—/luny-

Bt (|12.28)).

1. 6). TlockosbKy obiee perenne ypaBHeHust beccesist ecTh JIMHETHAST KOM-
OMHAaIII

Z(z) =c1Jy(x) + 2Ny (),
TO BblIOJIHEHNne KpaeBblX yeaosuit oy Xp(a) + 5iX(a) = 0 m
@9 X, (b) 4+ 52X (b) = 0 o3HaUaeT

{ c1 gm (na) + Bipd), (pa) ) +cs (1N, (wa) + BiudN), (pa)) =0,
c1 (a2, (1d) + Bopdy, (b)) + c2 (a2, (ub) + BopN}, (b)) = 0.

To ecTh, B MATPUIHOM BH/]IE,

ardy, (na wd!, (pa) aiN, (pa N (pa a\ (0
(s ped Bt ) o+ B el () 2 (3). 2
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Orcrojia, ecji_HAC MHTEPECYIOT HeTpUBHAaJbHbIE perieHust 3ajaqn ITypma—
JlmyBus , TO MaTpPUIa TOI cucTeMbl 00si3aHa ObITh BBIPOKJICHA, TO
ecTh HeTpuBHUaJIbHbIE perenud 3a1adn [LITypma—/InyBusiis cymmecTByioT Toria
1 TOJIBKO TOrJIa, KOrJia

a1y (pa) + 61%]; (na) 1N, (pa)+ ﬁlﬂNé (na) —0 [12.27)
azJy (ub) + Bapid, (wb)  calN, (1b) + BopuN,, (110) ' :

Torna perennem cucremsl ((12.29)) 6yaer (¢ TOYHOCTBIO JIO MOCTOSTHHOTO MHO-
JKITEs) Tapa

()= (osmeiite ) wo

[Tpu stom dyukrust X (r) nmeer Bus
Xp(r) = <041Nu (e @) + BNy, (o a)) Jo(pwr)—

- (alJy (2 @) + Bun T, (i) ) N, uer).

2. Haitgem nopmy [|Z(ur)||?. Jist 3T0ro JIOMHOKIM ypaBHeHHe

1?7 + 27 + (3:2 — 1/2) Z=0
Ha 27/ u npounTerpupyem 1o |a, b]. Iomxyanm:
b b b b

2/x2z”z’da; + 2/:5 (Z')? dx + 2/:1:2ZZ’dx - 2/y2ZZ’da: = 0.
DTO PABEHCTBO IEPEIUIIEM B BUJIE

b b b b

/
/:ﬁ [(z’)ﬂ dw+2/x(Z’)2daz+/x2 (2% dx — VQ/ (2% dz = 0.

[lepBbIit 1 TpeTuit KHTErpasIbl IPOUHTETPUPYEM T10 YACTAM, & TOCJIEIHII TPOCTO
BO3bMEM:

b b
b
—2/:1:(Z’)2dx +2/x(Z')2da:+

a

2 (Z))°

b
+ xQZQ‘Z—Q/xZQda: —VQZQZ:O.

a
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b
Cokpaliiasi UHTerpaJibl U BbIparkast f xZ2dx, nomyanm dbopmyty

a
z=b
r=a

OcraJjioch cjieniaTh 3aMeHy IepeMeHHol £ = ur, a Mpejiesibl HHTerpaJjia G = % u

b

9, 1 2 2\ 2
/dew§[(x — %) Z*(z)

a

x=b

+ 2% (Z')’ (x)

r=a

i b
b= ;; CHOBA 0003HAIUTD 3a @ 1 b, 1 MbI TTOJTyIuM Tpebyemyto dpopmyiy ((12.16))

r=b
TCL] .

3. IlpoBepum opTOroHAJILHOCTD (Z(ukr), Z(,umr)) =0, k % m. s
9TOr0 JOMHOXKUM Ha X, (1) ypaBHEHNE

2
(rX?C)/ + (,uir — V?) X, =0,

r=b
+r(Z) (ur)

r=a

|2 = /b (i = | [( - /7) 22 (ur)

a

JTOMHOKIM Ha X (7) ypaBHeHue

/ 1/2
(rX ) + (u;r - —> X,, =0
r
1 BBIYTEM OJIHO U3 JPYIOro:
X, (rX) = X (rX ) + (15, — p2,) XX, = 0.

Terepsb TponHTErpUpyeM MOJTyIeHHOE paBeHCTBO 10 [a, b]. Ilepsbie jBa mHTe-
rpaJja 0epyTcs 10 JacTdM:

b b
X, X, ) — / rX! Xhdr — | rX X0 [0 - / rX X! dr |+

a a

b
+ (qu — ,u%l) /erder =0
Takum odbpasom,
b
/ rXpX,,dr =

a

r (XX}, — X X0) [}
p2, — 2 '

[Ipn sTOM, BO-TIEPBBIX, MBI HUT/E HE MOJB30BAINUCH TEM, 9TO [k, My — COD-
crBeHHbIe umcia 3ajaun [rypma—/InyBuiuig, Tak dro 3Ta dopmysia BepHa
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PM [POU3BOJIBHBIX LU, 7 [y € R. Bo-BTopbIX, ecsim nepermcars a1y ¢op-
myaty it ysknuit Z(pr) = Xg(r) u Z(pyr) = X,(r), To, yanTeiBas, 910
X0(r) = 02 (i) 1 XL (r) = (), oyt oBiityio dopuiyry
b b
r (e Z( ) 2 () — pm () 2 (par) ) |,
/ rZ () Lt ) dr = ( R ) :
m k

([12.15)

B ciyuaae, korga piy # fiy, — Kopunu ypasuenus ((12.27)), KoTopoe, Kak Mbl BUJIEJIH,
PaBHOCIMJIBHO BBIIIOJIHCHUIO KPAEBbIX YCJIOBUIT

a1 Z(pga) + prZ (pra) = 0, 1 Z(pima) + pmSZ (pma) = 0
o Z(pxb) + 322 (purd) = 0 2 Z(ftmb) + pm 322 (pnb) = 0

[OJIy4daeM, 9To B ciaydae [Fo # 0

b

(120002 ) = o 22 ) ) | =

= Z(pimb) ,u,kZ (i) — Z(pxd) pomZ (Nmb) =
—— —
=— —QZ (ib) == *QZ( mb)

~ 2 (2l Z(01) ~ 22l ) =0

B caydae G = 0 kapTuHa erre porre:

b

(ukz(umr)z’(ukr) - umZ(ukr)Z’(umT))

= e Z(pmb) Z'(11:0) — pum Z(111:0) Z' (0) = 0.
=0 =0

AHaJIormgHo,

=0.

a

(ukZ(umT)Z'(ukT) - umZ(ukT)Z'(umT))

[Tosromy ecimt puy # fiy, — KopHu ypasaenus ((12.27)), 3HadeHnne nHrerpaJia

b
/ X ()X ()dr =0, i #
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13. IIpumepHble JoMaliHue 3aJlaHUA U JabopaTopHble PAadOThI

/31 no YM® nna noroka K-6

e.¢]

1) Borancints npeobpasosanne @ypre F(£) = / f (x)e*ifx dr st pyHK-
—00
it
sinz, |z| <,

D f@ =t 6 g = {0 ST

2) Haiitu coornorenne mexty mnapamerpamu o > 0, 8 > 0, v > 0, npu
KOTOPOM (PYHKITHSI
u(x,t) = e cos(fx + t)
SIBJISIETCS PeIlleHneM YPABHEHUSI TEIJIONPOBOJHOCTU Uy = Ugpy. SAIMNCATDH
9TO peIIeHye.

3) C nmomornpio dopmyinsl [Tyaccona pemnurh 3amady Ko

Ut = Ugy, —oo<x<oo, t>0,
u(z,0) = e”.

4) Permuts 3a1aay Korn, 3ammicas oTBeT depes WHTErpasl OMMOOK:

2
= — t , < x<p,
{ut A" Uy, o <xr<oo, t>0, P f(:z:):{Q 15}

u(x,0) = f(z), 0, z¢(a,p).

5) Jlaboparopuasi pabora Ne 1. [losioxkus a® = 1, npejicTaBuTh OTBET B
zajiade 4 rpadudeckn MMpyu MOMOIIU OJIHOIO U3 KOMIIbIOTEPHBIX MaTeMaTH-
JEeCKUX HaKeTOBB. 306pasuts pemenne npu ty =0, t; = 1074, t5 = 0.5,
ts =4, t, =100, t5 = 10000 (MOKHO 3aMEHUTH JIAHHBIE t, CBOUMIE <BbI-
pasuTebHBIMIY MOMeHTamu Bpemenn). [lapamerpsl «, (3, ) momobpath
CaAMOCTOSITE/IbHO U3 cooOparkeHnii HanboJibieit HarsgHocTn. OdopMuTh
paboTy 10 cXeMme: THTYJIBHBIN JINCT; paccdeTHble (DOPMYJIbI; KOMIIbIOTEp-
HbIe IpaduKu.

Cpok BbITIOJIHEHNS J1AOOPATOPHOI pabOThl — 2 HEJIeIH.

2

OTBerh:
2a 21 sin &
1) a) F(f):€2+—a27 6) F(ﬁ):@—_l-
2) B=a, v=2a? u(x,t) = e cos(ax + 2a°t) past Vo > 0.

0 =2 (5 () v0 (222)), e 00— 2 [

1 PekoMeHIyeTCsT HCIOIB30BaTh GecIiaTHEE MakeTs Scilab, Maxima, Sage u uM mogo6HbE.
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/32 mo YM® pis noroka K-6

1) Boranciuth Kocuuyc-tipeobpazopatne ypbe

= 70 f (@) cos(§x) du
0

JJIe
g_xa Oéxggu

a) f(x)= 7r 6) f(x)
0, x>§,

2) Pemuth 3aj1a1y Ha HOJTYTIPSIMOI:

Ut = Ugyg, x>0, t>0,

ue(0,1) = p(t),
u(z,0) = 0.

o0
Ykazanune: U(E,t) /u x,t) cos(&x) d
0

3) C nmomorpio dopmyibt [Tyaccona pemnurs 3amady Ko

{ut:um, —00 < x < 00,

(Croxknas, no permaeMmas 3aadalll)

OTBeTHI:

1 &

) a) Fu§) = 5 (1—008—), 6) Fu(¢) = ——

52

2)  wu(z,t) =—

1 _
7=
0
3) w(x,t) =x(l+4t) 32 e T,
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/33 mo YM® pis noroka K-6

1) B mape r < R npocrpanctsa R" maiitn dyHKImo u = u(r) U3 cOOTHOIIE-
HUIT:

Au(r)=r® mpn r <R, ul—p = 0.
3nech o > 0 — duxkcupoBaHHasl CTEIEHb.

2) B npocrpancrse R3 naiitu Bee nenpepbisuble byHKImn u = u(r), yioBe-
TBOpsonue ypasaernio Au(r) = Inr.

3) B koublie a < r < b na miockoern R? maiitn dbynkumio u
COOTHOIIICHUIA:

u(r) us
Au(r)=0 upn a<r <Hb,

u‘r:a = T, (ur + u)‘r:b =U.
Bnech 0 < a <b< +o0;

T, U — dukcupoBaHHble KOHCTAHTHI.

4) HauanbHas Temmeparypa ogHopogHoro mapa 0 < r < R B nmpocrpaHcTBe

R? pasna 1. IloBepXHOCTB IIapa MOLIEPKIBACTCH [IPU IOCTOSHHOMN TeMIIe-
parype P. Haiitu remueparypy mapa u = u(r,t) npu t > 0. (Ne 708(a)
w3 [1].)

OTBernl:

1 a+2 a+2
Do) = ey U )
2) ulr) ="

3 Inr — 6) + C, tne C — npousBoJibHasi KOHCTAHTA.

3 Mﬂzj,(U—Twmg

omE (IIpuBectn cBoOit OTBET K yKA3aHHOMY
n =
BHLy!)
2R(T — P) <= (—D)F*' a2, [Tk
4)  wu(rt) =P + Z e CF) tsin (22 ).
r — k R
Ykazamue: uckarh u = u(r,t) U3 3ajaIn
a0 [ ,0u
= = — ], 0<r<R, t>0,
“T2ar U or g

[u(0,2)] < oo, w(R,t)=P,
u(r,0) =T.
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/34 mo YM®P nis noroka K-6

1) ITpopaboraTh M 3aKOHCIIEKTHPOBATH BLIBOJ (byHIaMeTaJIbHON (hOpMYJIbI
['puna:

) = [ B satays [ (o= uty)  Bla =) G2 ) as,

Q 9

2) B koabie 1 < x2—|—y2 = r? < 9 na wiockoctu R? maiitn dyHKINIO U = u(r)
13 COOTHOIIIEHUI:

1
Au(r) = o ul=1 = a, Ul=3 = 5.

31ech a, 3 — 3ajlaHHbIe KOHCTAHTHI.

3) Ilpu n > 3 B obsactu r > 1 nmpocrpancta R" 3amucars obimee periemne

ypasuenus [lyaccona Au(r) = r=® ¢ paznmnaabivn « > 0. YKazaTb OTJIN-
qye B NOBeJICHUN PeNIeHuil Ha OECKOHEYHOCTH B 3aBUCUMOCTH OT (.
(B ciyuae sarpy/Hennii pazodpars Julib ciaydail n = o = 3.)

4) B mape 0 < r < R npocrpancrsa R? pemnth 3aja4y TeIionpoBojiHOCTH
C MOCTOAHHBIMU MCTOYHUKAMIE:

10 0
Uy (rz—u>+Q, 0<r<R, t>0,

T 20r or
[u(0,8)| < oo, u(R,t)=0,
u(r,0) ="T.

3xnech ), T' — 3ajiaHHble KOHCTAHTBL. (Cp. ¢ Ne 709(a) u3 [1].)
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OTBeTHI:

1) CM. KOHCIIEKTBI JICKITHIA.

1
2)  u(r) :r+(a—1)+(ﬁ—a—2)%.
1 Ch
3) a>n —  u(r) = TEDEE + = + Cy (pemenust
OrpAHIYIEHbI );
1
a=n —— U(T’) = —m lnT + 7””—_12 + CQ (OFpaHI/Iqe—
HbI);
1 Ch
2<a<n = ur)= = a)a—2)2 + o + Cy  (orpa-
HUYIEHbI )
1 Ch
a=2 —  u(r) = 5 Inr+——+0Cy (pacTyT Kak
n— [
JI0rapudMbl);
1 2—a (71
a <2 —  u(r) = a2 —a) e Cy  (pacryT
KAK CTETICHH).
4)  u(rt) = %(R2 — %)+
2R < (—1)kH! QR*\ (w3, . [Tk
2t T — (%)t —r].
o ; k (k)2 c \RT
v(r,t)
Ykazanue: u(r,t) = , zarem v(r,t) = w(r) + z(r, 1),
T

rie w(r) — pelieHne BCIIOMOTaTeIbHOI CTAIMOHAPHOI 381841,

-313-



/35 mo YM®P pis noroka K-6

1) B npocrpancrse R? ¢ koopaunaramu (21, 9, £3) nocrpouts dynkiumio ['pu-
Ha JIJIsT BEPXHETro MOJyIpocTpancTBa x3 > 0.

2) Beisectu dopmyity [lyaccona mist 3agaqun Jupuxiie:
Au(x) =0, xr = (11, %2, T3), x3 > 0,
u(wy, x2,0) = p(r1, ).

3) B noaymtockoeru y > 0 na miockocru R? ¢ koopaunaramu (x,y) pemnTh
o dpopmyiie Ilyaccona 3amaay Jdupuxie

{ Au(zx,y) =0, y >0,

u(a:, 0) = Qp(x):
JUTSL CTICJTYIONINX KPaeBbIX PYHKITUIT
-1, =z <0, _ 1
a) p(x) = { 0. z> 0 0) ¢(z) = sin2x; B) p(x) = e

4) Pemnth 3a/1ady 0 HAPEBAHUU ITApA:

10 ([ ,0u
= —_—— —_— <
Uy 25, <7“ (97“)’ 0<r<R, t>0,
|u(0,t)| < 00, u(R,t)=t,

u(r,0) = 0.

Hapucosars npumepHblii rpaduk perierust (B 3aBUCHMOCTH OT T) IpU 60JIb-
mux t.
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OTBeThI:
1 1

1) G = —
) (.T,y) 471"1'_y| + 47T|.I'—y*‘,

T3 o(s,7) dsdr
2)  u(xy, w9, x3) = %// 2)3/2.

((z1 — )2 + (w2 — 7)2 + 23

rie y* = (Y1, Y2, —¥3)-

R2
1 X 1 —y -
3) a) u(r,y)=—arctg—— =, 6) u(xr,y)=e Ysin2zr,
7 y 2
) u(w,y) = 2
’ 22+ (y+1)%
YKazaHUs:

0) ucno/b3oBaTh nHTerpas Jlammaca

oo

Cos as . —af
/mdS—BG y Oé>0, ﬁ>0,

—0o0

B) HCIIOJIb30BaThb TECOPHIO BbIYETOB.

1o, o 2RP SN (DR w7k
4) u(r,t):tJrg(fr —R)+E;Te (%)°* sin =7

Ykazanue: u(r,t) =t + U(r,t),
3aTeM BOCIIO/Ib30BAThLCS Uleell ToceIHell 3a1a4u u3 npebyLyero /3 4.
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/36 no YM®P pis noroka K-6

1) Haiitu oObeMHBIII ITOTEHIUA B IIPOCTPAHCTBE R3, OPOXKICHHBIN MMIapOM
0 < r < R ¢ wiornoersio p(r) = R? — 72,

2) Hajitn mproTonos norennuan B R?, mopoxmennsiit mapom 0 < 7 < 10 ¢

ITIJIOTHOCTLBLIO
[ 2, 0<r<hb,
P)=11  5<r<i0.

BoranesnTs pajinajibHyio COCTABJISIONIYIO CHUJIBI TSYKECTH HpH 1 = 9 u
r = 11. ['ne cuna mszxectn 6yaet 6ostbine? CrombKo mporerTos ot | Fy(11)]

cocrasisger |Fy(9)|?

3) Peruth 3aja1y TEIIONPOBOIHOCTH B IApe:

10 0 t 3
U = —— r2—u>—|——sin<—ﬂr>, 0<r<R, t>0,

r2Or Oor r R
[u(0,t)| < oo, u(R,t)=0,
u(r,0) = 0.
OTBeThHI:
1
& (10R*r? — 3r* — 15RY), 0<r <R,
1) u(r)= 5
2 R >R
15 1 "z
4
4,
<250—§7°>7r, 0<r <5,
2)  un(r)=1< (200 5—m—2r2) r,  5<r<10,
3r 3
1500
T, 10 < r < o0.
\ T
3416 1500

Fr(9) = — 22 0 Fu(11) = ——
v (9) i3 ™ Ev(l) 121
|Fn(9)] ects 113.4% ot |Fn(11)].

3) u(rt) = % ((3%)4 (G 1) 4 (%)2) sin (%r).
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/37 mo YM®P pis noroka K-6
1) Berauc/mTh 10 ONpe/Ie/IeHIo U COCTaBUTDH Tab Iy MOJMHOMOB Jlexkanpa

1 dr
—onp) din

P, (1) [(* —1)"], n=0,1,2, 3, 4.

1
2) IIpoBepurb HEMOCPECTBEHHO, YTO / Py(t)Py(t) dt = 0.
“1

3) Beipasuth ocHOBHBIE OJMHOMBI 1, t, 2, 3, t* gepes nosnunoOMBI JlesKaH -
pa.
4) Pemuthb BHYTpeHHIOIO 3a/a1y JIupuxie B TpeXMepHOM Iape:
Au = 0, 0<r<R,
ul,=g = f(cos®), 0<0 <,
u=u(r,0) =7
5) Ioctponts (6e3 BruMCcaeHUsT naTerpasos!) dyukimo u(r, ), rapMonmye-
CKYIO B Iape pajuyca R 1 yIoBIeTBOPSIONIYI0 TPAHTIHOMY YCJIOBHIO:
a) Ul—gp =3+ 5cos’0;  6) ul—p=3cos’ —cosh. (Ne 790 a), B)
u3 [1].)

6) IToBTOpeHue: BBIPA3UTh Yepe3 MHTerpasl OMmMbOK CJIe YOIl HHTerpaJl

/ e/ (4t) colsl ds, o€ R, t>0.

—0o0

1
VAt

I(o,t) =
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OTBeTHI:

1) P@)=1, Pt)=t B@{)=3i3>—1), Pt)=35(5t>—3t),
Py(t) = §(35t* — 30¢* + 3).
1 | 1
2) Py(t)Py(t)dt = = [ (3t* — 1) (35t* — 30t* + 3) dt = {Bbruncienns} = 0.
[raren=s ]
3) 1=DP(t), t=Plt), t*=3(Pt)+2P(2)), = L (3P (t)+2P5(1)),

tt = = (TRy(t) + 20Pa(t) + 8P4(t)).
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/38 mo YM®P nis noroka K-6

1) Haiitu cranmonapuyto remmeparypy u(r, §) B mape r < R, eciin Ha rpaHuie

A 0<0<Z
Ulp—p = 2
r=R T

B7 §<8<7T,

rie A, B — KOHCTaHTBI.

2) Banmcarh B JIEKAPTOBBIX KOOpJAMHATAX CJIEJYIOININE TapOBble U BHENIapO-
Bble (PYHKITUU:

P 7 P 0
Py(cos ) r?, Ps(cos ) 1, Pi(cos6) M.

2 r3

3) Haittu rapmonndeckyio dbysukiuio v = u(zr,y,z) B mape r < R, ecin
_ .3
Ulp=p = 2°.
4) Haiitu rapMOHIYECKYIO (DYHKIHIO U
ecan ul,—p = 2°.

u(x,y, z) BHe mapa npu r > R,

5) Haiitu rapmonmaeckyio dynkmmio u = u(x, y, z) B maposoM cjioe 1 < r < 2
ec/I

u‘rzl = 17 u|r:2 = Z.
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OTBeTHI:

(0.9]

A+B A-B 4k + 3 7\ 2k+1
1 ,9 = 0 P 9 (_> )
R ; 0) g Pora(cost) (7
0<r<R.
1 1
2)  Py(cos)r?= 5 (222 — 2% —y?), P3(cosf)r® = 5 (2% = 32(2% + %)),
Py(cosf) z Py(cos) 227 —a® —y?
r2 o (xz +y2 + 22)3/2’ r3 o 2(552 +y2 + Z2)5/2'
3 3 2
3)  u(x,y,z)= gz(R2 —t -y A+ = gZ(R2—ZE2—y2> +523.
3 }%5 2 2 2 _ }%2 }%7 3
D u(ry.) =S (2 + Yy + 2 )Jr z |
5 (22 + 42 + 22)5/2 (22 + 2 + 22)7/2

5)  u( ) 1 + : + ° : :
u(x,y,z) = — s B '
Y 7 (22 + 42 + 22)1/2 7 (22 + 2 + 22)3/2
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/39 mo YM® pis noroka K-6

1) Haiitu rapmonnveckyio dyuknno u(zr,y,z) npu r > R, ecin

ulp—p = R? — 2%

2) Pemuth 06111y10 BHYTpEHHIOW 3a/1a9y Jupuxiie B TpeXMEpHOM Iape:
{ Au =0, 0<r <R,
QAr:R:::f(evw)a

[ToHOCTBIO TTPOBECTHU BCE JAEHCTBHUS METOJIOM Pa3Jie/ICHUS TepEeMEHHBIX.

u=u(r6,p) ="

dm
3) Borunciauts sisro gynknnn Jlexamnpa P'(t) = (1 — 752)m/2 dt—mPn(t) LIS

}?ﬂ(t)7 }%§(t)7 ]%E(t)7 }%%(t)7 f%%(t), }%g(t)'

4) BeraucmuTh maposble (DYHKINE B ChepuIecKnX 1 JeKapTOBBIX KOOPMHA~
Tax:
rPi(cos), rP}(cosf)cosp, 1Pl (cosb)sinp,

r?Py)(cosf)sing, 1°P;(cosf)cos 2.

5) Ilokazars, uro mapoBas dyuxims u(r, 0, ) = r" P (cos #) cos my mnpe/-
CTABHMa B BHJIC

u(r0.9) = " )" cosmpl: |1 0]

e =v(r,0,¢)w(r,0).

t=cos

6) Ilokazars, uro dyukiws v(r, 0, ¢) U3 3aa491 5 €CTh OIHOPOHBII TTOJTHOM
CTEIeHU M OT X, .

7) Iokazars, uro dyukIiws w(r,d) u3 3aga4u 5 ecTh OJHOPOHBIN TTOJHHOM
creredu (n—m) OT X, Y, 2.

8) Ilokazarh, uTo 1mapoBas (DYHKINS U3 388491 5 €CTh OTHOPOJIHBII TOJTTHOM
CTEINeHu N OT T, Y, 2.
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OTBeTHI:

3 29,2 _ 42 _ 2
1) u(:v,y,z)—%( 2 _ R y)>

\/x2 + 2 + 22 (22 + 2 + 22>5/2

2) U(T, 0, 90) = Ao+
Z <AnPn(cos 6) + Z (A" cosmp + B, sinmp) P"(cos 9)) (%)n,

n=1 m=1
2 1 2m
A, = ”+ / d<p/ £(8,0) Py(cos §) sin 6 d6,
(2n +1) (n—m)! / / :
Al = pm
n o (nEm) cosmedp | f(0,p) P (cosf)sinbdb,
2n+1) (n—m)! / /
B =
n o (nm)l sinmpdp | f(0,¢) P (cosf)sinb db.

V1—12, Plt)=3t\V1—-12 Pit)=3(1—1t,
p?}( ) = g 5t2 — 1)1 — 12, Pi(t) = 15t(1 — t2),
P3(t) = 15(1 — t?)%/2,

4) rcosf =z, rsinfcosp=wx, rsinfsinp =y,

@
SN—
| |

3r2 cos @ sinfsin o = 3yz, 157 cos §sin? @ cos 2p = 152(x? — 32).
5)  YkazaHume: WCIOJB30BaTh omnpejesenne P(t).
6) Ykazanue: v(r,0,p) = r"(sin€)™ cosmyp = (\/W)mcos my =
Re [(x 4+ iy)™] 1o ¢d-e Myaspa.
7)  YkasaHue: 3aMeTHUTh, ITO
dm

dt—mPn(t) =t 4 pET T g

3aTeM

w(r,8) = ar" " (cosh)" "+
+ B (cos 0)" " 4y P (cos )" 4L

Jlajiee OTAeJIbHO pacCMOTPeTh ciaydan n—m =2k u n—m = 2k + 1.

8) YkasaHue: HCIOJIb30BAThH PE3YJIbLTATHI U3 3a1a49 6 u 7.
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/310 mo YM® njis moroka K-6

1)

Haiitu rapmonndeckyto dbyHKIWO 4 = u(r,y, 2) B mape r < 2, ecjn
4
Ulp—o = 2.

3anmcarh pe3yJabTaT «Kak B OTBeTe». IIpOBEpUTL OTBET IIOJICTAHOBKOI B
HCXOJIHOE KPAeBOe YCJIOBHEe (MOTPEHUPOBATHCSI JJIsl KOHTPOJIBHOI! ).

3aKOHCIIEKTHPOBATH OCHOBHBIE CBejieHus PO hynryuu Becceas. (1o kaure
[1], npunoxkenne IV «Hekoropeie criennasibhbie GyHKIWN», 1. 2 1 4.)

JlaboparopHas padora Ne 2. «I'pacdudeckoe npejcrapienne OyHKIIII
Beccensy.

[) Mocrponts rpaduxn bynknuit Jo(z), Ji(x), Jo(x) na obmeit koopu-
HATHOM TIOCKOCTH. B3saTh fmoctarouno 6osbimoit mpoMeskyTok 0 < = < .

Ob6paTuTh BHUMaHUE Ha B3aUMHOE PACIOJIOYKEHWe HyJeil; Ha TOoBejeHne
dbyHKIUit BOJIM3N HYIS U PH T — —+00. (MCIIOJIb30BATh BCTPOCHHBIE B

MaTeMaTndecKuii naker gyukimn Beccest.)

I[T) CpaBHUTH Ha HECKOJBKUX I'paduKax MOBeJeHIe BCTPOCHHON (byHKIIN
Jo(x) ¢ 9aCTHIHBIMU CyMMaME CTEIIEHHOTO PsiJia

o
nie) =S UL ()
o\ ) = - .
(kD2 \2
k=0
[TosKcrepuMeHTHPOBATE C MAJIBIM, CPEJHUM 1 OOJILIITNM KOJINIECTBAMU CJla-
racMbIX. 3/6€,ZLI/ITBCH7 9TO €CTb HEKOE «KPUTHUYIECKOE» 3HaYCHUE T = X, 110~

cjie Koroporo byHKIno beccesisi MpakTUIecKn HeJib3sT BOCCTAHOBUTDH IIPU
IIOMOIIU CTEIIEHHOT'O Psijia.

[IT) IIpy * — +o0o0 cpaBHUTH MHOBejeHNe BeTpoeHHoit dyukmn Jo(z) ¢
YACTUYHBIMU CyMMaMU ACUMITOTHYECKOIO Pa3JIOZKCHUSI

e 2 ( W) RS T SRR G ARl .
€Tr) ~ — COS |\ — — — — ...
! T 4 21 (8x)2 41 (8xz)*

+ sin (o= ) [1! g@ - 1;?;;)22 * ]}

Bzatb npubimxenns:

2

a) Jo(r) =~ “E Ccos (x — %) (omHO citaraemoe);
2 7 . s

0) Jo(x) = — | cos <:1: — Z> + <, Sin (x — Z) (mBa ciaraembix);

0 i =2 { (1= g oo (= 3) + o (o= 3))

(Tpu coraraeMpix );

I‘) O4Y€Hb MHOI'O CJlal'a€MbIX.
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OTtger:

16 16 8
1) u(rb) = = Py(cos ) + - Py(cos 0)r* + 3 Py(cosO)r*,  orkyna

16 8
U(Q?,y,Z) = g‘*—? (222 _372 _y2) +

1
+ 35 (8,24 — 24z2(x2 + y2) + 3(962 + y2)2) )
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/311 mo YM® nns moroka K-6

1) yers 22w’ (z) + 2w'(z) + (2% — v*)w(z) = 0. Monaras w(z) = 2%%(x),
3anucarh ypasuenue st by z(x). OTpesbHO paccMOTpeTh CIydail
a=v.

2 2
2) Ilycrb 2”422 = 0. [Tonaras z(z) = Vx w <§ :1:\/5), a3areM t = 3 /T,

IPUBECTH ypaBHEHUE K HEKOTOpOMY ypaBHeHuio Beccesisi. 3amucars obiiee
pelenne UCXOIHOro ypaBHeHus depe3 pyHKInn beccers.

3) Bammcarh 001Iee pereHre 3aa9i 0 KoJeOaHusIxX KPYTIoil MeMOpaHb:

10 ou

Uy = —— (r— 1, 0<r<R, t >0,
ror \  Or _ R
u(0,8)] < 00, u(R,t) =0, u=nulr) ="
U(’I“, 0) - f(?“), ut(ﬁ 0) = g(?“)
[To/iHOCTBIO IPOBECTH BCe ACHCTBHUSA METOIOM Pa3/IeIeHUs] IIePEMEHHBIX.

4) Pemuth cieyroriye 3a/1a9i TeIIONPOBOJIHOCTH B OECKOHETHOM IUJINHJIPE:

( 10 ou
= —_—— —_— t
Uy o T&r , O0<r<R, t>0,

u(0,8)] < oo, w(R,t) =1,

o= (3)"
10 ([ Ou

uy=-—\|r— | +t, 0<r<R, t>0,
ror \ Or
[u(0,t)] < oo,  u(R,t)=0,

u(r,0) = 0.

®
N~—"
o\
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OTBeTHI:
) 222"+ 2a+ 1)z’ + (2 +a® —1v*)2z=0; 1upu o = v nolydaeM
zz"+ 2v+1)2"+22=0.
1
2)  tPw(t) +tw'(t) + (t2 — §) w(t) =0,

2 2
2(z) =V (01J1/3 <§ 33\/5) + Cod_y3 (5 xﬁ))
N Hit . gt M
3) rt—zl(AkcosR+Bk nR>JO<Rr>,
2

Ak:W/O }:f(r)Jg('Lg )dr
b= pR(Jn () )? /0 gr )JO(R ) ar.

TJIe fi — TOJOXKUTe/IbHBIe KOpHU (byHKInI Jo(r).

4) a) u(r,t)=1-38 “’“/R)%Jo(%?“);
) ) ;Mzﬁ (12k) R

6) u(rt) —2322 3J1 ™ ( E22(e—<ﬂk/f*‘d>2t—1)> J ().

1 Mk M,
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